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Disclaimer
These are notes from a course given by Kim Frøyshov in Aarhus during the fall of 2011. They have
been written and TeX’ed during the lecture and some parts have not been completely proofread,
so there’s bound to be a number of typos and mistakes that should be attributed to me rather
than the lecturer. Also, I’ve made these notes primarily to be able to look back on what happened
with more ease, and to get experience with TeX’ing live. That being said, feel very free to send
any comments and or corrections to fuglede@imf.au.dk.

The most recent version of these notes is available at http://home.imf.au.dk/pred.

1st lecture, August 29th 2011

1 Plan and introduction
The plan of the course is the go through the following

• Chern–Weil theory and its significance to gauge theory.

• Dirac operators and Bochner formulas.

• Seiberg–Witten theory.

• Sobolev spaces and elliptic operators.

• Basic theory of moduli spaces

We begin by discussing some examples of gauge theories. Let X be an oriented, compact Rie-
mannian n-manifold, let G be a compact, connected (semi-simple) Lie group. Recall that a
compact, connected Lie group is semi-simple if and only if its center is finite. Let P → X be
a principal G-bundle. Given any representation of the Lie group, we can associate to P a vec-
tor bundle over X. In particular we can use the adjoint representation. More precisely, we put
gP = P ×G LG := (P × LG)/G, where LG denotes the Lie group of G, and G acts on P × LG by

g · (u, ξ) = (ug−1,Adg(ξ)).

Let E → X be a real or complex vector bundle over X associated (in some way) to P . Let A
be a connection in P , and let ϕ ∈ Γ(E) be a section of E. We want to study certain equations
for (A,ϕ). We introduce the moduli space M of solutions (A,ϕ) to these equations and take the
quotient with the symmetry group G of the theory, which in the simplest case is simply the gruop
of all automorphisms of P .

Of particular interest will be equations that are “elliptic modulo the action of G”. In those cases,
the regular (consisting of points with surjective linearization) and irreducible part (consisting of
points with trivial stabilizer) M will a finite-dimensional smooth manifold with dimension (called
the expected dimension of the moduli space) the index of a certain elliptic operator over X. The
first goal of the course is to understand this picture in more detail.

Examples of “elliptic” equations are the following:

1. Let n = dimX = 2. One equation one could study is FA = 0, where FA is the curvature of
A. In this case, the vector bundle is trivial, and the irreducible part of the moduli space has
dimension

dimM∗ = dimG(̇2g − 2),

where g is the genus of the surface X.
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2. Consider again n = 2. Another example is the vortex equations. Here, let L → X be an
Hermitian line bundle and consider pairs (A,ϕ), with A a unitary connection in L, and
ϕ ∈ Γ(L). I.e. here P is the frame bundle of L, which is a G = U(1)-bundle. The vortex
equations are

∂Aϕ = 0,

FA = i

2 ∗ (1− |ϕ|2).

In this case, M is either empty or it is M = SymrX for some r.

3. Consider now the case n = dimX = 3. Here we have the Bogomolny equations ∗FA = dAϕ,
where ϕ ∈ Γ(gP ). The expected dimension of the moduli space is 0 in this case.

4. Also, for n = 3, we have the 3-dimensional Seiberg–Witten equations.

5. Now, let n = 4. Similar to the first equation (which is only interesting in dimension 2,
since it is overdetermined in higher dimensions), in 4 dimensions, we have the anti-self-dual
equations F+

A = 0, where + denotes the self-dual part of a 2-form on a 4-manifold.

6. The 4-dimension Seiberg–Witten equations. In this case, let X be equipped with a spinc-
structure. Then X also comes with two spin bundles S+, S−, i.e. certain rank 2 vector
bundles, and a line bundle L = detS+. Now, let A be a connection in L, ϕ ∈ Γ(S+).
We have the so-called Dirac operator , which is an operator DA : Γ(S±) → Γ(S±), and
the Seiberg–Witten equations are FA = q(ϕ), DAϕ = 0, where q(ϕ) is a certain expression,
quadratic in ϕ. Miraculously, it turns out that M is always compact.

2 Instanton theory
2.1 Connections and curvature
In this part, let X be any smooth manifold, and let E → X be a F-vector bundle where F is R or
C. We consider the space

Ωr(X;E) = Γ(∧rT ∗X ⊗ E)

of r-forms on X with values in E. For any point p ∈ X, an element ϕ ∈ Ωr(X;E) defines a
R-multilinear alternating map

ϕp : TpX × · · · × TpX → Ep.

Our notation for connections will be ∇, ∇′, etc. In physics, they are often denoted A,B. To
describe the corresponding covariant derivatives, one usually uses ∇A,∇B , etc. We will switch
between these notations.

Let A be a connection in E. The covariant derivative maps

∇A : Ω0(X;E)→ Ω1(X;E).

There is a natural extension to a map

dA : Ωr(X;E)→ Ωr+1(X;E), r ≥ 0,

satisfying

dA(α ∧ ϕ) = dα ∧ ϕ = (−1)rα ∧ dAϕ

for any α ∈ Ωr(X), ϕ ∈ Ωs(X,E). This property uniquely characterizes dA. The curvature of A is
denoted FA ∈ Ω2(X; End(E)), defined by the equation dA(dAϕ) = FA ∧ ϕ for any ϕ ∈ Ωr(X;E).
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Proposition 2.1.1. Let E,E′ be F-vector bundles with connections ∇,∇′ respectively. Then there
is a unique connection ∇′′ in Hom(E,E′) such that

∇′(us) = ∇′′u · s+ u∇s (1)

for all s ∈ Γ(E), u ∈ Γ(Hom(E,E′)).
To prove this, one simply notes that the (1) determines ∇′′.

Proposition 2.1.2. If E,E′, E′′ → X are F-vector bundles equipped with connections, then for
all homomorphisms E u→ E′

v→ E′′, one has

∇(vu) = ∇v · u+ v∇u

Proof. Let s ∈ Γ(E). Then by the previous proposition,

∇(vu) · s+ vu∇s = ∇(vus)
= ∇v · us+ v∇(us) = ∇v · us+∇u · s+ u∇s,

which gives us what we wanted.

Proposition 2.1.3. Let E,E′, E′′ → X be F-vector bundles with connections A,A′, A′′. Let
E ⊗ E′ → E′′ be a homomorphism, denoted s⊗ t 7→ s · t, such that

∇A′′(s · t) = ∇A(s) · t+ s∇A′(t)

for all s ∈ Γ(E), t ∈ Γ(E′). Then for all ϕ ∈ Ωk(X;E), ψ ∈ Ωl(X;E′), one has

dA′′(ϕ ∧ ϕ) = dA(ϕ) ∧ ψ + (−1)jϕ ∧ dA′(ψ)

where in ϕ ∧ ψ etc., we use the map E ⊗ E′ → E′′.
Proof. The operator dA is local in the sense that dAϕ|U depends only on ϕ|U for U ⊆ X an open
subset. Therefore, we can assume that X = Rn. Write ϕ = dxI ⊗ s, where dxI = dxi1 ∧ · · · ∧ dxik ,
and ψ = dxJ ⊗ t, where dxj = dxj1 ∧ · · · ∧ djl

. Then

ϕ ∧ ψ = (dxI ∧ dxJ)⊗ (s · t).

Applying dA′′ , we obtain

dA′′(ϕ ∧ ψ) = (−1)k+ldxI ∧ dxJ ⊗∇A′′(s · t)
= (−1)k+ldxI ∧ dxJ ⊗ (∇As · t+ s · ∇A′t)
= (−1)k(dxI ∧∇As) ∧ (dxj ⊗ t) + (−1)k+l(dxI ⊗ s) ∧ (dxj ⊗∇A′t)
= dA(dxI ⊗ s) ∧ (dxJ ⊗ t) + (−1)k(dxI ⊗ s) ∧ dA(dxJ ⊗ t)
= dA(ϕ) ∧ ψ + (−1)kϕ ∧ dA(ψ).

Here, we used that ∇As =
∑
i αi ⊗ si for 1-forms αi and sections si, and we see that

dxI ∧ dxJ ⊗ (αi ⊗ si) · t = dxI ∧ dxJ ∧ αi ⊗ si · t
= (−1)ldxI ∧ (αi ⊗ si) ∧ dxJ ⊗ t

Theorem 2.1.4 (The Bianchi identity). If A is a connection in E → X, then dAFA = 0.
Note that there is a corresponding result for connections in principal bundles. In that case, the

proof is actually more transparent than the following.

Proof. For all s ∈ Γ(E), the previous proposition tells us that

FA ∧ dAs = dAda(dAs) = dA(dAdAs) = dA(FAs)
= dAFA · s+ FA ∧ dAs,

and it follows that dAFA · s = 0 for all s.
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2.2 Chern–Weil theory
Example 2.2.1. If A is a connection in a complex line bundle L → X. The corresponding
endomorphism bundle End(L) = X × C is trivial, since L is a line bundle, and in this bundle
A induces the product connection, because ∇A Id = 0, and FA ∈ Ω2(X;C), and by the Bianchi
identity, FA is closed, and in turns out that the corresponding cohomology class

[FA] ∈ H2
dR(X,C)

does not depend on the connection A, and it is a multiple of the so-called Chern class, as we will
discuss next time.

2nd lecture, August 31st 2011
Before we continue our discussion of Chern–Weil theory, we recall the concept of a pullback bundle
and pullback connections.

Proposition 2.2.2. Let ∇ be a connection in E →M and let f : M ′ →M be a smooth function.
We can then pull back E to a bundle f∗E

F ∗E //

��

E

π

��

M ′
f
// M

where f∗E = {(x, e) ∈M ′×E | f(x) = π(e)}. Then there is a unique connection ∇′ = f∗∇ in
E′ = f∗E characterized by the property that for all s ∈ Γ(E), p ∈M ′, v ∈ TpM ′, one has

∇′v(f∗s) = ∇f∗v(s).

A few remarks are in order: Note that sections in the pullback bundle correspond to maps
t : M ′ → E with π ◦ t = f . So the pullback section f∗s corresponds simply to s ◦ f . In the claim
of the proposition we identify E′p = Ef(p). Note also that this is a generalization of the concept
of covariant differentiation along curves from Riemannian geometry. We leave out the proof and
instead prove the following.

Proposition 2.2.3. The curvature of f∗∇ satisfies F (f∗∇) = f∗F (∇).

Proof. Let {sj} be a (local) basis of sections of E|U , U ⊆M open. Then

d∇sj = ∇sj =
∑
i

ωij ⊗ si,

for ωij ∈ Ω1(U). In terms of these 1-forms, the curvature of ∇ is

F (∇) · sj = d∇d∇sj

=
∑
i

(
dωij ⊗ si − ωij ∧

∑
k

ωki ⊗ sk

)

=
∑
i

(
dωij ⊗ si +

∑
ik

ωki ∧ ωij ⊗ sk

)

=
∑
i

(
dωij ⊗ si +

∑
ik

ωik ∧ ωkj ⊗ si

)

=
∑
i

(
dωij +

∑
k

ωik ∧ ωkj

)
⊗ si

=
∑
i

Ωij ⊗ si.

5



Write s′j := f∗sj ∈ Γ(E′|f−1(U)) and ∇′ =
∑
i ω
′
ij ⊗ s′i. Then by the characterization of f∗∇, we

have ω′ij = f∗ωij , and so

F (∇′) · s′j =
∑
i

Ω′ij ⊗ si,

where Ω′ij = f∗Ωij by the same calculation as above. Let eij : E|U → E|U be the map defined by
sj 7→ si, sk 7→ 0. Then

F (∇) =
∑
ij

Ωij ⊗ eij

F (∇′) =
∑
ij

Ω′ij ⊗ eij = f∗F (∇).

2.2.1 Chern classes

Let E →M be a complex vector bundle of rank r with a connection ∇. Let {sj} be a local basis
of sections and write as before F (∇) · sj =

∑
i Ωij ⊗ si. Changing the local basis {sj} means

replacing Ω by AΩA−1 for some A : U → GLr(U). We can use this to construct from Ω forms that
are independent of the choice of local basis. Namely, consider

det(I + tΩ) =
r∑

k=0
σk(Ω)tk ∈ Ωeven(U,C)[t],

where σk(Ω) ∈ Ω2k(U) is independent of the {sj}. This implies that σk(Ω) ∈ Ω2k(M ;C) is well-
defined.

Lemma 2.2.4. The forms σk(Ω) are closed.

Proof. Observe that one can find a local basis of covariantly constant sections in a neighbourhood
of any point in the manifold. Namely, given x ∈ U , we can find {si} with (∇si)x = 0. Then
(∇eij)x = 0 as well because eijsj = si and by the Bianchi identity, we obtain

0 = d∇F∇ =
∑
ij

(dΩij ⊗ eij + Ωij ∧∇eij),

which at x equals
∑
ij dΩij ⊗ Eij . Thus dΩij = 0 at x. Since σk(Ω) is a polynomial in Ωij we see

that dσk(Ω) = 0 at x.

Lemma 2.2.5. The cohomology class [σk(Σ)] ∈ H2k(M ;C) is independent of ∇.

Proof. Let ∇,∇′ be connections in E. Define a connection ∇̃ in R × E → R × M = {(t, x)}
by ∇̃ = (1 − t)π∗2∇ + tπ∗2∇′. Here we use that in general, for functions for functions fi with∑
fi = 1, we obtain a connection

∑
i fi∇i. Define jt : M → R ×M by jt(x) = (t, x), and in

general j∗(
∑
i fi∇i) =

∑
i j
∗fij

∗∇i. Pulling back ∇̃ by jt, and using that π2 ◦ jt = id, we thus
obtain

(jt)∗∇̃ = (1− t)∇+ t∇′.

In particular j∗0∇̃ = ∇ and j∗1∇̃ = ∇′. We obtain that

[σk(Ω)] = [j∗0σk(Ω̃)] = [j∗1σk(Ω̃)] = [σk(Ω′)],

where the second equality follows from the Poincaré Lemma which says that π∗2 : H∗(M) →
H∗(M × R) is an isomorphism, and the composition H∗(M) π∗2→ H(R ×M) (jt)∗→ H∗(M) is the
identity, and so (jt)∗ is independent of t.
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Theorem 2.2.6. The form (−2πi)−k[σk(Σ)] ∈ H2k(X;C) is the image of the complex reduction
of the Chern class ck(E) ∈ H2k(X;Z).

A proof of this theorem can be found in Milnor and Stasheff.
For today, we define ck(E) = (−2πi)−kσk(Ω).

Proposition 2.2.7 (Properties of Chern classes). Naturality with respect to pullbacks: If E →M
is a complex vector bundle and f : M ′ →M is smooth, then f∗ck(E) = ck(f∗E).

Product formula: If E,F →M are complex vector bundles, then

ck(E ⊕ F ) =
k∑
j=0

cj(E) · ck−j(F ).

Dual bundles: For the dual bundle E∗ to a vector bundle E, we have ck(E∗) = (−1)kck(E).
Proof. We already proved naturality. For the product formula, choose connections ∇,∇′ in E,F
respectively. Define a connection ∇̃ in E ⊕ F by

∇̃v(s, s′) = (∇vs,∇′vs′).

Choose local bases of sections for E and F to obtain matrices Ω,Ω′, and Ω̃ as before. Then

Ω̃ =
(

Ω 0
0 Ω′

)
,

and we obtain

det(I + tΩ̃) = det(I + tΩ) · det(I + tΩ′),

and it follows that ∑
k

tkσk(Ω̃) = [
∑
i

tiσi(Ω)][
∑
j

tjσj(Ω′)].

Multiplying this out, we see that

σk(Ω̃) =
∑
i+j

σi(Ω)σj(Ω′),

which immediately implies the product formula.
For the behaviour of dual bundles, remark that if ∇ is a connection in E, then the induced

connection ∇∗ in E∗ is characterized by the formula

d(ϕs) = ∇∗ϕ · s+ ϕ · ∇s (2)

for s ∈ Γ(E), ϕ ∈ Γ(E∗). Choose a local basis of sections {sj} of E with a dual local basis {ϕj}
of E∗ such that ϕj · si = δij . As before, consider ∇sj =

∑
i ωij ⊗ si and ∇∗ϕj =

∑
i ω
∗
ij ⊗ ϕi.

Differentiating ϕj · si and plugging in (2), we get

0 = d(ϕisj) = (
∑
k

ω∗ki ⊗ ϕk) · sj + ϕi
∑
k

ωkj ⊗ sk

= ω∗ji + ωij .

We obtain

Ω∗ij = dω∗ij +
∑
k

ω∗ik ∧ ω∗kj

= −dωji +
∑
k

ωki ∧ ωjk

= −dωji −
∑
k

ωjk ∧ ωki = −Ωji.

Thus det(I + tΩ∗) = det(I + tΩt) = det(I − tΩ). This implies that σk(Ω∗) = (−1)kσk(Ω).

7



3rd lecture, September 5th 2011
2.2.2 Pontryagin classes

Today we discuss Pontryagin classes. Let E → M be a real vector bundle with a connection ∇.
Then we can play the same game as we previously did with complex line bundle. So let s1, . . . , sn
be a local basis of sections of E and describe the curvature of ∇ in terms of a matrix of 2-forms,

F (∇) · sj =
∑
i

Ωij ⊗ si.

Applying σk to this matrix, we obtain

σk(Ω) ∈ Ω2k(M ;R).

Lemma 2.2.8. If k is odd, [σk(Ω)] = 0 in H2k(M ;R).

Proof. A choice of Euclidean metric on E yields an isomorphism E → E∗. As in the proof of the
last proposition, this gives [σk(Ω)] = (−1)k[σk(Ω)].

Definition 2.2.9. For k = 0, . . . , bn2 c Let pk(E) = [(2π)−2kσ2k(Ω)] ∈ H4k(M ;R), be the k’th
Pontryagin class with real coefficients.

Proposition 2.2.10. We have pk(E) = (−1)kc2k(E ⊗R C).

Proof. If we pick a connection in E, the induced connection in the complexification has the same
curvature matrix, and the only difference is in the normalization, but (−i)2k = (−1)k.

Definition 2.2.11. If g is a finite-dimensional Lie algebra over a field F, then the Killing form of
g is the symmetric bilinear form B : g× g→ F given by

B(x, y) = tr(adx ◦ ady),

where here adx : g→ g is the map z 7→ [x, z]

Example 2.2.12. Let g = so(n). A simple computation shows that

B(X,Y ) = (n− 2) tr(XY ) = −(n− 2) tr(XY t),

so the Killing form in this case is negative definite. This is always the case for semi-simple Lie
algebras.

We will take (X,Y ) 7→ − tr(XY ) as an inner product on so(n). This is invariant under the
adjoint action of the group SO(n).

Proposition 2.2.13. If A is an orthogonal connection in the Euclidean vector bundle E → X.
Then tr(FA ∧ FA) is closed and represents

−8π2p1(E) ∈ H4(X;R)

In the expression tr(FA ∧ FA), we take the wedge product of the form part and the trace of the
composition of endomorphisms.

Note that we thus have a description of p1(E) which is not defined in terms of a local basis.
Note also that if A is a connection in any principal G-bundle P → X, then FA ∧B FA is closed,
and [FA ∧B FA] ∈ H4(X;R) is independent of A. Here ∧B denotes the combination of the wedge
product with the Killing form.
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Proof of Proposition. We will show the statement on the level of differential forms; namely, that

tr(FA ∧ FA) = −2σ2(Ω),

where Ω as before is the matrix of 2-forms describing the curvature in terms of a local basis of
sections. So let {sj} be local orthonormal basis of sections of E. As before we have the elementary
endomorphisms eij mapping sj 7→ si, sk 7→ 0, and write fA =

∑
ij Ωij⊗eij . Since A is orthogonal,

Ωji = −Ωij . We find that

tr(FA ∧ FA) = tr

∑
ik

∑
j

ΩijΩjk

⊗ eik


=
∑
ij

ΩijΩji = −
∑
ij

(Ωij)2

= −2
∑
i<j

(Ωij)2 = −2σ2(Ω).

Here, the last equality follows from the definition, det(I + tΩ) =
∑
k t
kσk(Ω).

2.3 Instantons
We specify now to the 4-dimensional case to see the relevance of the expression tr(FA ∧ FA) to
instantons. For that we need the Hodge star operator.

Let V be an oriented n-dimensional Euclidean vector space (in practice the tangent space of a
4-manifold). Then for k ∈ N0, the Hodge star operator is the map

∗ : ∧kV → ∧n−kV

characterized by

α ∧ ∗β = 〈α, β〉ω

for any α, β ∈ ∧kV , where ω ∈ ∧nV is the volume element. More explicitly, if e1, . . . , en is a
positive orthonormal basis of V , then

∗(e1 ∧ · · · ∧ ek) = ek+1 ∧ · · · ∧ en

In the case n = 4, the map ∗ : ∧2V → ∧2V satisfies ∗2 = 1, so ∧2V splits into the +1- and
−1-eigenspaces of ∗, ∧2V = ∧+ ⊕ ∧−. Explicitly, a basis for ∧+ is given by

e1 ∧ e2 + e3 ∧ e4, e1 ∧ e3 − e2 ∧ e4, e1 ∧ e4 + e2 ∧ e3,

Note that for α ∈ ∧+, β ∈ ∧−, we have

α ∧ α = |α|2ω, β ∧ β = −|β|2ω, α ∧ β = 0.

The last equality implies that ∧+ ⊥ ∧−.
We now turn to instantons. Let X be an oriented Riemannian 4-manifold. Using the above,

we obtain decompositions

∧2T ∗X = ∧+ ⊕ ∧−, Ω2(X) = Ω+ ⊕ Ω−.

Let E → X be an Euclidean vector bundle, and let A be an orthogonal connection in E. Then we
have a decomposition

Ω2(X; so(E)) = Ω+(X; so(E))⊕ Ω−(X; so(E)),

and so the curvature FA ∈ Ω2(X; so(E)) decomposes into its selfdual and anti-selfdual parts,
FA = F+

A + F−A .

9



Definition 2.3.1. A connection A is called an instanton or an anti-selfdual connection if F+
A = 0.

Of course, the same definition applies to other gauge groups, and often one instead uses G =
U(2).

It turns out that the instantons minimize a certain functional, called the energy, on the space
of connections:

Proposition 2.3.2. If X is closed and A is any orthogonal connection in E → X, then

−8π2
ˆ
X

p1(E) ≤
ˆ
X

|FA|2

with equality if and only if A is an instanton.

Proof. We find that

−8π2
ˆ
X

p1(E) =
ˆ
X

tr(FA ∧ FA) =
ˆ
X

|F−A |
2 − |F+

A |
2

≤
ˆ
X

|F−A |
2 + |F+

A |
2 =
ˆ
X

|FA|2.

Note that in particular, the L2-norm is the same of all instantons and that we have a bound
bound on this norm. This is the starting point of the whole discussion of compactness of moduli
spaces.

Our next goal is to describe instantons over R × Y 3. To do this, we need to say a bit more
about the curvature.

Proposition 2.3.3. If A is a connection in the (real or complex) vector bundle E → X, and
suppose a ∈ Ω1(X; End(E)). Then A+ a is again a connection and has curvature

F (A+ a) = F (A) + dAa+ a ∧ a.

Note that in the term a∧a we could both mean taking composition of endomorphisms or taking
their Lie bracket. We do the former, even though the latter is the more general. Had we instead
used the Lie bracket, we should have multiplied the term a ∧ a by 1

2 .

Proof of Proposition. Write A′ = A+ a and let s ∈ Γ(E). Then by definition,

F (A′)s = (dA + a)(dA + a)s = dAdAs+ dA(as) + a ∧ dAs+ a ∧ (as)
= dAdA + (dAa) ∧ s− a ∧ dAs+ a ∧ dAs+ a ∧ (as)
= (FA + daa+ a ∧ a) · s.

Definition 2.3.4. Let E1, E2 → X be two vector bundles over X with an isomorphism u : E1 →
E2. If A is a connection in E1, we define a connection u(A) in E2 by

∇u(A)(s) := u · ∇A(u−1s).

for s ∈ Γ(E2).

Proposition 2.3.5. The connection u(A) satisfies

u(A) = A− (∇Au) · u−1.

10



Proof. Observe that 0 = ∇A(uu−1) = ∇Au · u−1 + u · ∇A(u−1). It follows that

∇u(A)(s) = u ·
(
∇A(u−1) · s+ u−1∇As

)
=
(
−∇A(u) · u−1 +∇A

)
s.

Let Y be any manifold and E → Y a vector bundle over Y . Let A be a connection in the
pullback bundle R×E → R× Y = {(t, y)} obtained by pulling back a connection in Y . Then ∇A∂t

is linear over functions, so

∇A∂t
= ∂t + ϕ

for some ϕ ∈ Γ(End(R× E)). Here, ∂t = ∂
∂t
.

Definition 2.3.6. If ϕ = 0, then we say that A is in temporal gauge.

Proposition 2.3.7. For any connection A in R × E → R × Y , there is a bundle automorphism
u : R× E → R× E such that u(A) is in temporal gauge.

Proof. Let ∇A∂t
= ∂t + ϕ. We find that

∇u(A)
∂t

= ∇A∂t
−∇A∂t

u · u−1

= (∂t + ϕ)− (∂t + ϕ)u · u−1

= ∂t + ϕ− (∂tu+ ϕu− uϕ)u−1

= ∂t − (∂tu− uϕ) · u−1.

noting in the second equality that ϕ acts on u through the commutator. Thus we want to find u
such that ∂tu = uϕ. Fixing a point in the manifold Y , this is just a first order linear differential
equation which has a unique solution to a given initial value, say u(0, ·) = I.

Note that one can do this proof more conceptually using principal bundles and the holonomy
of connections.

Proposition 2.3.8. Let A be a connection in R × E → R × Y in temporal gauge. Then its
curvature is given by

F (A) = dt ∧ ∂At
∂t

+ F (At),

where here At = (jt)∗A, where jt : Y × R× Y maps y 7→ (t, y), and

∂At
∂t

= lim
s→0

1
s

(At+s −At),

which makes sense since At+s −At ∈ Ω1(Y,End(E)) can be differentiated in the naive way.

4th lecture, September 7th 2011
Recall from last lecture the following proposition.

Proposition 2.3.9. Let A be a connection in R× E → R× Y in temporal gauge. Then

F (A) = dt ∧ ∂At
∂t

+ F (At)

where At := (jt)∗A, jt : Y → R× Y , jt(y) = (t, y).
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Proof. Choose local coordinates {yj} on a small open set U ⊆ Y with a trivialization of E|U . On
R × U , A = d +

∑
j dy

j ⊗ aj =: d + a, where d is the product connection. Since both A and d is
in temporal gauge, aj ∈ Γ(End(R× E|U )). Let dY be the product connection in E|U . Then

a(t) = (jt)∗(A− d) = At − dY ,

and since d is flat, this equation tells us that

F (A) = da+ a ∧ a ∧ a

= −
∑
j

dyj ∧
(
dt ∧ ∂aj

∂t
+ dY aj(t)

)
+ a ∧ a

= dt ∧ ∂At
∂t

+ dya(t) + a ∧ a = dt ∧ ∂At
∂t

+ F (At).

We are now in a position to describe instantons on cylinders.

Proposition 2.3.10. Let Y be an oriented Riemannian 3-manifold, and let A be any connection
in the pullback bundle R × E → R × Y with ∇A∂t

= ∂t + ϕ, for some ϕ ∈ Γ(End(R × E)). Then
F+
A = 0 if and only if

∂At
∂t

= − ∗Y F (At) +∇At
(ϕ(t)),

where ∗Y is the Hodge *-operator on Y .

Before proving this, we note two corollaries:

Corollary 2.3.11. If A is in temporal gauge (i.e. ϕ = 0), then F+
A = 0 if and only if the flow

equation ∂At

∂t = − ∗Y F (At) is satisfied.

Corollary 2.3.12. If A is translationary invariant, i.e. At ≡ B for suitable B and all t, and
similarly ϕ(t) = ψ for some ψ for all t, then F+

A = 0 if and only if ∗Y F (B) = ∇B(ψ). This is the
Bogomolny equation.

Proof of Proposition 2.3.10. Define the connection A′ = A − dt ⊗ ϕ which is in temporal gauge
and on the t slice is (A′)t = At. Then by Proposition 2.3.9, we have

F (A) = F (A′) + dA′(dt⊗ ϕ) = dt
∂At
∂t

+ F (At)− dt ∧∇At(ϕ(t)). (3)

In general, if ω ∈ Ω2(R× Y ), then ω = dt ∧ α+ β, where ∂t
¬
α = 0, ∂t

¬
β = 0. Then

∗ω = ∗Y α+ dt ∧ ∗Y β.

This means that ω+ = 0 if and only if ∗ω = −ω which is the same as saying that α = − ∗Y β and
β = − ∗Y α. On a 3-manifold, ∗2 = 1, these two equations are equivalent. Applying this to (3) we
find that F+

A = 0 if and only if

∂At
∂t
−∇At

(ϕ(t)) = − ∗Y F (At).

3 Spin structures and spinc structures
Instead of developing the instanton theory further, we postpone the harder parts and instead
introduce the Seiberg–Witten equations which are in some sense easier to deal with. For example
because the moduli spaces of solutions turn out to always be compact.
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3.1 Clifford algebras and spinor groups
The reference for this section is [LM89]. Let V be a finite dimensional Euclidean vector space, i.e.
a real inner product space. A Clifford algebra for V is a real associative algebra Cl(V ) with a unit
1 together with a linear map ι : V → Cl(V ) such that the following hold:

1. For all v ∈ V , we have ι(v)2 = −|v|2 · 1.

2. The Clifford algebra is universal with respect to this property: That is, if A is any other
real associative algebra with a unit, and f : V → A a linear map such that for all v ∈ V ,
f(v)2 = −|v|2 · 1, then f factors uniquely through the Clifford algebra, i.e. there is a unique
algebra homomorphism f̃ : Cl(V )→ A such that the following diagram commutes:

Cl(V )

f̃

��

V

f
""F

FF
FF

FF
FF

ι
<<yyyyyyyy

A

These properties tell us that (Cl(V ), ι) is unique up to isomorphism if it exists. We construct it as
follows: Let T be the tensor algebra of V

T :=
⊕
r≥0

(⊗rV ) ,

where ⊗rV = V ⊗ · · · ⊗ V (r times). Let J be the two-sided ideal in T generated by all elements
v ⊗ v + |v|2 · 1, for v ∈ V . We put

Cl(V ) := T/J,

and define ι to be the composition V = ⊗1V ⊂ T → Cl(V ).
Since ι is injective, we identify v ∈ V with ι(v) in Cl(V ), so one has v2 = −|v|2. If v, w ∈ V

then

0 = (v + w)2 + |v + w|2 = vw + wv + 2〈v, w〉,

so in particular v and w anti-commute if they are perpendicular. Let ∧∗V =
⊕

r λ
rV be the

exterior algebra of the vector space V .

Proposition 3.1.1. There is a canonical vector space isomorphism

h : ∧∗V
∼=→ Cl(V ).

Proof. Define a map V × · · · × V → Cl(V ) by

(v1, . . . , vr) 7→
1
r!
∑
σ

sign(σ)vσ(1) · · · vσ(r).

This map is alternating and therefore induces a linear map ∧rV → Cl(V ). The sum of these
maps for all r gives the map h : ∧∗V → Cl(V ). If e1, . . . , en is an orthonormal basis for V , then
eiej = −ejei for i 6= j, so

h(ei1 ∧ · · · ∧ eir ) = ei1 · · · eir

for 1 ≤ i1 < · · · < ir ≤ n, which implies that h is surjective. To prove that it is injective, one has
to go through some algebraic technicalities, and we refer to [LM89].
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There are two natural endomorphisms of Clifford algebras. Consider the map V −1→ V , v 7→ −v
and note that (−v)2 = −|−v|2. This gives rise to an algebra homomorphism α : Cl(V ) → Cl(V )
satisfying α2(v) = v. Since elements of V generate Cl(V ), α2 = id on Cl(V ). This gives rise
to an eigenspace decomposition Cl(V ) = Cl0⊕Cl1, with α|Cl0 = id, α|Cl1 = −id. Now Cl0 is a
subalgebra of Cl(V ). On the other hand, the opposite algebra Cl(V )op, which agrees with Cl(V )
as a vector space and has the product x ·op y = y · x. We still have an inclusion ι : V → Cl(V )op

which factors through Cl(V ) to give a map τ : Cl(V )→ Cl(V )op,
Cl(V )

τ

$$J
JJJJJJJJ

Cl(V )op

V

ι

OO

ι

99ssssssssss

Here τ |V = id, τ(v1 . . . vr) = vrτ(v1 · · · vr−1) = vr · · · v1, and ατ = τα.
Our next goal is to construct the Spin groups. Recall that π1(SO(n)) = Z/r for n ≥ 3. Let

Spin(n) be the universal cover of SO(n),

1→ {±1} → Spin(n)→ SO(n)→ 1.

We will show that Spin(n) in fact sits in the Clifford algebra which allows us to construct certain
representations of Spin(n) that do not factor through SO(n). The idea is that the Clifford algebras
are in fact isomorphic to matrix groups which we know how to represent, and from that we obtain
representations of Spin(n).

Let N : Cl(V ) → Cl(V ) be the norm map x 7→ x · ατ(x). Pick an orthonormal basis {ei}i of
V . If an element x ∈ Cl(V ) is given by

x =
∑
I

xIeI ,

where, for I = (i1, . . . , ir), we let eI = ei1 · · · eir , then

N(x) =
∑
I

(xI)2 +
∑
I 6=∅

aIeI .

Let Cl(V )∗ be the group of invertible elements of Cl(V ), and define

G := {x ∈ Cl(V ) | N(x) = 1}.

Lemma 3.1.2. The group G is a compact Lie group, and a subgroup of Cl(V )∗.

Proof. If x, y ∈ Cl(V ) with product xy = 1, then yx = 1 since left multiplication by x is a surjective
linear endomorphism lx : Cl(V )→ Cl(V ) which is injective since V is finite-dimensional, and since
lx ◦ ly = id, we obtain ly ◦ lx = id. Hence G ⊆ Cl(V )∗.

Define σ = ατ . If N(x) = 1 = N(y) for elements x and y, then

N(xy) = xyσ(xy) = xyσ(y)σ(x) = xσ(x) = 1,
N(x−1) = x−1σ(x−1) = x−1σ(x)−1 = (σ(x)x)−1 = 1,

which proves that G ⊆ Cl(V )∗ is a subgroup. Furthermore, G is closed in Cl(V ) and hence in
Cl(V )∗, and G is a submanifold of Cl(V )∗ and hence a Lie group. Also G ⊆ Cl(V ) is bounded and
hence compact.

Define the adjoint representation Ad : Cl(V )∗ → Aut(Cl(V )) by

Adx(y) = xyx−1.
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For an element w ∈ V \{0}, Adw(V ) = V since Adw |V is the reflection in Rw, which is orientation-
preserving if and only if n = dimV is odd. We correct this by defining Ãd : Cl(V )∗ → Aut(Cl(V ))
by Ãdx(y) = α(x)yx−1. Then Ãdw|V = −Adw |V is reflection in w⊥ which is always orientation-
reversing.

Definition 3.1.3. Define the compact groups Pin(V ) and Spin(V ) by

Pin(V ) := {x ∈ G | Ãdx(V ) = V },
Spin(V ) := Pin(V ) ∩ Cl0(V ).

5th lecture, September 12th 2011
We continue our discussion of Clifford algebras and spin groups. Recall that for a finite dimensional
Euclidean vector space V , we let

Pin(V ) := {x ∈ Cl(V ) | N(x) = 1, Ãdx(V ) = V }

where Ãdx(y) = α(x)yx−1, and we let Spin be the even part of Pin,

Spin(V ) := Pin(V ) ∩ Cl0(V ).

These are compact Lie groups.

Theorem 3.1.4. We have a short exact sequence, explaining the importance of Pin(V ):

1→ {±1} → Pin(V ) Ãd→ O(V )→ 1.

Here, O(V ) denotes the orthogonal transformations of V .

Proof. First off, we note that Ãd is in fact a homomorphism, since α is an algebra homomorphism,
so

Ãdxy(z) = α(x)α(y)zy−1x−1 = Ãdx ◦ Ãdy(z).

Furthermore, Ãd has image in O(V ) since for x ∈ Pin(V ) and v ∈ V , we have

|Ãdx(v)|2 = N(α(x)vx−1) = α(x)vx−1 · τα(α(x)vx−1)
= α(x)vx−1 · τα(x−1)(−v)τ(x) = α(x)vN(x−1)(−v)τ(x)
= |v|2α(x)τ(x) = |v|2α(x · ατ(x)) = |v|2α(N(x)) = |v|2.

The next step is to show that Ãd is surjective, which follows from the fact every element of O(V )
is the product of (at most n := dimV ) reflections in hyperplanes. Any such reflection is in the
image of Ãd since Ãdv is the reflection in v⊥.

It is clear that {±1} is in ker Ãd, and in fact nothing else is: Let x ∈ Pin(V ) with Ãdx = I.
This is the same as saying that for every v ∈ V , we have vxv−1 = α(x). Choose an orthonormal
basis {ei} of V , and set as before eI := ei1 · · · eir for I = (i1, . . . , ir), for i1 < i2 < · · · < ir. Recall
that the eI form a basis of the Clifford algebra as a vector space, so x =

∑
I xIeI . If j ∈ I, then

ejeIe
−1
j = (−1)|I|−1eI = −α(eI),

and hence the only non-zero xI comes from I = ∅, so x ∈ R · 1, and since N(x) = 1, we find
x = ±1.

This theorem allows us to give a much more explicit description of the groups Pin and Spin.
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Proposition 3.1.5. We have

Pin(V ) = {v1 · · · vr | r ≥ 0, vj ∈ V, |vj | = 1},
Spin(V ) = {v1 · · · v2r | r ≥ 0, vj ∈ V, |vj | = 1}.

Proof. For any element x ∈ Pin(V ), then as before, Ãdx is a product of reflections in hyperplanes,
so

Ãdx = Ãdv1 ◦ · · · ◦ Ãdvr

for some vj ∈ V , |vj | = 1. Since ker(Ãd) = {±1}, we have x = (±v1)v2 · · · vr.

Corollary 3.1.6. We have a short exact sequence

1→ {±1} → Spin(V )→ SO(V )→ 1.

Proof. By Proposition 3.1.5, Spin(V ) =
(

Ãd
)−1

SO(V ).

Proposition 3.1.7. We have Spin(V ) ∼= U(1) for n = 2, and Spin(V ) is simply-connected for
n ≥ 3.

Proof. Since the kernel of the Lie group homomorphism Ãd : Spin(V ) → SO(V ) is discrete,
Ãd|Spin(V ) is a covering projection. Since SO(2) ∼= U(1), and since π1(SO(n)) ∼= Z/2 for n ≥ 3, it
suffices to prove that Spin(V ) is always connected or, equivalently since SO(V ) is connected, that
we can find a path from 1 to −1 in Spin(V ). More precisely, given x, y ∈ Spin(V ), we can find a
path from x to either y or −y as a lift of a path from Ãdx to Ãdy in SO(V ), and by multiplication
by y a path from 1 to −1 in Spin(V ) gives a path from y to −y.

To find the path from −1 to 1, choose v, w ∈ V with |v| = |w| = 1 and v ⊥ w. Define
γ : [−π4 ,

π
4 ]→ Spin(V ) by

γ(t) = (cos t · v + sin t · w)(sin t · v + cos t · w)
= −2 cos t · sin t+ (cos2 t− sin2 t) · vw = − sin(2t) + cos(2t) · vw,

so γ(π4 ) = −1, γ(−π4 ) = 1.

Note that O(V ) has two connected components, and hence Pin(V ) has two connected compo-
nents Pin(V )± where Pin(V )+ = Spin(V ).

3.2 Representations of spinor groups
Definition 3.2.1. Given an orientation of V , the volume element in Cl(V ) is defined by ω :=
e1 · · · en, where e1, . . . , en ∈ V is any positive orthonormal basis.

The easiest way to see that the above definition is independent of the choice of basis is that
the same statement is true for the exterior algebra: Namely, consider the map ∧nV → Cl(V )
mapping e1∧· · ·∧en 7→ e1 · · · en. Now GL(V ) acts on ∧nV , and for A ∈ GL(V ), A(e1∧· · ·∧en) =
det(A)e1 ∧ · · · ∧ en.

The square of the volume element is

ω2 = e1 · · · ene1 · · · en = (−1)n−1e2
1e2 · · · ene2 · · · en

= (−1)1+···+n−1e2
1e

2
2 · · · e2

n = (−1)1+···+n = (−1)n(n+1)/2.

If ω2 = 1, then the Clifford algebra splits as Cl(V ) = Cl+⊕Cl−, where Cl± = (1 ± ω) Cl(V ) are
the (±1)-eigenspace of Cl(V )→ Cl(V ), x 7→ ωx.

Note that ω ∈ Z(Cl(V )) if and only if eiω = ωei for all i, which happens if and only if n is odd.
Hence, for n ≡ 3 mod 4, ω2 = 1, and ω is central, so Cl± ⊆ Cl(V ) is a two-sided ideal.
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Definition 3.2.2. Let Cl(V ) := Cl(V ) ⊗R C be the complexified Clifford algebra. The complex
volume element in Cl(V ) is defined by

ωC := ib
n+1

2 cω.

One finds that (ωC)2 = 1 for all n, so we always have decomposition Cl(V ) = Cl+⊕Cl−, where
Cl± = (1± ωC)Cl(V ). If n is odd, then Cl± ⊆ Cl(V ) is an ideal.

In fact, the Clifford algebras can be classified, and all of them are matrix algebras or a sum of
two such.

Definition 3.2.3. Write Cl(n) := Cl(Rn), where Rn has the Euclidean metric, and write Cl(n) :=
Cl(Rn).

The classification for low n is shown in Table 1.

n 1 2 3 4 5 6 7 8
Cl(n) C H H⊕H H(2) C(4) R(8) R(8)⊕ R(8) R(16)
Cl(n) C⊕ C C(2) C(2)⊕ C(2) C(4) C(4)⊕ C(4) C(8) C(8)⊕ C(8) C(16)

Table 1: The Clifford algebras Cl(n) and Cl(n) for low values of n.

In the table, F(k) = Mk×k(F) for F = R,C, or H. One notices that the complex Clifford
algebras have a 2-periodicity, and similarly the real Clifford algebras express a periodocity with
period 8. A proof of this and the above can be found in [LM89]. Note that we see explicitly the
splittings into ideals in the these cases.

Proposition 3.2.4. We have Cl(n) ∼= Cl0(n+ 1).

Proof. Consider the map f : Rn → Cl0(n + 1) mapping ej 7→ ejen+1. Then for 1 ≤ i, j ≤ n,
eien+1ejen+1 = eiej , which implies that f(v)2 = −|v|2, so f induces an algebra homomorphism
f̂ : Cl(n) → Cl0(n + 1). This homomorphism is in fact surjective, since the image contains
all expressions eiej by the relation above, and the even part of Cl(n + 1) is generated by such
products as well as 1. Finally, the map is an isomorphism since dim Cl(n) = 1

2 dim Cl(n + 1) =
dim Cl0(n+ 1).

Since we now know that Clifford algebras have the structures of matrix groups, we also know
their representations.

Definition 3.2.5. A module M over a ring R is called irreducible if M has no submodules other
than 0 and M .

Proposition 3.2.6. Let S be a finite dimensional complex vector space and Cl(n) → EndC(S)
a representation (i.e. a complex linear algebra homomorphism, and we can view S as a Cl(n)-
module). Then S is a direct sum of irreducible submodules S =

⊕r
i=1 Si.

Proof. For finite groups, this result is completely standard, and we will use that Cl(n) contains a
certain nice finite subgroup. Set

Γ = {±ei1 · · · eik ∈ Cl(n) | 1 ≤ i1 < · · · < ik ≤ n, k ≥ 0},

where e1, . . . , en ∈ Rn is the standard basis. Then Γ is a subgroup of Cl(n)∗ of order |Γ| = 2n+1.
We want to choose a certain inner product on S, which is invariant under Γ as follows: Let 〈 , 〉′
be any inner product on S and define an inner product 〈 , 〉 on S by

〈x, y〉 :=
∑
g∈Γ
〈gx, gy〉′.
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Then 〈 , 〉 is Γ-invariant in the sense that 〈gx, gy〉 = 〈x, y〉 for all g ∈ Γ, x, y ∈ S. If T ⊆ S
is a Cl(n)-submodule, then the orthogonal complement T⊥ ⊆ S with respect to 〈 , 〉 satisfies
ΓT⊥ ⊆ T⊥ and is therefore a Cl(n)-submodule, Cl(n) · T⊥ ⊆ T⊥. Now S = T ⊕ T⊥. If one of
these is not irreducible, we continue slitting as long as possible; the process has to stop, since S is
finite-dimensional.

For a proof of the following, see [Lan02].

Proposition 3.2.7. The irreducible representations of the complex Clifford algebras are the fol-
lowing:

(i) If n = 2m + 1, m ∈ N0 = {0, 1, 2, . . . }, then Cl(n) ∼= C(2m) ⊕ C(2m) has exactly two
equivalence classes of irreducible representations, given by the two projections onto C(2m).

(ii) If n = 2m, m ∈ N, then Cl(n) ∼= C(2m) has exactly one equivalence class of irreducible finite
dimensional representations.

Remark 3.2.8. For n = 2m + 1, α(ω) = −ω, and so α maps Cl+ → Cl−. Hence, the two
inequivalent representations of Cl(n) restrict to equivalent representations of Cl0(n). To see this,
let ρ− : Cl− → C(2m) be an isomorphism, and let ρ+ := ρ− ◦ α. Then ρ+π+ = ρlπ− on Cl0(V ),
where the π± are projections as in the following diagram:

Cl+

∼=α

��

∼=
ρ+

##F
FF

FF
FF

FF

Cl(n) = Cl+⊕Cl−

π+

77oooooooooooo

π−
''OOOOOOOOOOOO

C(2m)

Cl−

∼=
ρ−

;;xxxxxxxxx

Definition 3.2.9. The complex spin representation of Spin(n) is the homomorphism ∆n : Spin(n)→
GLC(S), where S is a finite dimensional vector space, given by restricting an irreducible complex
representation of Cl(n) ρ→ EndC(S) to Spin(n) ⊆ Cl0(n) ⊆ Cl(n).

Remark 3.2.10. If n is odd, then the spin representation ∆n is independent of the choice ρ of irre-
ducible representation of Cl(n) up to equivalence, and ∆n is irreducible because Spin(n) generates
Cl0(n), and ρ|Cl0(n) is irreducible for dimensional reasons.

6th lecture, September 14th 2011
We continue where we left off last time.

Proposition 3.2.11. If n is odd, then the spin representation ∆n is independent of the choice ρ
of irreducible representation of Cl(n) up to equivalence, and ∆n is irreducible.

If n is even, then S = S+ ⊕ S−, where S± = (1 ± ωC)S are inequivalent irreducible represen-
tations of Spin(n).

Proof. We already discussed the first part of the Proposition in Remark 3.2.10. For the second
one, note that Cl(n) ∼= C(2n/2) is a simple ring and therefore (see [Lan02]) has no (two-sided) ideal
other than 0 and Cl(n). Since

(1 + ωC)(1− ωC) = 1− (ωC)2 = 0,

we have Cl(n)+ · S− (here, we redefine Cl(n)± := Cl(n)(1± ωC)). If now S+ = 0, then Cl(n)+ ⊆
ker(ρ), but ker(ρ) is a two-sided ideal which means that ρ = 0. Hence, S+ 6= 0, and similarly one
shows that S− 6= 0.
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The two irreducible representations of Cl0(n) ∼= Cl(n−1) have dimension 2
n
2−1 whereas dimS =

2
n
2 . Therefore S+ and S− must both be irreducible representations of Cl0(n). Because Spin(n)

contains a linear basis of Cl0(n), S+ and S− are also irreducible representations of Spin(n), and
they are in fact inequivalent since ω ∈ Spin(n) acts as ±i−b

n+1
2 c on S±.

Definition 3.2.12. Let S be a Euclidean vector space. A representation Cl(n) → EndR(S) is
called orthogonal, if

〈v · x, v · y〉 = 〈x, y〉

for all v ∈ Rn with |v| = 1 and all x, y ∈ S.

Lemma 3.2.13. Let S be a finite dimensional real vector space and ϕ : Cl(n) → EndR(S) a
representation. Then there exists an inner product 〈 , 〉 on S with respect to which ϕ is orthogonal.

Proof. Let Γ = {eI} ⊆ Cl(n)∗ as in the proof of Proposition 3.2.6 and let 〈 , 〉 be a Γ-invariant
inner product on S. If v ∈ Rn, |v| = 1, then ϕ(v)2 = ϕ(v2) = −I. This means that ϕ(v) is
orthogonal if and only if ϕ(v) is skew-symmetric. Let v =

∑n
i=1 v

iei. Then ϕ(v) =
∑n
i=1 v

iϕ(ei)
is also skew-symmetric, and hence orthogonal.

3.3 Dirac operators
Recall first if P → X is a principal G-bundle, and G acts on the finite dimensional vector space
V , then we can define an associated vector bundle E := P ×G V := (P × V )/G, where in the last
expression, G acts on P × V by g · (p, v) = (pg−1, gv). Note that if x ∈ X, any p ∈ Px defines an
isomorphism V → Ex by v 7→ [p, v]. Secondly, any connection in P defines a connection in E.

Definition 3.3.1. Let X be a Riemannian n-manifold, and let PO(X) → X be the principal
O(n)-bundle of orthonormal frames on X. Then, the fibre PO(X)x at x ∈ X is the set of all linear
isometries Rn

∼=→ TxX.
The Clifford bundle Cl(X) is defined by Cl(X) := PO(X)×O(n) Cl(n), where the action of O(n)

on Cl(n) is induced by its action on Rn. Let Cl(X) as a vector bundle have the connection induced
by the Riemannian connection in PO(X).

Notice that the Clifford bundle is well-defined whether or not X is oriented, but if X is oriented,
we can identify Cl(X) = PSO(X) ×SO(n) Cl(n), where PSO(X) is the principal SO(n)-bundle of
positive orthonormal frames.
Remark 3.3.2. For any point x ∈ X there is a canonical isomorphism Cl(X)x

∼=→ Cl(TxX). This
isomorphism is given by mapping [u, ϕ] 7→ u∗(ϕ) where u ∈ PO(X)x, ϕ ∈ Cl(n), and u∗ : Cl(n)

∼=→
Cl(TxX).

Definition 3.3.3. A Dirac bundle over a Riemannian manifold X is a Euclidean vector bundle
E → X with an orthogonal connection ∇, together with a homomorphism of bundles of real
algebras Cl(X)→ EndR(E) such that the following hold:

(i) 〈e · v, e · w〉 = 〈v, w〉 for all x ∈ X, v, w ∈ Ex and e ∈ TxX with |e| = 1.

(ii) ∇(ϕ · s) = ∇ϕ · s+ ϕ · ∇s for all ϕ ∈ Γ(Cl(X)), s ∈ Γ(E).

Note that for every x ∈ X, we have a representation Cl(TxX) = Cl(X)x → EndR(Ex) and
condition (i) says that all of these representations are orthogonal.

Definition 3.3.4. The Dirac operator associated to a Dirac bundle as above is the map D :
Γ(E)→ Γ(E) defined by

D(s) =
n∑
i=1

ei · ∇ei(s),

where e1, . . . , en is a local orthonormal frame of X
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Example 3.3.5. Let E := Cl(X). We equip E with a Eucledian metric, inherited from the
canonical identification Cl(X) ∼= ∧∗TX, and the connection already defined on Cl(X). The module
structure is simply given by the Clifford multiplication

Cl(X)x × Ex → Ex

mapping (ϕ,ψ) 7→ ϕ · ψ. Condition (i) holds since as before orthogonality corresponds to skew-
symmetry.

Later we will see that the corresponding Dirac operator can be described in terms of the exterior
derivative and its adjoint (the so-called Euler characteristic operator).

Definition 3.3.6. A spin structure on an oriented Riemannian n-manifoldX is a principal Spin(n)-
bundle PSpin → X together with a smooth fibre-preserving map f : PSpin → PSO(X) which is
Spin(n)-equivariant in the sense that f(ug) = f(u)π(g) for all u ∈ (PSpin)x, g ∈ Spin(n), where
π = Ad : Spin(n)→ SO(n).

Note that X admits a spin structure if and only if the second Stiefel–Whitney class w2(X) =
w2(TX) ∈ H2(X,Z/2) vanishes.

7th lecture, September 19th 2011
3.3.1 Detour on principal bundles

Before we go ahead and define Dirac operators associated to spin structures, we make some basic
remarks on principal bundles (see [KN96]).

Definition 3.3.7. Let P → X be a principal G-bundle, and Q → X a principal H-bundle. A
fibre-preserving smooth map f : P → Q is called an i-homomorphism (i for identity) of principal
bundles with respect to a homomorphism ϕ : G → H of Lie groups, if f(pg) = f(p)ϕ(g) for all
p ∈ P , g ∈ G.

An i-homomorphism f induces a map f∗ : A(P )→ A(Q), where A(P ),A(Q) are the spaces of
all connections in P and Q. If moreover Lϕ : LG ϕ→ LH is an isomorphism (where LG and LH
denote the corresponding Lie algebras), or, equivalently, if ϕ is a local diffeomorphism, then f∗ is
a bijection.

If P → X and Q → X are as above, then pulling back the (G ×H)-bundle P × Q → X ×X
by the diagonal map ∆ : X → X × X mapping x 7→ (x, x) yields a (G × H)-bundle denoted
P +Q := ∆∗(P ×Q) → X. Let π1 : P +Q → P and π2 : P +Q → Q be the natural projections
(which are i-homomorphisms with respect to the projections G × H → G and G × H → H
respectively).

Putting these together, we obtain a bijection

(π1)∗ × (π2)∗ : A(P +Q)→ A(P )×A(Q).

Let f : P → Q be an i-homomorphism with respect to a homomorphism ϕ : G → H, and let
ρ : H → Aut(V ) be a representation. Then there is an vector bundle associated to ρ, but we could
also have obtained this from P . Namely, there is an isomorphism of associated vector bundles

P ×ρ◦ϕ V
∼=→ Q×ρ V

given by [p, v] 7→ [f(p), v], where Q×ρ V is an alternative notation for Q×H V . To see this, note
that it is clearly a homomorphism of vector bundles, which is an isomorphism on each fibre.

Finally, if f : P → Q is an i-homomorphism as above, then there is an isomorphism of H-
bundles,

P ×G H
∼=→ Q, [p, h] 7→ f(p) · h,
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where G acts from the left on H by (g, h) 7→ ϕ(g) · h.
If ϕ is surjective and K := ker(ϕ), then there is an H := G/K-equivariant diffeomorphism

P/K
∼=→ P ×G H,

and hence P/K is a principal G/K-bundle.
If ϕ is surjective and K := ker(ϕ), then P ×G H is isomorphic to the quotient P/K, which is

an H = G/K-bundle.

3.3.2 Back to Dirac operators

Let PSpin := PSpin(X)→ PSO(X) be a spin structure with an orthogonal representation ρ : Cl(n)→
EndR(S) where n = dimX. Then ρ|Spin(n) is an orthogonal representation (and note that this is
not a tautological statement). The associated Euclidean vector bundle

S := PSpin ×Spin(n) S

is called a real spinor bundle. We will now make this bundle into a Dirac bundle.
First we define the connection in S. Let PSpin have the connection which maps to the Levi-

Civita connection in PSO(X). This defines an orthogonal connection in S. Next we make S a
Clifford module. Let Spin(n) act on Cl(n) by conjugation. In fact, this action factors through the
standard representation of SO(n) defined earlier, i.e. we have maps

Spin(n)
Ad

$$J
JJJJJJJJ

conj
// Aut(Cl(n))

SO(n)

88rrrrrrrrrr

As remarked earlier, we can identify

PSpin ×Spin(n) Cl(n)
∼=→ PSO ×SO(n) Cl(n) = Cl(X).

Observe that the homomorphism ρ : Cl(n) → EndR(S) is Spin(n)-equivariant with respect to the
conjugation action on both spaces, and therefore it induces a homomorphism of vector bundles
Cl(X) → EndR(S): In general, if G acts on V , any fixed point v ∈ V gives a section of P ×G V ,
since the equivalence class [p, v] does not depend on p.

Thus, S is a Dirac bundle (the conditions are easily verified). The corresponding Dirac operator
D : Γ(S)→ Γ(S) is called the Atiyah–Singer operator .

3.4 Spinc(n) and spinc-structures
Definition 3.4.1. We define a Lie group Spinc(n) := (Spin(n)×U(1))/± (1, 1).

We can think of this group as sitting in the complex Clifford algebra as follows: Consider the
group homomorphism

µ : Spin(n)×U(1)→ Cl(n)∗

defined by µ(x, z) = x ⊗ z. If x ⊗ z = 1 ⊗ 1, then z must be real so xz = 1 in Cl(n), hence
x = z = ±1. Therefore kerµ = {±(1, 1)}, and so µ induces an embedding

Spinc(n) ↪→ Cl(n)∗.

Associated to Spinc(n), there are the following three short exact sequences:

1→ U(1) α′→ Spinc(n) α→ SO(n)→ 1.

21



Here α is determined by the projection Spin(n) × U(1) → Spin(n); more precisely, we have the
following picture:

Spin(n)×U(1) //

��

Spin(n)

��

Spinc(n) α // SO(n)
The maps are given by α′(z) = [(1, z)], α([x, z]) = Adx. Similarly, we have

1→ Spin(n) β′→ Spinc(n) β→ U(1)→ 1,

where β′(x) = [(1, x)] and β([x, z]) = z2. Lastly,

1→ {±1} → Spinc(n) α×β→ SO(N)×U(1)→ 1.

This sequence is obtained by considering the 4:1-map Spin(n) × U(1) → SO(n) × U(1), which
factors through the 2:1-map Spinc(n)→ SO(n)×U(1). In particular, α× β is a double covering.

Definition 3.4.2. A spinc-structure on an oriented Riemannian manifoldX is a principal Spinc(n)-
bundle PSpinc → X together with an i-homomorphism

f : PSpinc → PSO(X)

with respect to α : Spinc(n)→ SO(n).

Remark 3.4.3. We make the following remarks:

(i) To any spinc-structure, there is an assocated U(1)-bundle PSpinc ×β U(1)→ X.

(ii) An oriented Riemannian manifoldX carries a spinc-structure if and only if w2(X) ∈ H2(X;Z/2)
has a lift to H2(X;Z), which is weaker than the obstruction to having a spin structure. For
a proof, see the appendix of [LM89].

(iii) By (ii), one can show that every compact oriented 4-manifold carries a spinc-structure.

(iv) The 5-manifold SU(3)/SO(3) has no spinc-structure.

3.4.1 Dirac bundles from spinc-structures

As in the spin case, one can use spinc-structures to construct Dirac bundles. Let PSpinc → PSO(X)
be a spinc-structure, and let ρ : Cl(n) → EndC(S) be a represenation. In the case of Spin(n),
we required the representation to be orthogonal; here, we require it to be unitary: Choose an
Hermitian inner product 〈 , 〉 on S, such that 〈vx, vy〉 = 〈x, y〉 for all v ∈ Rn ⊆ Cl(n) with |v| = 1
and all x, y ∈ S (that this is possible can be shown as in the real case). Then ρ|Spinc(n) is a unitary
representation, and the associated Hermitian vector bundle

S := PSpinc(n) ×Spinc(n) S

is called the complex spinor bundle. Just as in the real case, the representation ρ gives rise to a
homomorphism Cl(X) → EndC(S), and it remains to specify the connection in S. Let PU → X
be the U(1)-bundle associated to PSpinc . Then we have an i-homomorphism PSpinc → PSO + PU
with respect to α × β : Spinc(n) → SO(n) × U(1), since we have a homomorphism PSpinc →
PSO × PU |∆(X) ∼= PSO + PU.

Since L(α×β) is an isomorphism, the i-homomorphism above induces a bijection A(PSpinc)→
A(PSO) × A(PU). Let PSpinc have the connection which maps to the Riemannian connection in
PSO and to any connection A in PU. This induces a unitary connection in S giving S the structure
of a Dirac bundle. The corresponding Dirac operator DA : Γ(S)→ Γ(S) is complex linear.
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Example 3.4.4. Let PSpin → PSO(X) be a spin structure and PU → X a U(1)-bundle, and let
n = dimX. Define the Spinc(n) = (Spin(n)×U(1))/± (1, 1)-bundle

PSpinc := (PSpin + PU)/± (1, 1).

This is a spinc-structure whose associated U(1)-bundle is PU/ ± 1, which we can also think of as
the U(1)-bundle associated to PU and the homomorphism U(1)→ U(1), z 7→ z2. Let ρ : Cl(n)→
EndC(S) be a unitary representation. Set

S := PSpin ×Spin(n) S,

where Spin(n) acts on S by ρ|Spin(n). Of course, we also get a spinor bundle from the spinc-
structure, and the two bundles are related as follows: Let L → X be the Hermitian line bundle
associated to PU and the standard representation of U(1) on C. Then

PSpinc ×Spinc(n) S
∼=← (PSpin + PU )×Spin(n)×U(1) (S ⊗C C) = S⊗ L,

by one of the remarks made in the beginning of Section 3.3.1. Here we let Spin(n) act on S and
U(1) on C in the first tensor product.

Any connection in PU/ ± 1 induces a connection in PU (recall that connections in PU are in
1-1 correspondance with those in PU/± 1, since we have a map PU → PU/± 1 induced by the 2:1
map U(1)→ U(1), z 7→ z2), and hence it induces an Hermitian connection in L. The spinc Dirac
operator

DA : Γ(S⊗ L)→ Γ(S⊗ L)

is given by

DA(s) =
n∑
j=1

ej∇Aej
(s),

where ∇A is the tensor product connection in S⊗ L.

The Dirac operator is in particular a differential operator, and we now turn to a general
discussion of these.

3.5 Differential operators
Definition 3.5.1. In Rn, for every multiindex α = (α1, . . . , αk), αj ≥ 0, set

∂α :=
(

∂

∂x1

)α1

· · ·
(

∂

∂xn

)αn

,

|α| := α1 + · · ·+ αn,

∂α := i−|α|∂α.

The point in the last definition is that ∂α fits better with the Fourier transform and is in fact
self-adjoint. For example, on R,

〈if ′, g〉 =
ˆ
R
if ′(t)g(t) dt =

ˆ
R
f(t)ig′(t) dt,

if supp(f) ∩ supp(g) is compact. In this sense, i∂ is self-adjoint.
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Definition 3.5.2. Let X be a smooth n-manifold and let E,F → X be two F-vector bundles,
where F is R or C. A map P : Γ(E)→ Γ(F ) is called a differential operator of order ≤ r, if P is a
locally finite sum of operators of the form

s 7→ a∇V1 · · · ∇Vk
(s), s ∈ Γ(E),

where 0 ≤ k ≤ r, a ∈ Γ(Hom(E,F )), ∇ is a connection in E, and each Vj is a vector field on X.

The choice of connection in this definition does not matter, since for another connection ∇′,
we have ∇′V = ∇V + b(V ) where b(V ) ∈ Γ(Hom(E,F )). In the case F = R, there is an induced
differential operator Γ(E ⊗R C)→ Γ(F ⊗R C).

In terms of local coordinates x1, . . . , xn on an open set U ⊆ X and trivializations of E|U , F |U ,
the differential operator P can be expressed as

Ps =
∑
|α|≤r

aα∂
αs

over U .

Definition 3.5.3. Let Diff≤r(E,F ) denote the set of differential operators Γ(E)→ Γ(F ) of order
at most r, and let Diffr(E,F ) denote those of order exactly r, Diffr = Diff≤r \Diff≤r−1.

3.5.1 Symbols of differential operators

Assume from now on that E,F → X are complex vector bundles.

Definition 3.5.4. The r-symbol of P ∈ Diff≤r(E,F ) is the map

σP,r = σP : T ∗X → HomC(E,F )

defined as follows: Let x ∈ X, ξ ∈ T ∗xX, v ∈ Ex. Choose a smooth function f ∈ C∞(X) and
s ∈ Γ(E) with f(x) = 0, dfx = ξ, s(x) = v. Define

σP (x, ξ)v := ir

r!P (fr · s)(x).

Note that the symbol is a vector bundle homomorphism for r = 1, and in general σP,r(x, tξ) =
trσP,r(x, ξ) for x ∈ X, ξ ∈ T ∗xX, t ∈ R.

To show that σP (x, ξ) does not depend on the choices of f and s, let X = Rn, E = X × Cp,
F = X × Cq, and write P =

∑
|α|≤r aα∂α for smooth maps aα : Rn →Mq·p(C). Then

ir

r!P (frs)(x) =
∑
|α|=r

ξαaα(x)v,

where ξα = (ξ1)α1 · · · (ξn)αn for ξ = (ξ1, . . . , ξn). Since neither f nor s appears on the right hand
side, σP (x, ξ) =

∑
|α| ξ

αaα ∈Mp·q(C) is independent of the choices made.

Proposition 3.5.5. If E,E′, E′′ → X are complex vector bundles, and Γ(E) P→ Γ(E′) Q→ Γ(E′′)
is a composition of differential operators P and Q of orders ≤ r and ≤ r′ respectively, then
QP ∈ Diff≤r+r′(E,E′′), and

σQP,r+r′(x, ξ) = σQ,r′(x, ξ) ◦ σP,r(x, ξ)

for x ∈ X, ξ ∈ T ∗xX.
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Proof. The proof is a local calculation. Let X = Rn, let E,E′, E′′ be product bundles, and write

P =
∑
|α|≤r

aα∂α, Q =
∑
|β|≤r′

bβ∂β .

The composition becomes

QPs =
∑
|β|≤r′

bβ∂β
∑
|α|≤r

aα∂αs

=
∑

|γ|=r+r′

 ∑
α+β=γ

bβaα

 ∂γs+
∑

|γ|<r+r′
cγ∂γs

for suitable matrix valued functions cγ . Hence

σQP,r+r′(x, ξ) =
∑

|γ|=r+r′

 ∑
α+β=γ

bβ(x)aα(x)

 ξγ

=

 ∑
|β|=r′

bβ(x)ξβ
∑

|α|=r

aα(x)ξα


= σQ,r′(x, ξ) ◦QP,r(x, ξ).

Definition 3.5.6. A differential operator P ∈ Diffr(E,F ) is called elliptic if

σP,r(x, ξ) : Ex → Fx

is invertible for every x ∈ X, ξ ∈ T ∗xX \ {0}.

Example 3.5.7. The following are examples of differential operators:

1. The Cauchy–Riemann operator on C = {z = x + iy} is the operator ∂ = ∂
∂x + i ∂∂y . Its

1-symbol is

σ∂(z, ξ) = i(ξ1 + iξ2) = iξ1 − ξ2,

which is non-zero when ξ is, so ∂ is elliptic.

2. The Laplace operator on Euclidean Rn is the operator

∆ = −
n∑
j=1

(
∂

∂xj

)2
=

n∑
j=1

(
1
i
∂j

)2

acting on complex functions on Rn. Its symbol is

σ∆(x, ξ) = |ξ|2,

which is positive for ξ 6= 0, so ∆ is elliptic.

3. Let ∇ be a connection in the complex vector bundle E → X. Then

∇ : Γ(E)→ Γ(T ∗X ⊗R E)

if a differential operator of order 1. If f ∈ C∞(X), f(x) = 0, dfx = ξ, s ∈ Γ(E), s(x) = v,
we find

σ∇(x, ξ)v = i∇(fs)(x) = i(dfx ⊗ v + f(x)(∇s)x) = ξ ⊗ iv.

In this case, if ξ 6= 0, then σ∇(x, ξ) is injective but not surjective unless rkE = 1.
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3.6 Dirac operators revisited
Proposition 3.6.1. Let X be a Riemannian n-manifold and Cl(X)→ EndC(S) a complex Dirac
bundle. Then the Dirac operator D : Γ(S)→ Γ(S) mapping Dϕ =

∑n
j=1 ej∇ej

(ϕ) is a differential
operator of order 1. The symbols of the Dirac operator D and the Dirac Laplacian D2 are given by

σD,1(x, ξ) = iξ∗,

σD2,2(x, ξ) = |ξ|2

where ξ∗ is the tangent vector at x dual to ξ with respect to the Riemannian metric, and iξ∗ denotes
Clifford multiplication with iξ∗. In particular the Dirac operator D and its square D2 are elliptic
operators.

Proof. Let ϕ ∈ Γ(S), f ∈ C∞(X), with f(x) = 0, dfx = ξ. Then

σD,1(x, ξ) · ϕ(x) = iD(fϕ)(x) = i

n∑
j=1

ej∇ej
(fϕ)x

= i

n∑
j=1

ej
(
dfx(ej) · ϕ(x) + f(x)∇ej

(ϕ)x
)

= i

n∑
j=1

ej · ξ(ej) · ϕ(x) = iξ∗ · ϕ(x).

For v ∈ Sx,

σD2,2(x, ξ) · v = σD,1(x, ξ)2 · v = iξ∗ · (iξ∗ · v)
= −(ξ∗)2 · v = |ξ∗|2 · v = |ξ|2 · v.

3.6.1 The adjoint of an operator

For a Riemannian n-manifold X and f ∈ Cc(X), we write
´
X
f :=

´
X
f dµ, where µ is the

volume measure defined by the Riemannian metric. If X is oriented, then
´
X
f dµ =

´
X
f ω, where

ω ∈ Ωn(X) is the volume form on X.

Proposition 3.6.2. Let E,F be Hermitian vector bundles over a Riemannian manifold X, and let
P ∈ Diffr(E,F ). Then there is a uniquely defined operator, denoted P ∗ ∈ Diffr(F,E) characterized
by

ˆ
X

〈Ps, t〉 =
ˆ
X

〈s, P ∗t〉

for all s ∈ Γc(E), t ∈ Γc(F ). Moreover

σP∗,r(x, ξ) = σP,r(x, ξ)∗ : Fx → Ex.

Proof. By a continuity argument, uniqueness follows from the characterizing equation. Existence
is essentially a local problem: Replacing s by

∑
λ βλs for a suitable partition of unity {βλ}λ –

defined over a coordinate patch on the manifold – reduces the problem to the case, where X = Rn
as smooth manifolds, E = X × Cp, F = X × Cq as Hermitian vector bundles, P =

∑
|α|≤r aα∂α,
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and µ = hm for h ∈ C∞(X), h > 0, and m the Lebesgue measure on Rn. Then
ˆ
Rn

〈Ps, t〉h dm =
∑
|α|≤r

ˆ
Rn

〈aα∂αs, ht〉 dm

=
∑
|α|≤r

ˆ
Rn

〈s, ∂α(a∗αht)〉 dm

=
ˆ
Rn

〈s,
∑
|α|=r

a∗α∂αt+
∑
|α|<r

bα∂αt〉h dm

for suitable functions bα : Rn → Mq,p(C) independent of s and t (but involving both aα, h, and
their derivatives). In the second equality, we have used integration by parts together with the fact
that s is compactly supported and ∂α is self-adjoint.

Definition 3.6.3. The operator P ∗ is called the (formal) adjoint of P , and P is called self-adjoint
if P = P ∗.

Proposition 3.6.4. Let X be a Riemannian n-manifold and E → X an Hermitian vector bundle
with connection A (which will always be assumed to be Hermitian). Then the (formal) adjoint of

dA : Ωp(X;E)→ Ωp+1(X;E)

is the operator

d∗A = (−1)1+pn ∗ dA∗ : Ωp+1(X;E)→ Ωp(X;E).

Note that we did not assume X to be oriented, so a priori we have no Hodge star, but the
expression ∗dA∗ is defined with respect to any local orientation, it is independent of the orientation,
and so makes sense globally.

Proof of Proposition. The problem is local, so we may assume that X is oriented. Let ϕ ∈
Ωpc(X;E), ψ ∈ Ωp+1(X;E). Combining the wedge product on forms with the Hermitian met-
ric on the vector bundle, Proposition 2.1.3 (with E′′ = C, A′′ = d) tells us that

d〈ϕ ∧ ∗ψ〉 = 〈dAϕ ∧ ∗ψ〉+ (−1)p〈ϕ ∧ dA ∗ ψ〉.

By Stokes’ theorem and since ∗2 = (−1)p(n−p) on (n− p)-forms, we find that
ˆ
X

〈dAϕ,ψ〉 =
ˆ
X

〈dAϕ ∧ ∗ψ〉 = (−1)p+1
ˆ
X

〈ϕ ∧ dA ∗ ψ〉

= (−1)p+1+p(n−p)
ˆ
X

〈ϕ ∧ ∗ ∗ dA ∗ ψ〉 = (−1)1+pn
ˆ
X

〈ϕ, ∗dA ∗ ψ〉.

Our next goal is to express dA + d∗A as a Dirac operator. To do this, we need to find an
expression for dA in terms of covariant derivatives.

Proposition 3.6.5. Let X be a smooth n-manifold and ∇ a connection in TX. Define d′ :
Ωp(X)→ Ωp+1(X) by

d′ϕ =
n∑
j=1

e∗j ∧∇ej
(ϕ)

for any local basis of vector fields {ej} on X with dual local basis of 1-forms {e∗j}. Then the
following are equivalent:
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(i) The operator d′ agrees with the exterior derivative.

(ii) The connection ∇ is torsion-free.

Proof. By the characterizing properties of the exterior derivative (rewriting d2 = 0 slightly), it
suffices to prove the following:

(a) For any f ∈ C∞(X), we have d′f = df .

(b) For ϕ ∈ Ωp(X), ψ ∈ Ωq(X), we have d′(ϕ ∧ ψ) = d′ϕ ∧ ψ + (−1)pϕ ∧ d′ψ.

(c) If X = Rn, then d′(dxj) = 0 for all j, if and only if ∇ is torsion-free.

First, (a) is easy, since

d′f =
∑
j

e∗jdf(ej) = df.

We also have

d′(ϕ ∧ ψ) =
∑
j

e∗j ∧ (∇ej
ϕ ∧ ψ + ϕ ∧∇ej

ψ)

= d′ϕ ∧ ψ + (−1)pϕ ∧ d′ψ,

which proves (b). To see (c), write ∂j = ∂
∂xj and write

∇∂k =
∑
i

ωik ⊗ ∂i

for ωik ∈ Ω1(Rn). Then Γijk = ωik(∂j) are the Christoffel-symbols of ∇. As seen earlier, ∇dxk =∑
i ω

k
i ⊗ dxi, so

∇∂j
(dxk) =

∑
i

Γkjidxi.

Applying d′, we obtain

d′(dxk) =
∑
j

dxj ∧∇∂j
(dxk) =

∑
j

dxj ∧
∑
i

Γkjidxi

=
∑
ij

Γkjidxj ∧ dxi =
∑
i<j

(Γkjidxj ∧ dxi + Γkijdxi ∧ dxj)

=
∑
i<j

(Γkij − Γkij)dxi ∧ dxj .

Now (c) follows since ∇ is torsion-free if and only if Γkij = Γkji for all i, j, k.

Convention 3.6.6. Let V be a finite dimensional vector space over F. Then the duality pairing,

∧pV × ∧p(V ∗)→ F,
(v1 ∧ · · · ∧ vp, α1 ∧ · · · ∧ αp) 7→ det(αi(vj)),

defines the isomorphism ∧p(V ∗)
∼=→ (∧pV )∗. Some authors use the expression 1

p! det(αi(vj)) instead.

Let V be a vector space, r ≥ 1, x ∈ V . Let ιx : ∧rV ∗ → ∧r−1V ∗ be the contraction satisfying
ιx = 0 on Ω0V ∗ and

ιx(α ∧ β) = ιx(α) ∧ β + (−1)pα ∧ ιx(β)
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for α ∈ ∧pV ∗, β ∈ ∧qV ∗. If dimV = n < ∞ and ω ∈ (∧rV )∗, then under the isomorphism
(∧rV )∗ ∼= ∧rV ∗, one has

ιxω(v2, . . . vn) = ω(x, v2, . . . , vn),

so in particular ιx ◦ ιx = 0. An alternative notation is x¬ω = ιxω. If V is a finite dimensional
Euclidean vector space, then for α ∈ ∧rV ∗, β ∈ ∧r−1V ∗, we have

〈x¬α, β〉 = 〈α, x∗ ∧ β〉,

when x∗ is dual to x with respect to 〈·, ·〉. Thus, we find the adjoint to ιx as

(ιx)∗β = x∗ ∧ β.

10th lecture, September 28th 2011
Proposition 3.6.7. Let X be an n-dimensional Riemannian manifold and E → X an Hermitian
vector bundle with connection A. For any p, let ∧pT ∗X ⊗R E be equipped with the connection
induced by A and the Levi-Civita connection in TX. Then the operator

dA : Ωp(X;E)→ Ωp+1(X;E)

and its adjoint d∗A are given by

dA =
n∑
j=1

e∗j ∧∇Aej
,

d∗A = −
n∑
j=1

ej
¬∇Aej

,

where {ej} is any local orthonormal frame field.

Proof. For α ∈ Ωp(U), s ∈ Γ(E|U ), U ⊆ X open, one has, by the previous proposition, that

dA(α⊗ s) = dα⊗ s+ (−1)pα ∧∇A(s)

= (
∑
j

e∗j ∧∇ej
(α))⊗ s+ (−1)pα ∧

∑
j

e∗j ⊗∇Aej
(s)

=
∑
j

e∗j ∧
(
∇ej

(α)⊗ s+ α⊗∇Aej
(s)
)

=
∑
j

e∗j ∧∇Aej
(α⊗ s),

which proves the first formula. To prove the second one, it might be tempting to use the first
formula directly, but this is difficult in general, since we have to do partial integration (explaining
the sign in the formula); it works in Euclidean Rn, where one can take ej = ∂j := ∂

∂xj and compute
the adjoint of

∑
j dx

j ∧ ∇A∂j
directly. In the general case, we use the known formula for d∗A. The

problem is local, so we may assume that X is oriented. Let x ∈ X and pick a positive orthonormal
frame field {ej} in an open neighbourhood U ⊆ X of x which is covariantly constant in x, i.e. such
that (∇ej )x = 0 for all j. Let s ∈ Γ(E|U ) and

ψ = e∗1 ∧ · · · ∧ e∗p+1 ⊗ s.
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Since (∇e∗j )x = 0 for all j, at the point x we have

∗dA ∗ ψ = ∗dA(e∗p+2 ∧ · · · ∧ e∗n ⊗ s)

= ∗
n∑
j=1

e∗j ∧∇Aej
(e∗p+2 ∧ · · · ∧ e∗n ⊗ s)

= ∗
p+1∑
j=1

e∗j ∧ e∗p+2 ∧ · · · ∧ e∗n ⊗∇Aej
s.

Now ∗ applied to e∗j ∧ e∗p+2 ∧ · · · ∧ e∗n can be determined since

e∗j ∧ e∗p+2 ∧ · · · ∧ e∗n ∧ e∗1 ∧ · · · ∧ ê∗j ∧ · · · ∧ e
∗
p+1

= (−1)p(n−p−1)e∗j ∧ e∗1 ∧ · · · ∧ ê∗j ∧ · · · ∧ e
∗
n

= (−1)pn+j−1e∗1 ∧ · · · ∧ e∗n.

Here, ê∗j means that e∗j is removed from the expression. Note also that if v ∈ V for some vector
space V and αj ∈ V ∗, then

v
¬(α1 ∧ · · · ∧ αk) =

k∑
j=1

(−1)j−1αj(v) · α1 ∧ · · · ∧ α̂j ∧ · · · ∧ αk.

This means that

∗dA ∗ ψ =
p+1∑
j=1

(−1)pn+j−1e∗1 ∧ · · · ∧ ê∗j ∧ · · · ∧ e
∗
p+1 ⊗∇Aej

s

=
n∑
j=1

(−1)pnej
¬(e∗1 ∧ · · · ∧ e∗p+1)⊗∇Aej

s

=
n∑
j=1

(−1)pnej
¬∇Aej

(ψ).

We introduced a frame field which was covariantly constant at x, but the last expression is inde-
pendent of the frame. Thus finally, for any orthornormal frame field {ej},

d∗Aψ = (−1)1+pn ∗ dA ∗ ψ = −
n∑
j=1

ej
¬∇Aej

(ψ).

3.6.2 Self-adjointness of the Dirac operator

Lemma 3.6.8. Let V be a Euclidean vector space and let f : ∧∗V
∼=→ Cl(V ) be the canonical vector

space isomorphism. Then for all v ∈ V and ϕ ∈ ∧∗V , one has

f(v ∧ ϕ− v∗¬ϕ) = v · f(ϕ),

where v ∈ V ∗ is the dual of v with respect to 〈·, ·〉, and v · f(ϕ) is Clifford multiplication.

Proof. Choose an orthonormal basis e1, . . . , en for V with v ∈ Re1. Recall that for 1 ≤ i1 < · · · <
ip ≤ n we have

f(ei1 ∧ · · · ∧ eip) = ei1 · · · eip .
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If i1 = 1,

e1ei1 · · · eip = −ei2 · · · eip .

Hence for ϕ = ei1 ∧ · · · ∧ eip , we have

f(e1 ∧ ϕ− e∗1
¬
ϕ) = e1 · f(ϕ).

Similarly, the formula holds if i1 > 1.

From now on, to simplify notation write ∧p(X) = ∧pT ∗X and ∧∗(X) = ∧∗T ∗X.

Theorem 3.6.9. Let X be a Riemannian n-manifold and E → X an Hermitian vector bundle with
connection A. Then under the caoninical vector bundle isomorphism f : ∧∗X ⊗ E

∼=→ Cl(X)⊗ E,
the operator dA + d∗A on ∧∗(X)⊗ E corresponds to the Dirac operator DA on Cl(X)⊗ E.

Proof. Note first that the vector bundle isomorphism f preserves the connection in the two bundles:
The connection in ∧∗(X) comes from the Levi-Civita connection in PO(X) ×O(n) ∧∗Rn, and the
connection in Cl(X) from PO(X) ×O(n) Cl(Rn). Since the connection is preserved under the
isomorphism PO(X)×O(n) ∧∗Rn ∼= PO(X)×O(n) Cl(Rn), f preserves the connection.

Combining this with the two previous results, for ϕ ∈ Γ(∧∗(X)⊗ E) = Ω∗(X;E), we have

f((dA + d∗A)ϕ) = f(
∑
j

(e∗j ∧∇Aej
ϕ− ej

¬∇Aej
ϕ))

=
∑
j

ejf(∇Aej
ϕ) =

∑
j

ej∇Aej
(fϕ) = DA(ϕ).

Proposition 3.6.10. Let X be a Riemannian n-manifold, and let S → X be a complex Dirac
bundle (the Proposition could also be formulated for real Dirac bundles). Then the Dirac operator
D : Γ(S)→ Γ(S) is (formally) self-adjoint.

Proof. Let ϕ,ψ ∈ Γ(S). Then pointwise on X, since ∇ is Hermitian and since in general V 〈s, t〉 =
〈∇V s, t〉+ 〈s,∇V t〉 for Hermitian connections, we find that

〈Dϕ,ψ〉 =
∑
j

〈ej∇ej (ϕ), ψ〉 = −
∑
j

〈∇ej (ϕ), ejψ〉

=
∑
j

〈ϕ,∇ej (ejψ)〉 −
∑
j

ej〈ϕ, ejψ〉

=
∑
j

〈ϕ,∇ej
(ej) · ψ + ej∇ej

(ψ)〉 −
∑
j

ej · α(ej),

where α ∈ Ω1(X,C) is defined by

α =
∑
j

〈ϕ, ejψ〉e∗j ,

which is independent of the choice of frame field. Assume now that {ej} is covariantly constant at
a given x ∈ X, (∇ej)x = 0 for all j. Then at x, we have∑

j

ej · α(ej) =
∑
j

(∇ej
(α) · ej + α · ∇ej

(ej))

=
∑
j

ej
¬∇ej (α) = −d∗α.
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Therefore, at x we have

〈Dϕ,ψ〉 =
∑
j

〈ϕ+ ej∇ej
(ψ)〉+ d∗α = 〈ϕ,Dψ〉+ d∗α,

and since α is independent of frame field {ej}, this equation holds over all of X. If now at least
one of ϕ and ψ has compact support, then α has compact support, and by Stokes’ theorem

ˆ
X

d∗α = −
ˆ
X

∗(d ∗ α) = −
ˆ
X

d ∗ α = 0.

Hence
´
X
〈Dϕ,ψ〉 =

´
X
〈ϕ,Dψ〉.

Proposition 3.6.11. If ∇ = ∇A is a connection in a vector bundle E → X, then

FA(V,W ) · s =
(
∇V∇W −∇W∇V −∇[V,W ]

)
s

Proof. In local coordinates, x1, . . . xn on X, by our definition

FA · s = d2
A · s = dA

∑
j

dxj ⊗∇∂j
(s)


=
∑
i<j

dxi ∧ dxj ⊗ [∇∂i
,∇∂j

]s.

Hence for k < l, we have

FA(∂k, ∂l) · s =
∑
i<j

(dxi ∧ dxj) · (∂k ∧ ∂l)⊗ [∇∂i
,∇∂j

]s

= [∇∂k
,∇∂l

]s.

11th lecture, October 3rd 2011
3.7 Distributions and curvature
Definition 3.7.1. A k-dimensional distribution on a manifold P is a rank k subbundle of TP .
The distribution A is called involutive if [V,W ] ∈ Γ(A), whenever V,W ∈ Γ(A), where [·, ·] is the
Lie bracket of vector fields on P .

Theorem 3.7.2 (Frobenius’ theorem). A distribution A is involutive if and only if for every
p ∈ P , there is an open neighbourhood U ⊆ P of p and a diffeomorphism ϕ : U

∼=→ RN such that
ϕ∗(Ap) = Rk × {0} for all p ∈ U .

Now let X and P be smooth manifolds and let P π→ X be a submersion. Then K := ker(Tπ)
is a subbundle of TP . A π-distribution in P is a subbundle A ⊆ TP such that π∗ maps Ap
isomorphically onto Tπ(p)X for every p ∈ P . Then π∗ induces an isomorphism of vector bundles
A
∼=→ π∗TX, and we have a direct sum decomposition

TP = A⊕K.

Sections of A (resp. K) are called horizontal (resp. vertical) vector fields on P . For every vector
field V on X, let V A be the horizontal vector field on P such that π∗(V A)p = Vπ(p) for every
p ∈ P .
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Such a π-distribution has a curvature. To define this, let V,W be vector fields on X and set

F(V,W ) := [V,W ]A − [V A,WA].

This is a vertical vector field on P , and one easily verifies that

F(fV,W ) = F(V, fW ) = π∗f · F(V,W )

for all f ∈ C∞(X). Hence there is for every p ∈ P exactly one skew-symmetric bilinear map

(FA)p = Fp : Tπ(p)X × Tπ(p)X → Kp

such that F(V,W )p = Fp(Vp,Wp) for all V,W ∈ Γ(TX) and p ∈ P .

Definition 3.7.3. Define the curvature of A to be FA := {F(A)p} ∈ Γ(π∗ ∧2 (X)⊗K).

Proposition 3.7.4. We have FA = 0 if and only if A is involutive.

Proof. If A is involutive, then FA = 0 since [V A,WA] is then the horizontal lift of [V,W ].
Suppose now FA = 0. To prove that A is involutive we may assume X = Rn. Then every

horizontal vector field on P is a linear combination of {∂Aj }. Recall that in general [fV,W ] =
f [V,W ]− (Wf)V for functions f and vector fields V,W . Thus if aj , bj ∈ C∞(P ), j, k = 1, . . . , n,
then

[
∑
j

aj∂Aj ,
∑
k

bk∂Ak ] =
∑
j,k

ajbk[∂Aj , ∂Ak ] +H

=
∑
j,k

ajbk[∂j , ∂k]A +H = H

for some horizontal vector field H.

3.8 Curvature of connections in principal bundles
Let π : P → X be a principal G-bundle, S a finite dimensional real vector space, and ρ : G →
Aut(S) a representation. Set E := P ×ρ S. There is a canonical bijection

{G-equivariant smooth maps P → S} → Γ(E)
f 7→ f̃ .

Here, f is called G-equivariant if f(pg−1) = g · f(p) for all p ∈ P , g ∈ G. Set

Ad(P ) = P ×Ad LG,

where Ad : G → Aut(LG) is the adjoint representation. Thus Ad(P ) is a bundle of Lie algebras.
Now let A be a connection in P , i.e. a G-invariant π-distribution. Then each vertical fibre can be
described as Kp = {p · ξ | ξ ∈ LG}, where

p · ξ := d

dt
|0p · exp(tξ) ∈ Kp ⊆ TpP.

Let ω ∈ Ω1(P ;LG) be the connection form of A, i.e. the form satisfying

Ap = ker(ωp), ω(p · ξ) = ξ, (rg−1)∗ω = Adg ·ω.

The curvature F = FA ∈ Ω2(X; Ad(P )) is defined as follows: Let V,W be vector fields on X. Then
F(V,W ) is a vertical G-invariant vector field on P . Hence

ω · F : P → LG

is a G-equivariant map, and the corresponding section of Ad(P ) is by definition F (V,W ). The
value of F (V,W ) at a point p ∈ X depends only on the values of V,W at p and so we get an
element of Ω2(X; Ad(P )).
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Remark 3.8.1. To relate this definition of curvature to that of [KN96], recall that if Y,Z are two
vector fields and α a 1-form on a manifold, then

dα(Y, Z) = Y · α(Z)− Z · α(Y )− α([Y, Z]).

Hence in our case,

ω · F(V,W ) = −ω([V A,WA]) = dω(V A,WA).

Definition 3.8.2. A connection A is called trivial if P admits a horizontal section, or equivalently,
if there exists an isomorphism P → X ×G of G-bundles which maps A to the product connection
(here a section s ∈ Γ(P ) is called horizontal if sx(V ) is horizontal for every x ∈ X, v ∈ TpX).

A connection A is called locally trivial if every x ∈ X has an open neighbourhood U ⊆ X such
that A|U is trivial.

Theorem 3.8.3. We have FA = 0 if and only if A is locally trivial.

Proof. That FA = 0 is equivalent to FA = 0 which we saw happens exactly when A is involutive.
By Frobenius’ theorem, this is the same as P → X admitting local horizontal sections.

We will now relate this definition of curvature to the definition of curvature of connection in
vector bundles. The homomorphism ρ : G→ Aut(S) induces a homomorphism Lρ : LG→ End(S)
of Lie algebras. Since Lρ is G-equivariant, it induces a vector bundle homomorphism

ρ̃ : Ad(P )→ End(E).

Proposition 3.8.4. Let ∇ be the connection in E induced by A. Then

F (∇) = ρ̃ · F (A).

Proof. Let V,W be vector fields on X and to simplify notation set

Z := [V,W ]A − [V A,WA].

Let f : P → S be a G-equivariant map, corresponding to a section f̃ of E. By definition,

∇V (f̃) = (V Af)∼.

Since now ∇V∇W f̃ = ∇V (WAf)∼ = (V AWAf)∼, the curvature of ∇ becomes

F∇(V,W ) · f̃ = (∇V∇W −∇W∇V −∇[V,W ])f̃
= [(V AWA −WAV A − [V,W ]A)f ]∼ = −(Z · f)∼.

If ξ ∈ LG, p ∈ P , then

df(p · ξ) = d

dt
|0f(p · exp(tξ)) = d

dt
|0ρ(exp(−tξ)) · f(p)

= −Lρ(ξ) · f(p).

Hence,

−(Z · f)(p) = −df(p · ω(Zp)) = Lρ(ω(Zp)) · f(p).

and the corresponding section of E becomes

−(Z · f)∼ = (ρ̃ · FA(V,W )) · f̃ ,

since the equivariant map corresponding to this section is exactly the composition P → LG×S →
End(S)× S → S mapping

p 7→ (ω(Zp), f(p)) 7→ (Lρ(ω(Zp)), f(p)) 7→ Lρ(ω(Zp)) · f(p).
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12th lecture, October 5th 2011
Proposition 3.8.5. Let P → X be a G-bundle, Q → X an H-bundle, and u : P → Q an
i-homomorphism with respect to ϕ : G→ H. Let A be a connection in P and set B := u(A). Then

(i) the pullback of the connection form of B is u∗ωB = Lϕ · ωA, and

(ii) the curvature of B is FB = ϕ̃ · FA, where ϕ̃ is the map

Ad(P ) = P ×G LG
ϕ̃→ Q×H LH = Ad(Q)

[p, ξ] 7→ [u(p), Lϕ(ξ)].

The proof of the first statement can be found in [KN96], and the other one is left as an exercise.

3.9 The Bochner formulae
Recall that a orthogonal or Hermitian vector bundle S → X with a connection is called a Dirac
bundle if we have a bundle homomorphism Cl(X)→ End(S) such that unit tangent vectors preserve
the inner product on S, and such that the connection is compatible with Clifford multiplication.

Theorem 3.9.1. Let X be an n-dimensional Riemannian manifold and S→ X a (real or complex)
Dirac bundle on X, and let ∇ denote the connection on S. Then the Dirac operator D : Γ(S)→ Γ(S)
satisfies

D2 = ∇∗∇+R,

where R is the zeroth order operator

R =
∑
i<j

eiejF (ei, ej) = 1
2
∑
i,j

eiejF (ei, ej).

Here F = F (∇), and {ei} is a local orthonormal frame field on X. It is clear that the last expression
is independent of the choice of frame field.

Proof. Let x ∈ X and choose a local orthonormal frame field {ei} around x with (∇ei)x = 0 for
all i. Then for ϕ ∈ Γ(S) one has at x that

[ei, ej ] = ∇ei
(ej)−∇ej

(ei) = 0,

and

D2ϕ =
∑
i

ei∇ei

∑
j

ej∇ej
(ϕ) =

∑
i,j

eiej∇ei
∇ej

(ϕ)

= −
∑
i

(∇ei
)2ϕ+

∑
i<j

eiej [∇ei
,∇ej

]ϕ

= −
∑
i

(∇ei)2ϕ+
∑
i<j

eiejF (ei, ej)ϕ

= ∇∗∇ϕ+Rϕ.

The last equality follows since at x we have (with ∇ = ∇A),

∇∗∇ϕ = d∗AdA = −
∑
i

ei
¬∇ei

∑
j

e∗j ⊗∇ej
(ϕ)

= −
∑
i,j

ei
¬(e∗j ⊗∇ei∇ej (ϕ))

= −
∑
i

(∇ei)2ϕ.

Note that in this last computation we did not use the fact that we have a Dirac bundle.
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Recall that we have an identification of vector spaces Cl(X) = ∧∗(X), and in this untwisted
case the Dirac operator D on Cl(X) corresponds to d+ d∗ on ∧∗(X). For a proof of the following
Theorem, see [LM89].

Theorem 3.9.2. Let X be a Riemannian manifold. Define the Hodge–Beltrami operator

∆ = (d+ d∗)2 = dd∗ + d∗d : Ω∗(X)→ Ω∗(X).

Then on 1-forms,

∆ = ∇∗∇+ Ric : Ω1(X)→ Ω1(X).

Theorem 3.9.3 (Lichnerowicz formula). Let X be an oriented Riemannian n-manifold with a
spin-structure PSpin → PSO(X). Let S → X be a spinor bundle and D : Γ(S) → Γ(S) the Dirac
operator. Then

D2 = ∇∗∇+ s

4 ,

where s : X → R is the scalar curvature.

We need two lemmas as preparation for the proof. We consider the Riemannian curvature
tensor R ∈ Ω2(X; so(TX)). Here so(TX) ∼= Ad(PSpin) acts on the Dirac bundle, and we need to
understand how.

Lemma 3.9.4. Under the canonical vector space isomorphism c : ∧∗Rn → Cl(n), the Lie algebra
spin(n) is the image of ∧2Rn.

Proof. Let e1, . . . , en be the standard basis for Rn. As we have seen earlier, the path

γ(t) = cos t+ sin t · eiej

in Cl(n) is in Spin(n) when i 6= j. Hence

eiej = γ′(0) ∈ spin(n).

This proves the Lemma since

dim∧2(Rn) = dim SO(n) = dim Spin(n).

Lemma 3.9.5. Let ρ = Ad : Spin(n)→ SO(n) be the usual double cover. Then the inverse of the
Lie algebra isomorphism Lρ : spin(n)→ so(n) is given by

(Lρ)−1(A) = 1
2
∑
k<l

〈Aek, el〉ekel = 1
4
∑
k,l

〈Aek, el〉ekel

for A ∈ so(n).

Proof. Recall that for ϕ ∈ Spin(n), v ∈ Rn, we have

ρ(ϕ) · v = ϕvϕ−1.

Hence

(Lρ)(ξ) · v = ξv − vξ
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so for i < j we have

(Lρ)(eiej) · ek =


0 if k 6= i, j

2ej if k = i

−2ei if k = j

and hence, ∑
k<l

〈(Lρ)(eiej) · ek, el〉ekel = 〈2ej , ej〉eiej = 2eiej .

Proof of Theorem 3.9.3. Assume for concreteness that the Dirac bundle is real (the complex case
is similar). Let Cl(n)→ EndR(S) be an orthogonal representation and S := PSpin ×Spin(n) S. The
statement of the theorem is local, so we may assume that PSpin is trivial, i.e. that PSpin admits
a (smooth) section. This provides a section of PSO(X), i.e. a global positive orthonormal frame
field {ei} on X, as well as trivializations of the adjoint bundles of PSpin and PSO(X). Let A be the
Levi-Civita connection in PSO(X) and B the connection in PSpin which maps to A. Then under
the isomorphism

Ω2(X; spin(n))
∼=→ Ω2(X; so(n)),

FB maps to FA by Proposition 3.8.5. The Riemannian curvature tensor has components

Rijkl = −〈FA(ei, ej) · ek, el〉,

and in terms of the Riemannian curvature, by Lemma 3.9.5 the curvature of B becomes

FB(ei, ej) = 1
4
∑
k,l

〈FA(ei, ej) · ek, el〉ekel

= −1
4
∑
k,l

Rijkl · ekel.

Recall from Riemannian geometry the Bianchi identity which says that Rijkl +Rjkil +Rkijl = 0.
From Theorem 3.9.1, the curvature term is given by

R = 1
2
∑
i,k

eiejFB(ei, ej) = −1
8
∑
ijkl

Rijkleiejekel

= − 1
8
∑
l

∑
i<j<k

(Rijkl +Rjkil +Rkijl −Rjikl −Rikjl −Rkjil)eiejekel

− 1
8

∑
i,j,l,k:=i

Rijileiejeiel −
1
8

∑
i,j,l,k:=j

Rijjleiejejel

= − 1
8
∑
i,j,l

(Rijilejel +Rjijleiel)

= − 1
4
∑
i,j,l

Rijilejel = −1
4
∑
j,l

Ric(ej , el)ejel

= 1
4
∑
j

Ric(ej , ej) = s

4 .
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Corollary 3.9.6. Let X be a closed spin manifold (i.e. an oriented Riemannian manifold with a
spin structure) and S→ X a spinor bundle. If X has positive scalar curvature, then there are no
harmonic spinors (i.e. ker(D) = 0).
Proof. Let ϕ ∈ Γ(S) with Dϕ = 0. Then

0 =
ˆ
X

〈Dϕ,Dϕ〉 =
ˆ
X

〈D2ϕ,ϕ〉 =
ˆ
X

〈(∇∗∇+ s

4)ϕ,ϕ〉

=
ˆ
X

|∇ϕ|2 + s

4 |ϕ|
2,

which implies that ϕ = 0.

13th lecture, November 1st 2011
We will prove a formula analogous to the Lichnerowicz formula for Spinc(n)-bundles. As a warmup
we need to say a little bit about connections in these.

The projection

Spin(n)×U(1)→ Spinc(n)

is a double cover and induces an isomorphism of Lie algebras, so we can identify

spinc(n) ∼= spin(n)⊕ iR.

This splitting is preserved by the adjoint action of Spinc(n). The action is trivial on iR, since U(1)
is in the center of Spinc(n). Now let X be an oriented Riemannian n-manifold and let

PSpinc(n) → PSO(X)

be a spinc-structure. The decomposition of spinc(n) induces a decomposition

Ad(PSpinc) = E ⊕ iR,

where R = X × R. If A is any connection in PSpinc then we write FA + F ′A + F ′′A, where F ′A ∈
Ω2(X;E), F ′′A ∈ Ω2(X; iR).

Recall that we have projections Spinc(n) → SO(n) and Spinc(n) → U(1). The composition
Spin(n) × U(1) → Spinc(n) → U(1) maps (x, z) 7→ z2. On the level of Lie algebras, the corre-
sponding map spin(n)⊕ iR = spinc(n)→ iR maps (ξ, x) 7→ 2x. We denote by Ǎ the image of A in
the U(1)-bundle PU → X associated to the spinc-structure. Then

FǍ = 2F ′′A.

We call A a spin connection if it maps to the Levi-Civita connection in PSO(X).
Theorem 3.9.7 (Bochner formula in the spinc case). Let PSpinc(n) → PSO(n) as above and let
S → X be a complex spinor bundle associated to the spinc-structure. Then the Dirac operator
DA : Γ(S)→ Γ(S) satisfies

D2
A = ∇2

A∇A + F ′′A + s

4 ,

where s is the scalar curvature of X, and where F ′′A ∈ Γ(Cl(X)) acts on Γ(S) by Clifford multipli-
cation.
Proof. Under the canonical homomorphism i ∧2 (X) ↪→ Cl(X),

F ′′A =
∑
i<j

e∗i ∧ e∗j ⊗ F ′′A(ei, ej) 7→
∑
i<j

eiej ⊗ F ′′A(ei, ej).

Theorem 3.9.1 and the same calculation as in Theorem 3.9.3 yields the curvature term

R =
∑
i<j

eiej(F ′A(ei, ej) + F ′′A(ei, ej)) = s

4 + F ′′A.
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4 Seiberg–Witten theory
4.1 Spin(3) and Spin(4)
Let H denote the algebra of quaternions, and Sp(1) the group of unit quaternions. Then we can
identify (1) with the pure quaternions H0 = span{i, j, k}, which we identify with R3. Therefore we
have the sequence

1→ {±1} → Sp(1) Ad→ SO(3)→ 1,

and so we have the following diagram:
Sp(1)

Ad
##H

HH
HH

HH
HH

∼= // Spin(3)

zzuuuuuuuuu

SO(3)
For x, y ∈ Sp(1) we define

f(x, y) : H→ H, q 7→ xqy−1.

Then f(x, y) ∈ SO(4).

Proposition 4.1.1. The map f : Sp(1) × Sp(1) → SO(4) is a surjective homomorphism of Lie
groups and ker(f) = {±(1, 1)}.

Proof. That f(x, y) = 1 is equivalent to xqy−1 = q for every q ∈ H, which is the same as saying that
x = qyq−1 for every q ∈ Sp(1). Recall that the splitting H = R ⊕ H0 is preserved by conjugation
by q, which means that y has to be real and so that x = y = ±1. Since the kernel is discrete, the
induced map on Lie algebras Lf :( 1)⊕( 1)→ so(4) is injective. Since

dim SO(4) = 6 = 2 dim Sp(1),

the map Lf is an isomorphism. Recall that the exponential map defines a local diffeomorphism, and
since SO(4) is connected, f is surjective by the general fact that topological groups are generated
by any neighbourhood of the identity.

We thus obtain an isomorphism Sp(1)× Sp(1)→ Spin(4) as a lift of f ,
Sp(1)× Sp(1)

f
&&MMMMMMMMMMM

∼= // Spin(4)

zzuuuuuuuuu

SO(4)
There is also a nice description of the inverse map: The standard action of SO(4) on R4 induces

an orthogonal representation on ∧2R4 which preserves the splitting

∧2R4 = ∧+ ⊕ ∧−

into self-dual and anti-self-dual forms (i.e. ±1-eigenvectors of the Hodge star operator). The action
therefore defines a homomorphism

g : SO(4)→ SO(3)× SO(3).

Proposition 4.1.2. The composite homomorphism

Sp(1)× Sp(1) f→ SO(4) g→ SO(3)× SO(3)

is Ad×Ad.
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Proof. Since Sp(1) is connected, it is enough to check that L(g ◦ f) = ad× ad. This can be done
explicitly in terms of a basis on (1), which we leave as an exercise.

Corollary 4.1.3. The map g is surjective, and ker(g) = {±1}.

In summary, we have the following diagram, where the upper map is an isomorphism by general
covering space theory:

Spin(4)

��

∼= // Spin(3)× Spin(3)

��

SO(4)
g
// SO(3)× SO(3)

4.2 The Seiberg–Witten equations
Recall that the Clifford algebra Cl(4) of Euclidean R4 with complexification Cl(4) = Cl(4) ⊗ C.
Let e1, . . . , e4 be the standard basis for R4 with real volume element ω = e1e2e3e4 and complex
volume element ωC, satisfying ω2

C = 1, which in dimension 4 is given by ωC = −ω. The Clifford
algebra splits as Cl(4) = Cl+⊕Cl−, where

Cl± = {ϕ ∈ Cl(4) | ωCϕ = ±ϕ}.

Note that Cl± are not ideals, since ω is not central in dimension 4. Let h : ∧∗R4 ∼=→ Cl(4)
be the canonical linear isomorphism. We want to relate the splitting of λ2R4 into self-dual and
anti-self-dual forms with the splitting of Cl(4).

Lemma 4.2.1. For ϕ ∈ ∧2R4 we have

h(∗ϕ) = ωC · h(ϕ).

Proof. It suffices to show this for ϕ = e1 ∧ e2. The left hand side becomes

h(∗ϕ) = h(e3 ∧ e4) = e3e4,

and the right hand side

ωC · h(ϕ) = −e1e2e3e4 · e1e2 = e3e4.

Corollary 4.2.2. We have ϕ ∈ ∧± if and only if h(ϕ) ∈ Cl±.

Let ρ : Cl(4)→ EndC(S) be irreducible unitary representation (recall that unitary means that
unit vectors in R4 map to unitary endomorphisms). Up to isomorphism, there is a unique such
representation, so dimC S = 4 and

S = S+ ⊕ S−,

where S± = {x ∈ S | ωCx = ±x}. Since Cl0(4) · S± ⊆ S±, and Cl0(4) is a subalgebra of Cl(4).
Thus ρ induces representations

ρ± : Cl0(4)→ EndC(S±).

Furthermore, Cl± ·S± ⊂ S±, so

∧± · S∓ ⊆ S+ ∩ S− = 0.

If 0 6= v ∈ R4, then ρ(v) restricts to an isomorphism S±
∼=→ S±, so dimC S

± = 1
2 dimC S = 2.
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For any finite dimensional Hermitian vector space W , define

Herm(W ) := {Hermitian endomorphisms of W},
Herm0(W ) := {A ∈ Herm(W ) | tr(A) = 0}.

Note that an element of Herm(S+) is of the form(
a z
z b

)
, a, b ∈ R, c ∈ C,

and so it follows that

dimR Herm(S+) = 4,
dimR Herm0(S+) = 3 = dim∧+.

Proposition 4.2.3. The representation ρ+ restricts to an isomorphism

i∧+ ∼=→ Herm0(S+).

Proof. If v, w ∈ R4, |v| = |w| = 1, v ⊥ w, then the product ρ(vw) = ρ(v)ρ(w) is unitary. Since
(vw)2 = −1, ρ(vw) is skew-Hermitian, so ρ(ivw) is Hermitian. That proves that ρ0(i∧+) ⊆
Herm(S+).

Since SO(4) acts transitively on the unit sphere in ∧+, any element of ∧+ has the form

t(a1a2 + a3a4),

where a1, . . . , a4 is a positive orthonormal basis for R4 and t ∈ R. Set ϕ = i
2 (a1a2 + a3a4). Then

ϕ2 = −1
4(−2 + 2ω) = 1

2(1 + ωC).

Since ωC acts identically on S+, we find ρ+(ϕ)2 = ρ+(ϕ2) = 1, which means that ρ+|i∧+ is injective.
What remains to be proved is that tr(ρ+(ϕ)) = 0, since then ρ+ maps i∧+ to Herm0(S+), and

the two spaces have the same dimension. We see that ρ+(ϕ) has eigenvalues ±1, so we have an
eigenspace decomposition S+ = E1 ⊕ E−1, and we need to show that these E1 and E−1 have the
same dimension, since tr(ρ+(ϕ)) = dimE1 − dimE−1 = 0. Since ϕa2a3 = −a2a3ϕ, multiplication
with a2a3 interchanges the eigenspaces, and since (a2a3)2 = −1, ρ(a2a3) incudes an isomorphism
E1

∼=→ E−1.

14th lecture, November 3rd 2011
We are now at the point where we can write down the Seiberg–Witten equations. Recall that we
considered an irreducible representation ρ : Cl(4)→ EndC(S).

Definition 4.2.4. For any ϕ ∈ S, define q̃ ∈ Herm0(S+) by

q̃(ϕ) · ψ = 〈ψ,ϕ〉ϕ− |ϕ|
2

2 ψ.

Let q : S → i∧+ be the quadratic map, defined by letting q(ϕ) be the element of i∧+ which maps
to to q̃ under the isomorphism ρ+|i∧+i∧+ ∼=→ Herm0(S+) from Prop. 4.2.3.

Note that

q̃(ϕ) · ψ =
{
|ϕ|2

2 · ϕ if ψ = ϕ

− |ϕ|
2

2 · ϕ if ψ ⊥C ϕ
.
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Here we write ⊥C to emphasize that the form is Hermitian.
Now let X be any oriented Riemannian 4-manifold with a spinc-structure PSpinc → PSO(X).

Let S → X be a complex spinor bundle associated to a representation ρ : Cl(4) → EndC(S) as
above. Let

S = S⊕ S−

where S±x is the (±1)-eigenspace of the complex volume element in Cl(X)x for any x ∈ X.

Definition 4.2.5. A configuration on X is a pair (A,Φ) where A is a spin connection in PSpinc

and Φ ∈ Γ(S+). Denote by C the space of all configurations (A,Φ).

Recall that the curvature of a spin connection A decomposes as FA = FA + F ′′A, where
F ′′A ∈ Ω2(X; iR). Given a pertubation parameter µ ∈ Ω2(X), the Seiberg–Witten equations for
a configuration (A,Φ) are

(F ′′A + iµ)+ = Q(Φ),
DAΦ = 0,

where Q(Φ)x = q(Φx) for x ∈ X. In short, we will write these as the SWµ-equations.
Note that the complex volume element ωC is invariant under the action of SO(4), so ωC is a

section of Cl(X) = PSO(X)×SO(4) Cl(4), and ∇ωC = 0, where ∇ is the Levi–Civita connection in
Cl(S). This implies that the connection ∇A in S, induced by the Levi–Civita connection and A,
preserves the decomposition S = S+ ⊕ S− (i.e. if V ∈ Γ(TX),Φ ∈ Γ(S±), then ∇AV Φ ∈ Γ(S±)).

Hence DA maps Γ(S±) into Γ(S∓) (recalling that DAΦ =
∑4
j=1 ej∇Aej

(Φ) and ejωC = −ωCej).

4.3 Gauge transformations
Let G := {smooth maps X → U(1)} be the group of gauge transformations. This is the right thing
to do, since the spin connection A is essentially a U(1)-connection (see below), and automorphisms
of U(1) are exactly elements of G. We will define a group action of G on C.

Let u ∈ G, (A,Φ) ∈ C. We define uΦ by fibrewise multiplication. To define u(A), recall that in
the exact sequence

1→ U(1)→ Spinc(4)→ SO(4)→ 1,

we map U(1) to the center of Spinc(4). Therefore, u defines an automorphism of PSpinc (also
denoted u), which in the fibre over x ∈ X is multiplication with u(x). Note that u(A) is again a
spin connection.

In this description, alternatively, we could have considered the action of u on the U(1)-
connection Ǎ, but then we would have to carry around unfortunate factors of 2 in the theory,
because the diagram

PSpinc

$$J
JJJJJJJJ

u
∼=

// PSpinc

zzttttttttt

PSO(X)
commutes.

Definition 4.3.1. Define the action G × C → C by

u(A,Φ) := (u(A), uΦ).

We need to understand more precisely what u(A) is, and the following proposition tells us the
answer.
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Proposition 4.3.2. We have

u(A) = A− u−1du,

where here du ∈ Ω1(X;C) so u−1du ∈ Ω1(X; iR).

Proof. Recall that Ad(PSpinc) = E ⊕ iR, where E
∼=→ Ad(PSO(X))

Since A and u(A) are both spin connections, we have

a := u(A)−A ∈ Ω1(X; iR).

Let β : Spinc(4)→ U(1) be the homomorphism defined earlier and let L := PSpinc ×U(1) C be the
associated line bundle, where U(1) acts on C in the standard way. For any connection B in PSpinc ,
let ∇B be the induced connection in L. Then

∇A + 2a = ∇A+a = ∇u(A) = u2(∇A) = A− u−2d(u2) = A− 2u−1du,

which implies that a = −u−1du. Here, the factor of 2 on the left hand side comes from the fact
that in general, if P → X is a G-bundle, and A a connection in P and a ∈ Ω1(X; Ad(P )), then in
the vector bundle E = P ×G V , we find ∇A+a = ∇A + a, where the action of a on sections of E is
determined by the map LG→ End(V ) induced by the representation G→ Aut(V ).

The next goal is to show that set of solutions to the Seiberg–Witten equations is invariant
under the action G.

Proposition 4.3.3. For any spin connection A, Φ ∈ Γ(S) and f ∈ C∞(X;C), we have

DA(fΦ) = fDAΦ + df · Φ,

where df ∈ Γ(T ∗X⊗C), identifying T ∗X ∼= TX using the metric, and noting that TX⊗C ⊆ Cl(X),
so df acts on spinors.

Proof. Pick an orthonormal frame {ej}, so under the identification TX ∼= T ∗X, ej is identified
with e∗j . We then have

DA(fΦ) =
4∑
j=1

ej∇Aej
(fΦ) =

∑
j

ej(ejf · Φ + f∇Aej
(Φ))

= df · Φ + fDAΦ.

Remark 4.3.4. The proposition is not special for 4-manifolds and holds in general.

Proposition 4.3.5. For any spin connection A and Φ ∈ Γ(S), one has the naturality property

Du(A)(uΦ) = u ·DAΦ.

Proof. This follows directly for abstract reasons but we will see the equality from concrete calcu-
lation. For any Ψ ∈ Γ(S), a ∈ Ω1(X; iR), we find

DA+a(Ψ) =
∑
j

ej∇A+a
ej

(Ψ) =
∑
j

ej(∇Aej
+ a(ej)) ·Ψ

= DAΨ + aΨ.

Taking a = −u−1du, we get

Du(A)(uΦ) = DA+a(uΦ) = DA(uΦ)− u−1du · uΦ
= uDAΦ + du · Φ− du · Φ = uDAΦ.
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Proposition 4.3.6. If (A,Φ) satisfy the SWµ-equations, then so does u(A,Φ).

Proof. We divide the proof into three steps.
(i) Let us first see what happens to the curvature under gauge transformation. In general, for

G- and H-bundles P → X, Q→ X, an i-homomorphism homomorphism u : P → Q with respect
to ρ : G→ H, we have seen that for connections A in P and B = u(A) in Q, the curvature satisfies
FB = ũFA, where ũ : Ad(P ) → Ad(Q) is the map [p, ξ] 7→ [u(p), Lρ(ξ)]. In our case, P = Q,
G = H, and ρ = id. Then [p, ξ] 7→ [p · z, ξ] = [p, zξ] = [p, ξ], since z = u(π(p)) is central; that
is, U(1) ⊆ Spinc(4) acts trivially on spinc(4), and therefore the automorphism ũ of Ad(PSpinc)
induced by u is the identify. Hence Fu(A) = ũFA = FA.

(ii) We consider now the quadratic term Q. If Ψ is another section of S+, then, since 〈 , 〉 is
anti-linear in the second factor and since uu = 1, we have

〈Ψ, uΦ〉uΦ− |uΦ|2

2 Ψ = 〈Ψ,Φ〉Φ− |Φ|
2

2 Ψ,

so Q(uΦ) = Q(Φ).
(iii) Finally, since DAΦ = 0, we have Du(A)(uΦ) = uDAΦ = 0.

4.4 The monopole moduli space
Definition 4.4.1. A solution to the SWµ-equations is called a monopole. The monopole moduli
space is

M := {Solutions (A,Φ) to the SWµ-equations}/G.

We will later define a topology on M with respect to which it is compact. Two important
ingredients of the proof of compactness will be ellipticity of the SWµ-equations and a certain a
priori bound on ‖Φ‖∞ involving the scalar curvature and the perturbation term.

15th lecture, November 8th 2011

5 Compactness of the monopole moduli space
5.1 An a priori bound on norms
Lemma 5.1.1. Let X be any Riemannian n-manifold and E → X a Hermitian vector bundle with
connection ∇. Let s ∈ Γ(E). If {xj} are normal (or geodesic) coordinates on X around a point
p ∈ X. Then

∇∗∇s = −
∑
j

(
∇∂j

)2
s

at p, where ∂j = ∂
∂xj

.

Note that we proved almost the same thing earlier when we saw the Bochner formula. There,
instead of ∂j we had ej for {ej} an orthonormal frame field.

Proof. Recall that the Christoffel symbols vanish at p which means that ∇∂j = 0 at p for all j.
Hence ∇(dxj) = 0 at p as well. Let {ej} be a local orthonormal frame field around p such that
ej = ∂j at p. Recall that dA = ∇A on Ω0(X;E), and applying the formula for d∗A, we find that at
p,

∇∗∇s = −
∑
j

ej
¬∇ej

∑
k

dxk ⊗∇∂k
(s) = −

∑
jk

∂j
¬ (
dxk ⊗∇∂j

∇∂k
(s)
)

= −
∑
j

(∇∂j
)2s.
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The special case where E = X×C is the trivial bundle and ∇ is the product connection is also
interesting. There the lemma says that for any f ∈ C∞(X,C),

∆f := d∗df = −
∑
j

(∂j)2f

at a point p in normal coordinates.

Corollary 5.1.2. If f : X → R has a local maximum at p ∈ X, then

(∆f)(p) ≥ 0.

Proposition 5.1.3. Let X be an oriented Riemannian 4-manifold with a spinc-structure and
(A,ϕ) a solution to the SWµ-equations. If |ϕ| has a local maximum at a point p ∈ X, then

|ϕ|2 ≤ max
(

0, 2
√

2|µ+| − s

2

)
at p where s : X → R is the scalar curvature of X.

Proof. In normal coordinates around p, writing ∇j = ∇∂j , one has

0 ≤ ∆|ϕ|2 = −
∑
j

(δj)2 〈ϕ,ϕ〉 = −
∑
j

∂j2〈∇Aj (ϕ), ϕ〉

= −2
∑
j

(
〈(∇Aj )2ϕ,ϕ〉+ |∇Aj ϕ|2

)
≤ 2〈∇∗A∇Aϕ,ϕ〉 = 2

〈(
D2
A − F ′′A −

s

4

)
ϕ,ϕ

〉
= 2

〈(
D2
A − (F ′′A)+ − s

4

)
ϕ,ϕ

〉
= 2

〈(
iµ+ −Q(ϕ)− s

4

)
ϕ,ϕ

〉
= −|ϕ|4 − s

2 |ϕ|
2 + 2〈iµ+ϕ,ϕ〉 ≤ −ϕ|4 − s

2 |ϕ|
2 + 2

√
2|µ+||ϕ|2.

Here, the fourth equality follows from the Bochner formula, the fifth from the fact that ∧−S+ = 0,
and the sixth from the SWµ-equations. The seventh follows

〈Q(ϕ), ϕ〉 =
〈
|ϕ|2

2 ϕ,ϕ

〉
= |ϕ|

4

2 .

The formula tells us that either ϕ = 0 or |ϕ|2 ≤ 2
√

2|µ+| − s
2 at p.

We will use this a priori bound to prove compactness of the moduli space endowed with a
certain topology. In order to describe this we need to go through some analysis.

5.2 Sobolev spaces
Let X be a closed Riemannian n-manifold, and let µ be the volume measure on the Borel algebra.
As for any measure space, we can define, for 1 ≤ p <∞,

Lp(X) = {measurable functions X → C |
ˆ
X

|f |p <∞}/ ∼,

where f1 ∼ f2 if f1 = f2 almost everywhere (i.e. away from a set of measure 0). The Lp-norm is

‖f‖p := ‖f‖Lp =
(ˆ

x

|f |p
)1/p

.

Then (Lp(X), ‖·‖p) is a Banach space (i.e. a complete normed vector space) and L2(X) is a Hilbert
space with inner product

〈f, g〉 =
ˆ
X

fg.
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Here, we have not used that X is a manifold. Because it is, there is an alternative description of
Lp, since C∞(X) ⊆ Lp(X) is dense, and we could define Lp(X) to be the completion of C∞(X).

Now let E → X be a Hermitian vector bundle. Define Lp(X;E) to be the completion of Γ(E)
with respect to the norm

‖s‖p :=
(ˆ

X

|s|p
)1/p

.

As before, Lp(X;E) is a Banach space, and L2(X;E) is a Hilbert space with inner product

〈s, t〉L2 =
ˆ
X

〈s, t〉.

Definition 5.2.1. Let E → X be a Hermitian vector bundle with a connection ∇. For k ∈ N0 =
{0, 1, 2, . . . }, we define the Sobolev space Lpk(X;E) to be the completion of Γ(E) with respect to
the norm

‖s‖k,p := ‖s‖Lp
k

:=
(ˆ

X

|∇js|p
)1/p

.

Here ∇j is applied to Γ(T ∗X ⊗ · · · ⊗ T ∗X ⊗E) by applying the given connection ∇ on E and the
Levi-Civita connection on the cotangent bundles.

Since X is compact, the topology on the Sobolov space Lpk(X;E) does not depend on the
Riemannian metric on X and the choice of ∇ in E (that is, the resulting norms will be equivalent).

5.3 The topology of the moduli space
Let X be a Riemannian 4-manifold with a spinc-structure. For k ≥ 2, define

Ck := {(A0 + a, ϕ) | a ∈ L2
k(X; iR), ϕ ∈ L2

k(X;S+)},

where A0 is a smooth (reference) spin connection in PSpinc → X. Then Ck is a complete metric
space with metric

dL2
k
((A,ϕ), (B,ψ)) =

(
‖A−B‖2L2

k
+ ‖ϕ− ψ‖2L2

k

)1/2

We define

Gk = {u ∈ L2
k+1(X;C) | Im(u) ⊆ U(1)}.

One can show that Gk is a Hilbert Lie group, i.e. a smooth manifold modelled on Hilbert spaces
with group structure (in this case multiplication) such that the group operations are smooth. The
action G × C → C extends to a smooth action of Gk on Ck. We define

Bk := Ck/Gk

with the quotient topology. Let

Mk := {[A,ϕ] ∈ Bk | (A,ϕ) satisfies the SWµ-equations}.

Here, one should explain what it means for (A,ϕ) to satisfy the SWµ-equations which deal with
smooth objects, but this is possible. LetMk ⊆ Bk have the subspace topology. It now looks like we
have an infinite number of moduli spaces, but they turn out to be essentially equivalent. Namely,
we will show that

(i) there is a canonical bijection M →Mk for every k, and that
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(ii) if 2 ≤ k ≤ l, then the natural map Ml →Mk is a homeomorphism, and finally that

(iii) Mk is compact.

Let X be a Riemannian n-manifold and let E → X and F → X be Hermitian vector bundles.
If P : Γ(E)→ Γ(F ) is a differential operator of order less than or equal to r, then P extends to a
bounded (i.e. continuous) operator

P : Lpk(X;E)→ Lpk−r(X;F )

for k ≥ r, 1 ≤ p <∞. If P is elliptic of order r, then Pk,p is a Fredholm operator (i.e. dim kerPk,p <
∞ and dim cokerPk,p < ∞) for p > 1. We have ker(Pk,p) = ker(P ) and there is a natural
isomorphism coker(P )

∼=→ coker(Pk,p), so in particular ind(Pk,p) = dim ker(Pk,p)− dim coker(Pk,p)
does not depend on k and p.

16th lecture, November 10th 2011
5.4 Compact operators and Fredholm operators
5.4.1 Bounded operators

There are three topics of analysis that are particularly relevant for gauge theory:

• The Fredholm theory of elliptic operators, which is required for the linear theory, and

• the Sobolev embedding theorems and

• the Sobolev multiplication theorems, which are required for the non-linear theory.

To fix notation, we review some basics of functional analysis.

Definition 5.4.1. An operator (i.e. a linear map) T : X → Y between normed spaces over K = R
or K = C is called bounded if there is a C > 0 such that for all x ∈ X, we have

‖Tx‖ ≤ C‖x‖.

Note that T is bounded if and only if it is continuous.
Let L(X,Y ) be the set of all bounded operators X → Y . This is a normed space with the

operator norm

‖T‖ := sup
‖x‖≤1

‖Tx‖.

If Y is complete, then L(X,Y ) is also complete. A special case is the dual space X∗ := L(X,K) of
X. Elements of the dual space will be denoted x∗ (which has nothing to do with an element x of
X). We write

〈x, x∗〉 := x∗(x)

for x ∈ X. The Hahn–Banach theorem implies that

‖x‖ = sup
‖x∗‖≤1

|〈x, x∗〉|.

Any bounded operator T : X → Y induces a bounded operator

T ∗ : Y ∗ → X∗

called the adjoint of T given by

〈x, T ∗y∗〉 = 〈Tx, y∗〉
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and fitting into the diagram
X

T //

T∗y∗
  

@@
@@

@@
@ Y

y∗
��~~

~~
~~

~

K
The adjoint operator is bounded since its norm is given by

‖T ∗‖ = sup
‖y∗‖≤1

‖T ∗y∗‖ = sup
‖y∗‖≤1

sup
‖x‖≤1

|〈x, T ∗y∗〉| = sup
‖y∗‖≤1

sup
‖x‖≤1

|〈Tx, y∗〉|

= sup
‖x‖≤1

sup
‖y∗‖≤1

|〈Tx, y∗〉| = sup
‖x‖≤1

‖Tx‖ = ‖T‖.

5.4.2 Complemented subspaces

Definition 5.4.2. A closed subspaceM of a Banach space X is called complemented if there exists
a closed subspace N ⊆ X such that M ∩N = {0} and X = M +N .

One then writes X = M ⊕N .

Proposition 5.4.3. Let M ⊆ X be as above. If at least one of the following conditions holds,
then M is complemented:

(i) If X is a Hilbert space, one can take X = M ⊕M⊥.

(ii) dimM <∞.

(iii) dimX/M <∞.

Proof. For a proof of (i), we refer to [Rud91].
To see (ii), choose a linear isomorphism α : M

∼=→ Kn. Since all norms on Kn are equivalent, α is
a homeomorphism. By the Hahn–Banach theorem, α extends to a bounded operator β : X → Kn.
Then

X = M ⊕ ker(β).

This follows from the fact that the inclusion map i of the short exact sequence

0→M
i→ X → X/M → 0

has a left inverse.
For (iii), let r : X/M → X be a right inverse of the projection X → X/M . Then X =

M ⊕ im(r).

Note that in [Rud91], one finds examples of uncomplemented subspaces. Let X = M ⊕ N .
Then M and N are Banach spaces in their own right, and the direct sum has the norm ‖(x, y)‖ :=
‖x‖+ ‖y‖ for x ∈M,y ∈ N . Then the operator M ⊕N → X mapping (x, y) 7→ x+ y is bounded
and bijective, hence an isomorphism (i.e. a linear homeomorphism) by the open mapping theorem.

5.4.3 Compact operators

Definition 5.4.4. A metric space (X, d) is called totally bounded, if for every ε > 0, there are
finitely many points x1, . . . , xn such that

X =
n⋃
i=1

Bε(xi),

where Bε(x) := {y ∈ X | d(x, y) < ε}.

For a proof of the following, see [Rud91].
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Proposition 5.4.5. For a metric space X, the following conditions are equivalent:

(i) X is compact.

(ii) X is sequentially compact.

(iii) X is complete and totally bounded.

Definition 5.4.6. If A is any compact topological space, let C(A) be the space of continuous
maps A→ K with the supremum norm

‖f‖sup := sup
a∈A
|f(a)|

for f ∈ C(A). Then C(A) is a Banach space. If F ⊆ C(A) is any subset, then

(i) F is called equicontinuous if for every ε > 0 and every a ∈ A, there is neighbourhood V of a
in A such that for every b ∈ V , f ∈ F , we have |f(b)− f(a)| < ε,

(ii) F is called pointwise bounded if for all a ∈ A, we have supf∈F |f(a)| <∞.

The proof of the following (also stated in [Rud91]) is an easy exercise.

Proposition 5.4.7 (Arzelà–Ascoli). Let A be a compact space and F ⊆ C(A) equicontinuous and
pointwise bounded. Then F is totally bounded (and thus F is compact).

Definition 5.4.8. An operator T : X → Y between Banach spaces is called compact if TA is
compact for every bounded subset A ⊆ X.

Note that compact operators are always bounded.

Example 5.4.9. If T is bounded and dimTX <∞, then T is compact.

Example 5.4.10. The inclusion C1([0, 1])→ C0([0, 1]) = C([0, 1]) is compact where

‖f‖C1 := ‖f‖sup + ‖f ′‖sup.

This follows from the Arzelà–Ascoli theorem: For F ⊆ C1([0, 1]), and f ∈ F we have f(y)−f(x) =´ y
x
f ′ so |f(y)− f(x)| ≤ ‖f ′‖C1 .

Example 5.4.11. If k : [0, 1]×[0, 1]→ C is continuous, then the operator T : L1([0, 1])→ C0([0, 1])
defined by

(Tf)(x) :=
ˆ 1

0
k(x, y)f(y) dy

is compact. Again, this follows from the Arzelà–Ascoli theorem.

Observe that the composition of bounded operators with compact operators will always be
compact: Let X S→ Y

T→ Z be bounded operators between bounded operators. If at least one of S
and T is compact, then the composition T ◦ S is compact, since T maps bounded sets to bounded
sets and precompact sets to precompact sets.

Definition 5.4.12. Let K(X,Y ) be the space of compact operators X → Y .

For a proof of the following, we refer again to [Rud91].

Proposition 5.4.13. The space K(X,Y ) is a closed linear subspace of L(X,Y ).

The following Proposition is a key step towards Fredholm theory.

Proposition 5.4.14. If T : X → Y is a bounded operator between Banach spaces, then T is
compact, if and only if the adjoint T ∗ : Y ∗ → X∗ is also compact.

49



Proof. Suppose first that T is compact. Set

DX := {x ∈ X | ‖x‖ ≤ 1},
DY ∗ := {y∗ ∈ Y ∗ | ‖y∗‖ ≤ 1}.

The set A := TDX is compact in Y . Let ϕ : Y ∗ → C(A) be the restriction map y∗ 7→ y∗|A. Then
ϕ(DY ∗) is pointwise bounded since for all a ∈ A, y∗ ∈ DY ∗ , we have

|〈a, y∗〉| ≤ ‖a‖ · ‖y∗‖ ≤ ‖a‖.

Also, ϕ(DY ∗) is equicontinuous, because for all a1, a2 ∈ A, y∗ ∈ DY ∗ , we have

|〈a1, y
∗〉 − 〈a2, y

∗〉| ≤ ‖a1 − a2‖.

By the Arzelà–Ascoli theorem, ϕ(DY ∗) is totally bounded. Now, for all y∗ ∈ Y ∗, by the Hahn–
Banach theorem, as before we have

‖T ∗y∗‖ = sup
‖x‖≤1

|〈Tx, y∗〉| = sup
a∈A
|〈a, y∗〉| = ‖ϕ(y∗)‖.

Hence ker(T ∗) = ker(ϕ), and there is an isometry ι : im(ϕ)
∼=→ im(T ∗) such that ι ◦ ϕ = T ∗.

Therefore, T ∗DY ∗ = ι(ϕ(DY ∗)) is totally bounded, so T ∗DY ∗ is compact.
If T ∗ is compact, then T is compact by a similar argument.

As a warmup for the Fredholm theory, we consider the following Proposition.

Proposition 5.4.15. Let T : X → Y be a bounded operator between Banach spaces. Then the
following are equivalent:

(i) T is injective and im(T ) is closed.

(ii) There exists C > 0 such that for all x ∈ X, we have ‖x‖ ≤ C‖Tx‖.

Proof. Suppose T is injective and that im(T ) is closed. By the open mapping theorem, T defines
an isomorphism S : im(T )

∼=→ X. Hence there exists C > 0 such that ‖x‖ = ‖STx‖ ≤ C‖Tx‖.
To see that (ii) implies (i), note first that T is automatically injective. If {xn} is a sequence in

X such that {Txn} is Cauchy, then

‖xn − xm‖ ≤ C‖Txn − Txm‖ → 0

as n,m → ∞, i.e. {xn} is Cauchy. Let x := lim xn ∈ X. Then Tx = limTxn, so im(T ) is
closed.

17th lecture, November 22th 2011
Throughout today’s lecture, X and Y will be Banach spaces.

Proposition 5.4.16. For any bounded operator T ∈ L(X,Y ), the following are equivalent:

(i) T has finite dimensional kernel and closed image.

(ii) There exists a Banach space Z, a compact operator K : X → Z, and a constant C > 0, such
that for all x ∈ X, we have ‖x‖ ≤ C(‖Tx‖+ ‖Kx‖).
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Proof. To see that (i) implies (ii), set Z := ker(T ). Choose a closed subspace E ⊆ X, such that
X = E⊕Z (recall that this is possible by the Hahn–Banach theorem). Let K : E⊕Z → Z be the
projection onto Z with respect to this decomposition. Since T |E is injective and has closed image,
by Proposition 5.4.15, there exists C1 > 0, such that for all e ∈ E, we have ‖e‖ ≤ C1 ‖Te‖. Let
E ⊕ Z have the norm ‖(l, z)‖ = ‖e‖+ ‖z‖. TFor all x = (e, z) ∈ E ⊕ Z, we have

‖x‖ ≤ ‖e‖+ ‖z‖ ≤ C1 ‖Tx‖+ ‖Kx‖ ≤ (C1 + 1)(‖Tx‖+ ‖Kx‖).

Conversely, for all x ∈ ker(T ), the inequality of (ii) tells us that ‖x‖ ≤ C ‖Kx‖. This implies
that K|ker(T ) is injective and has closed image, and by the open mapping theorem, K|ker(T ) is an
isomorphism onto its image. Then since K is compact, ker(T ) is locally compact and therefore
finite dimensional (this holds for general topological vector spaces but is a bit easier to see for
Banach spaces, which we leave as an exercise, see [Rud91]).

It remains to prove that im(T ) is closed. Choose as before a closed subspace E ⊆ X such that
X = E ⊕ ker(T ). We claim that there exists C2 > 0 such that for all e ∈ E, ‖e‖ ≤ C2 ‖Te‖. This
will imply, by Proposition 5.4.15, that T has closed image.

To prove the claim, assume that there is no such C2. Then there is a sequence {en} in E such
that ‖en‖ = 1 and ‖en‖ > n ‖Ten‖. Then ‖Ten‖ < 1

n . Choose a subsequence {nj} such that
{Kenj

} converges. To simplify notation, set xj := enj
. Now

‖xi − xj‖ ≤ C(‖Txi − Txj‖+ ‖Kxi −Kxj‖),

and since both {Txj} and {Kxj} are Cauchy, so is {xj}. Let e := limj→∞ xj . Then ‖e‖ =
lim ‖xj‖ = 1 and Te = limTxj = 0. Hence 0 6= e ∈ E ∩ ker(T ) = 0 which is a contradiction.

Recall that if M ⊆ X is any closed subspace, then the quotient vector space X/M equipped
with the norm

‖x+M‖ = inf
m∈M

‖x+m‖ ,

is a Banach space. Moreover, setting

M⊥ := {x∗ ∈ X∗ | x∗|M = 0},

the canonical map (X/M)∗ →M⊥ is a bijective isometry by the Hahn–Banach theorem.

Proposition 5.4.17. If T ∈ L(X,Y ) and dim coker <∞, then im(T ) is closed.

Proof. Choose a subspace F ⊆ Y such that Y = im(T )⊕F as vector spaces. Let S : X/ ker(T )→ Y
be the bounded operator induced by T . Then the mapX/ ker(T )⊕F → Y mapping (α, f) 7→ Sα+f
is an isomorphism by the open mapping theorem. In particular, that means that it maps X/ ker(T )
onto a closed subspace of Y , and since im(T ) = im(S), we see that im(T ) is closed.

Proposition 5.4.18. If T ∈ L(X,Y ) has closed image, then coker(T )∗ ∼= ker(T ∗).

It is also true that if im(T ) is closed, then im(T ∗) is closed and coker(T ∗) ∼= ker(T )∗, but we
will not prove that.

Proof. By definition, and by the previous proposition, we have

coker(T )∗ = (Y/im(T ))∗ ∼= im(T )⊥ = {y∗ ∈ Y ∗ | ∀x ∈ X : 0 = 〈Tx, y∗〉}
= {y∗ ∈ Y ∗ | ∀x ∈ X : 0 = 〈x, T ∗y∗〉} = ker(T ∗)
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5.4.4 Fredholm operators

Definition 5.4.19. An operator T ∈ L(X,Y ) is called Fredholm if ker(T ) and coker(T ) are finite
dimensional. The index of a Fredholm operator T is

ind(T ) := dim ker(T )− dim coker(T ).

The space of all Fredholm operators from X to Y will be denoted F(X,Y ). Note that this is not
a vector space, unless both X and Y are finite dimensional.

From our previous results, we obtain the following.

Proposition 5.4.20. Any Fredholm operator has closed image.

Example 5.4.21. If X,Y are finite dimensional, then any linear map T : X → Y is Fredholm,
and

ind(T ) = dimX − dimY.

Example 5.4.22. For 1 ≤ p <∞, let

`p = Lp(N, µ),

where µ is the counting measure on N. That is, `p consists of all maps f : N→ C, where

‖f‖p :=
( ∞∑
n=1
|f(n)|p

)1/p

is finite. Define T : `p → `p by

(Tf)(n) :=
{

0, n = 1
f(n− 1), n > 1

.

Then ker(T ) = 0, and dim coker(T ) = 1, so ind(T ) = −1. Shifting in the other direction, we could
obtain an operator of index 1.

We will use the following important result to show that elliptic operators L2 Sobolev spaces
are Fredholm.

Proposition 5.4.23. If K ∈ L(X,X) is compact, then I −K : X → X is Fredholm.

Proof. Let T := I −K. Then for every x ∈ X, one has

‖x‖ = ‖Tx+Kx‖ ≤ ‖Tx‖+ ‖Kx‖ ,

so by Proposition 5.4.16, T has finite dimensional kernel and closed image. Since T has closed
image, Proposition 5.4.18 tells us that coker(T )∗ ∼= ker(T ∗), but T ∗ = I∗ − K∗ = I − K∗, and
K∗ is compact by Proposition 5.4.14, so the above argument tells us that ker(T ∗) is also finite
dimensional. In general by the Hahn–Banach theorem, if dimY =∞ for a Banach space Y , then
dimY ∗ =∞. Hence in our case, dim coker(T ) <∞.

Proposition 5.4.24. If T ∈ L(X,X) and ‖T‖ < 1, then I − T is an isomorphism.

Proof. For any R,S ∈ L(X,X), we have ‖RS‖ ≤ ‖R‖ ‖S‖ (that is, L(X,X) is a so-called Banach
algebra), hence ‖Tn‖ ≤ ‖T‖n for n ≥ 0 (where we take T 0 := I). This implies that

∞∑
n=0
‖Tn‖ ≤

∞∑
n=0
‖T‖n = 1

1− ‖T‖ <∞,
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so the operator S :=
∑∞
n=0 T

n ∈ L(X,X) is well-defined. Then

(I − T )S = (I − T ) lim
N→∞

N∑
n=0

Tn = lim
N→∞

(I − TN+1) = I,

and similarly S(I − T ) = I.

We prove now that invertibility is an open condition.

Proposition 5.4.25. The invertible operators form an open subset of L(X,Y ).

Proof. Let S, T ∈ L(X,Y ) where S is invertible. Then∥∥S−1T − I
∥∥ =

∥∥S−1(T − S)
∥∥ ≤ ∥∥S−1∥∥ ‖T − S‖ .

Hence, if ‖T − S‖ <
∥∥S−1

∥∥−1, then S−1T (and hence T ) will be invertible.

Proposition 5.4.26 (Normal form of a Fredholm operator). For any T ∈ F(X,Y ), there is a
Banach space V and m,n ∈ N0, and isomorphisms

X
∼=→ V ⊕Km, Y

∼=→ V ⊕Kn

such that the following diagram commutes:
X

T //

∼=
��

Y

∼=
��

V ⊕Km // V ⊕Kn
Here, the bottom map is the map (a, b) 7→ (a, 0).

Proof. Choose closed subspaces V ⊆ X, F ⊆ Y such that X = V ⊕ ker(T ), Y = im(T ) ⊕ F .
Define S : V → im(T ) by x 7→ Tx. This is an isomorphism by the open mapping theorem. The
composition

V ⊕ ker(T ) T→ im(T )⊕ F S−1⊕I→ V ⊕ F

maps (a, b) 7→ (Ta, 0) 7→ (a, 0).

18th lecture, November 24th 2011
We want to see that the Fredholm condition is an open condition, and that the index is a locally
constant function on the space of Fredholm operators. Through-out, X, Y and Z will denote
Banach spaces.

Proposition 5.4.27. For every S ∈ F(X,Y ), there is an ε > 0 such that for every T ∈ L(X,Y )
with ‖T − S‖ < ε, the following hold:

(i) T is Fredholm and ind(T ) = ind(S).

(ii) dim ker(T ) ≤ dim ker(S).

(iii) dim coker(T ) ≤ dim coker(S).

Proof. We can assume that S is in normal form,

S =
(
I 0
0 0

)
: V ⊕Km → V ⊕Kn,
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where I = id : V → V , and V is Banach space. The case V = {0} is trivial, so assume that
V 6= {0}. Write T as

T =
(
I +A B
C D

)
: V ⊕Km → V ⊕KN .

Let ι : V → V ⊕Km denote the map x 7→ (x, 0), and π : V ⊕Kn → V the map (x, y) 7→ x. Then
A = π ◦ (T − S)ιA, so

‖A‖ ≤ ‖π‖ ‖T − S‖ ‖ι‖ ≤ ε ‖π‖ ‖ι‖ ,

so if ε < (‖π‖ ‖ι‖)−1, then ‖A‖ < 1, and I +A is invertible. Set

R1 =
(

Q−1 0
−CQ−1 I

)
, R2 =

(
I −Q−1B
0 I

)
.

Then

R1TR2 =
(
I 0
0 G

)
for some G : Km → Kn. Because R1 and R2 are invertible, we find that

dim ker(T ) = dim ker(G) ≤ m = dim ker(S),
dim coker(T ) = dim coker(G) ≤ n = dim coker(S), and

ind(T ) = ind(G) = m− n = ind(S),

which proves all three statements of the proposition.

Corollary 5.4.28. The space F(X,Y ) is open in L(X,Y ), and ind : F(X,Y ) → Z is locally
constant (i.e. continuous).

Proposition 5.4.29. For every compact operator K : X → X, one has

ind(I −K) = 0.

Proof. Observe that tK is compact for every t ∈ K. Therefore we have a continuous family of
Fredholm operators γ : K→ F(X,Y ), given by t 7→ I − tK, hence ind(I − tK) is locally constant,
and hence constant. Therefore ind(I −K) = ind(I) = 0.

The next proposition says that Fredholm operators are exactly those that are invertible up to
compact operators.

Proposition 5.4.30. A bounded operator T : X → Y is Fredholm precisely when there are bounded
operators S1, S2 : Y → X and compact operators K1 : X → X, K2 : Y → Y such that

S1T = I −K1, TS2 = I −K2.

Furthermore, one can choose S1 = S2.

Proof. Suppose first that we are given S1, S2,K1,K2. Then since im(T ) ⊇ im(I −K2), we have

dim ker(T ) ≤ dim ker(I −K1) <∞,
dim coker(T ) ≤ coker(I −K2) <∞,

and so T is Fredholm.
Assume that T is Fredholm, in normal form,

T =
(
I 0
0 0

)
: V ⊕Km → V ⊕Kn
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and define

S :=
(
I 0
0 0

)
: V ⊕Kn → V ⊕Kn.

Then TS = I −K1 and ST = I −K2, where

K1 =
(

0 0
0 I

)
: V ⊕Kn → V ⊕Kn,

K2 =
(

0 0
0 I

)
: V ⊕Km → V ⊕Km.

These two operators have finite dimensional range and hence they are compact.

Proposition 5.4.31. If T : X → Y is Fredholm and K : X → Y is compact, then T + K is
Fredholm and

ind(T +K) = ind(T ).

Proof. Let S,K1,K2 be as in Proposition 5.4.30. Then since SK is compact,

S(T +K) = I −K1 + SK = I +K3

for some compact operator K3. Similarly, since KS is compact,

(T +K)S = I −K2 +KS = I +K4,

where K4 is compact. By Proposition 5.4.30, T +K is Fredholm, and as before, t 7→ ind(T + tK)
is constant, and so ind(T +K) = ind(T ).

The last fact we will prove about Fredholm operators is that the index is additive under com-
position.

Proposition 5.4.32. If S : X → Y and T : Y → Z are Fredholm operators, then TS is also
Fredholm, and

ind(TS) = ind(S) + ind(T ).

Lemma 5.4.33. If R : X → Y is Fredholm and ind(R) = 0, then there exists a compact operator
K : X → Y such that R+K is invertible.

Proof. If R is in normal form,

R =
(
I 0
0 0

)
: V ⊕Km → V ⊕Kn,

then we can take

K =
(

0 0
0 I

)
.

Definition 5.4.34. For every R ∈ L(X,Y ) and m,n ∈ N0, let Rm,n : X ⊕Km → Y ⊕Kn denote
the operator (x, v) 7→ (Rx, 0).

Clearly, Rm,n is Fredholm precisely when R is Fredholm, and in this case,

ind(Rm,n) = ind(R) +m− n.
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Proof of Proposition 5.4.32. Case 1 : Assume ind(S) = ind(T ) = 0. Then by Lemma 5.4.33, we
can choose compact operators K1 : X → Y , K2 : Y → Z such that S + K1 and T + K2 are
invertible. Then R := (T + K2)(S + K1) is invertible. Multiplying out, R = TS + K3 for K3
compact, so TS = R−K3 is Fredholm, and

ind(TS) = ind(R) = 0.

Case 2 : In general, choose l,m, n ∈ N0 such that ind(Sl,m) = ind(Tm,n) = 0. Then

Tm,nSl,m = (TS)l,n

is Fredholm of index 0. Hence TS is Fredholm, and

ind(TS) = n− l = (n−m) + (m− l) = ind(T ) + ind(S).

5.5 Fourier series
For n ∈ N, define Tn := Rn/2πZn with the quotient topology.

Definition 5.5.1. A function f : Rn → C is called periodic if for all x ∈ Rn, k ∈ Zn one has
f(x+ 2πk) = f(x).

We can identify periodic functions on Rn with functions on Tn. For any k ∈ Zn, let ek : Tn → C
be the function on Tn corresponding to the periodic function Rn → C given by (2π)−n/2 exp(2πix ·
k), where x · k =

∑n
j=1 xjkj . One easily checks that

〈ek, el〉 =
{

1 if k = l

0 if k 6= l
,

where

〈f, g〉 :=
ˆ
Tn

fg

for f, g : T→ C. Note that the Lebesgue measure on Tn is obtained by identifying Tn with [0, 2π)n

Proposition 5.5.2. The set {ek}k∈Zn is an orthonormal basis for L2(Tn) in the sense that the
span of the ek is dense in L2(Tn).

Proof. One uses the Stone–Weierstraß. See [Fol99].

Definition 5.5.3. For any f ∈ L1(Tn), k ∈ Zn, define the Fourier coefficient by

f̂ := 〈f, ek〉 =
ˆ
Tn

fe−k = (2π)−n/2
ˆ
f(x)e−ik·x dx.

Let

`2(Zn) = {g : Zn → Z |
∑
k∈Zn

|g(k)|2 <∞},

with norm

‖g‖`2 =
(∑
k∈Zn

|g(k)|2
)1/2

.
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The Fourier transform

F : L2(Tn)→ `2(Zn),
f 7→ f̂ .

is a bijective isometry. In particular, for f, g ∈ L2(Tn), one has

〈f, g〉 =
∑
k∈Z

f̂(k)ĝ(k),

‖f‖2L2 =
∑
k∈Zn

∣∣∣f̂(k)
∣∣∣2 .

Let v1, . . . , vn be the standard basis for Rn. For f : Tn → C, set

(∂jf)(x) := lim
t→0

1
t
(f(x+ tvj)− f(x)),

where by tvj , we mean the image of tvj in Tn.

Proposition 5.5.4. For f ∈ C1(Tn), k ∈ Zn, j = 1, . . . n, one has(
1
i
∂jf

)̂
(k) = kj f̂(k).

19th lecture, November 29th 2011
Lemma 5.5.5. For every y ∈ C1(Tn) and every j, one hasˆ

Tn

∂jy = 0.

Proof. Let π : Rn → Tn be the quotient map, and let h := g ◦ π : Rn → C. Then by Fubini’s
theorem ˆ

Tn

∂jg =
ˆ

[0,2π]n
∂jh =

ˆ 2π

0
· · ·
ˆ 2π

0
∂jh(x1, . . . , xn)dxjdx1 · · · d̂xj · · · dxn = 0,

since h is periodic.

Proof of Proposition 5.5.4. We have

∂je
ik·x = ikje

ik·x,

and hence ∂jek = ikjek. This implies that

0 =
ˆ
Tn

∂j(fe−k) =
ˆ
Tn

(∂jf · e−k − ikjfe−k)

and the Fourier coefficient becomes(
1
i
∂jf

)̂
(k) =

ˆ
Tn

1
i
∂jf · e−k =

ˆ
Tn

kjfe−k = kj f̂(k).

Recall that if α = (α1, . . . , αn), αj ∈ N0, we define

Dα = ∂α1
1 · · · ∂αn

n , Dα =
(

1
i
∂1

)α1

· · ·
(

1
i
∂n

)αn

, ξα := ξα1 · · · ξαn ,

for ξ = (ξ1, . . . , ξn) < inRn. For every polynomial P (ξ) =
∑
|α|≤r aαξ

α, aα ∈ C, we set P (D) :=∑
|α|≤r aαDα.
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Proposition 5.5.6. For any f ∈ Cr(Tn) and P as above, one has

(P (D)f )̂(k) = P (k)f̂(k),

i.e. (P (D)f )̂ = P f̂ .

Proof. This follows from linearity of the Fourier transform and repeated use of Proposition 5.5.4.

5.6 Sobolev embedding on the torus
Let m ∈ N0, f ∈ Cm(Tn). Define

‖f‖′(m) : =

 ∑
|α|≤m

ˆ
Tn

|Dαf |2
1/2

=

 ∑
|α|≤m

∑
k∈Zn

∣∣∣kαf̂(k)
∣∣∣2
1/2

=

∑
k∈Zm

 ∑
|α|≤m

(kα)2

∣∣∣f̂(k)
∣∣∣2
1/2

.

Definition 5.6.1. For ξ ∈ Rn, set 〈ξ〉 := (1 + |ξ|2)1/2.

Lemma 5.6.2. For every m ∈ N0, there are constants C1, C2 > 0, such that for every ξ ∈ Rn,
one has

C1〈ξ〉2m ≤
∑
|α|≤m

(ξα)2 ≤ C2〈ξ〉2m.

Proof. For every j, we have |ξj | ≤ |ξ| ≤ 〈ξ〉, which implies that such a C2 exists. For the other
one, note that

〈ξ〉2m = (1 + ξ2
1 + · · ·+ ξ2

n)m ≤ C3
∑
|α|≤m

(ξα)2

for some constant C3 > 0.

Definition 5.6.3. For any s ∈ R, let

hs(Zn) := {g : Zn → C | ‖g‖(s) <∞},

where

‖g‖(s) :=
(∑
k∈Zn

〈k〉2s |g(k)|2
)1/2

.

Note that hs(Zn) is a Hilbert space with inner product

〈g1, g2〉(s) :=
∑
k∈Zn

〈k〉2sg1(k)g2(k)

and we have a surjective isometry

ϕ : hs(Zn)
∼=→ `2(Zn)

g 7→ 〈·〉sg.

The Fourier transform F maps C∞(Tn) to hs(Zn), and we can make the following definition.
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Definition 5.6.4. For f, g ∈ C∞(Tn) and s ∈ R, set

〈f, g〉(s) := 〈f̂ , ĝ〉(s), ‖f‖(s) := 〈f, f〉1/2(s) =
∥∥∥f̂∥∥∥

(s)
.

For any m ∈ N0, the two norms ‖·‖(m) and ‖·‖′(m) on C∞(Tn) are equivalent by the lemma.

Definition 5.6.5. For any s ∈ R, let Hs(Tn) be the completion of the inner product space
(C∞(Tn), 〈·, ·〉(s)).

The Fourier transform F : C∞(Tn) → hs(Zn) has dense image and therefore extends to a
surjective isometry F : Hs(Tn)

∼=→ hs(Zn): In general, if X and Y are two metric spaces, and
A ⊆ X is dense, then we can ask when a f : A → Y extends to f : X → Y . In general, this will
not be the case, but if f is uniformly continuous, there is a continuous extension.

For s ≤ t, one has ‖·‖(s) ≤ ‖·‖(t), because 〈ξ〉s ≤ 〈ξ〉t, and hence ht(Zn) is a dense subset of
hs(Zn), so there is an injective bounded operator

Ht(Tn)→ Hs(Tn),

which is the identity on C∞(Tn). Thus for s ≤ t, we have a commutative diagram
Ht(Tn)

∼= //

��

ht(Zn)� _

��

Hs(Tn)
∼= // hs(Zn)

and we will usually consider Ht as a dense subspace of Hs. Note that H0(Tn) = L2(Tn),
because for f ∈ C∞(Tn),

‖f‖(0) =
∥∥∥〈·〉0f̂∥∥∥

`2
=
∥∥∥f̂∥∥∥

`2
= ‖f‖L2 ,

and C∞ ⊆ L2 is dense. Therefore, Hs(Tn) ⊆ L2(Tn) for s ≥ 0. For s < 0, Hs consists of
distributions.

Proposition 5.6.6. For f, g ∈ C∞(Tn) and s ∈ R, we have∣∣∣∣ˆ
Tn

fg

∣∣∣∣ ≤ ‖f‖(s) ‖g‖(−s) .
Proof. We find ˆ

Tn

fg =
∑
k∈Zn

f̂(k)ĝ(k) =
∑
k∈Zn

〈k〉sf̂(k) · 〈k〉−sĝ(k),

so by the Schwarz inequality,∣∣∣∣ˆ
Tn

fg

∣∣∣∣ ≤ ∥∥∥f̂∥∥∥(s)
‖ĝ‖(−s) = ‖f‖(s) ‖g‖(−s) .

From now on, write Hs = Hs(Tn).

Proposition 5.6.7. For s ∈ R, let B : Hs ×H−s → C be the continuous bilinear map such that

B(f, g) =
ˆ
Tn

fg,

for f, g ∈ C∞(Tn) (an extension exists by Proposition 5.6.6). Then

H−s → (Hs)∗, g 7→ B(·, g)

is a surjective, antilinear isometry.
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Proof. The composition

Hs ×H−s
F×F→ hs × h−s

∼=→ `2 × `2 〈·,·〉→ C

is exactly B, and the map `2 → (`2)∗, h 7→ 〈·, h〉, is a surjective antilinear isometry.

20th lecture, December 1st 2011
Proposition 5.6.8. For s < t, the canonical map

Ht(Tn)→ Hs(Tn)

is a compact operator.

Proof. Recall that we have a commutative diagram
Ht

��

∼= // `2(Zn)

ϕ

��

Hs

∼= // `2(Zn).
Here, the upper map is f 7→ 〈·〉tf̂ , where 〈ξ〉 = (1 + |ξ|2)1/2 for ξ ∈ Rn. The lower map is

f 7→ 〈·〉sf̂ . Now, because 〈k〉s−t → 0 as |k| → ∞, the map ϕ is compact.

Definition 5.6.9. For m ≥ 0, let Cm(Tn) be the vector space of m times continuously differen-
tiable maps Tn → C. For f ∈ C∞(Tn), let

‖f‖Cm := max
|α|≤m

‖Dαf‖∞ ,

where ‖g‖∞ = supx |g(x)| for a continuous function g.

The space (Cm(Tn), ‖·‖Cm) is a Banach space (exercise).

Proposition 5.6.10. Let s ∈ R,m ∈ N0 with s − n
2 > m. Then there is a constant C > 0 such

that for all f ∈ Cm(Tn),

‖f‖Cm ≤ C ‖f‖(s) .

The proof rests on the following lemma.

Lemma 5.6.11. For s ∈ R, one has that s > n if and only if∑
k∈Zn

〈k〉−s <∞.

Proof. The sum is finite if and only if we haveˆ
Rn

〈x〉−s dx <∞,

which on the other hand happens precisely whenˆ
|x|≥1

|x|−s dx <∞.

Using polar coordinates, one finds that
ˆ
|x|≥1

|x|−s dx = Vol(Sn−1)
ˆ ∞

1
tn−s−1 dt,

which is finite if and only if n− s− 1 < 1, or, n < s.
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Proof of Proposition 5.6.10. Consider the Fourier transform∣∣(Dαf )̂(k)
∣∣ =

∣∣∣kαf̂(k)
∣∣∣ ≤ 〈k〉|α| ∣∣∣f̂(k)

∣∣∣ .
We find that ∑

k∈Zn

∣∣(Dαf )̂(k)
∣∣ ≤ ∑

k∈Zn

〈k〉|α|
∣∣∣f̂(k)

∣∣∣ =
∑
k∈Zn

〈k〉|α|−s〈k〉s
∣∣∣f̂(k)

∣∣∣
≤

(∑
k∈Zn

〈k〉2(|α|−s)

)1/2

‖f‖(s) =: C|α| ‖f‖(s) .

By the Lemma, we see that C|α| <∞ if and only if 2(s− |α|) > n, or, s− n
2 > α. Now, in L2 one

has

Dαf =
∑
k

(Dαf )̂(k) · ek.

If |α| < m, then ∑
k

∣∣(Dαf )̂(k)
∣∣ · ‖ek‖∞ <∞.

Hence,

‖Dαf‖∞ ≤
∑
k

∥∥(Dαf )̂(k)ek
∥∥ ≤ (2π)−n/2Cα ‖f‖(s) .

Proposition 5.6.12 (Rellich). If s ∈ R, m ∈ N0, and s− n
2 > m, then the inclusion C∞(Tn)→

Cm(Tn) extends to a compact operator Hs(Tn)→ Cm(Tn).

Proof. By the last proposition, the inclusion C∞ → Cm extends to a bounded operator Hs
T→ Cm.

Choose t with s > t > n
2 +m. Then the operator T is equal to the composition Hs → Ht → Cm,

which is compact since Hs → Ht is compact, and Ht → Cm is bounded.

Corollary 5.6.13. We have ⋂
s≥0

Hs = C∞

as subspaces of L2.

Let P (D) =
∑
|α|≤r aαDα for aα ∈ C∞(Tn). Then we want to show that

‖P (D)f‖(s−r) ≤ C ‖f‖(s) .

Proposition 5.6.14. For every multiindex α and f ∈ C∞(Tn), one has

‖Dαf‖(s) ≤ ‖f‖(s+|α|)

for all s ∈ R.

Proof. We have

‖Dαf‖2(s) =
∑
k∈Zn

〈k〉2s
∣∣(Dαf )̂(k)

∣∣2 ≤ ∑
k∈Zn

〈k〉2(s+|α|)
∣∣∣f̂(k)

∣∣∣2 = ‖f‖2(s+|α|) .
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Lemma 5.6.15. For every m ∈ Z, there exists a constant C = C(m,n) such that for every
a, f ∈ C∞(Tn), one has

‖af‖(m) ≤ C ‖a‖C|m| ‖f‖(m)

Remark 5.6.16. One could prove a similar result form ∈ R using so-called interpolation techniques.

Proof. Assume that m ≥ 0. Recall that for g ∈ C∞(Tn),

‖g‖′(m) =

 ∑
|α|≤m

‖Dαg‖2L2

1/2

≤
∑
|α|≤m

‖Dαg‖L2 .

For g = af ,

Dα(af) =
∑

β+γ=α
CβγD

βa ·Dγf,

for Cβγ ∈ N0. For |α| ≤ m, one has.

‖Dα(af)‖L2 ≤ const · ‖a‖Cm

∑
|γ|≤m

‖Dγf‖L2 ≤ const · ‖a‖Cm ‖f‖′(m) .

It follows that

‖af‖′(m) ≤ const · ‖a‖Cm ‖f‖′(m) .

Recall that we have a map Hs×H−s → C, which defines a bijetive antilinear isomorphism H−s →
(Hs)∗. We have

‖af‖(m) = sup
g∈C∞(Tn), ‖g‖(m)≤1

∣∣∣∣ˆ
Tn

af · g
∣∣∣∣ .

Since ∣∣∣∣ˆ af · g
∣∣∣∣ ≤ ‖f‖(−m) · ‖ag‖(m) ≤ ‖f‖(−m) · const · ‖a‖Cm · ‖g‖(m) ,

we have that

‖af‖(−m) ≤ const · ‖a‖Cm · ‖f‖(−m) .

The last two results yield the following:

Proposition 5.6.17. Let P (D) =
∑
|α|≤r aαDα with aα ∈ C∞(Tn). Then for any m ∈ Z, there

is a bounded operator

Pm : Hm(Tn)→ Hm−r(Tn)

such that Pmf = P (D)f for f ∈ C∞.

Definition 5.6.18. For s ∈ R, d ∈ N, let Hs(Tn;Cd) be the completion of C∞(Tn;Cd) with
respect to the inner product

〈f, g〉(s) :=
d∑
j=1
〈fj , gj〉(s),

where f = (f1, . . . , fd), g = (g1, . . . , gd).
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The inclusion

C∞(Tn;Cd)→
d⊕
j=1

Hs(Tn)

extends to a surjective isometry

Hs(Tn;Cd)
∼=→

d⊕
j=1

Hs(Tn).

Proposition 5.6.19. We have

(i)
∣∣´

Tn〈f, g〉
∣∣ ≤ ‖f‖(s) ‖g‖(−s), for f, g ∈ C∞(Tn;Cd), s ∈ R,

(ii) The map

H−s(T;Cd)→ (Hs(Tn;Cd))∗

given by g 7→
´
〈·, g〉 is an anti-linear surjective isometry.

Proof. The proofs in the case d = 1 carries on.

Proposition 5.6.20. Let P (ξ) =
∑
|α|≤r aαξ

α, where aα ∈Md1,d2(C) are d1×d2 complex matrices.
Then for f ∈ C∞(Tn;Cd), one has

(P (D)f )̂ = P · f̂ ,

where P (D) :=
∑
|α|≤r aαDα, and f̂(k) = (f̂1(k), . . . , f̂d(k)) ∈ Cd.

Proof. As in the case d = 1.

21st lecture, December 6th 2011
Theorem 5.6.21. Let P (D) =

∑
|α|≤r aαDα be an elliptic operator of degree r ≥ 1, where aα ∈

Md(C). Then for every m ∈ Z, the bounded operator

Hm(Tn;Cd)→ Hm−r(Tn;Cd)

induced by P (D) is Fredholm of index 0.

Proof. Set Q(D) =
∑
|α|<r aαDα, R(D) =

∑
|α|=r aαDα so that P (D) = Q(D) + R(D). Because

the composite map

Hm
Q(D)→ Hm−r+1 ⊆ Hm−r

is compact (since the inclusion is), we can ignore the lower order terms altogether, and it suffices
to prove that R(D) : Hm → Hm−r is Fredholm of index 0. Now we have a commutative diagram

Hm

F ∼=
��

R(D)
// Hm−r

∼= F
��

hm
MR // hm−r

where MR(f)(k) = R(k) · f(k) for f ∈ hm. Recall here that

hm = {g : Zn → Cd |
∑
k∈Zn

〈k〉2m |g(k)|2 <∞}.
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For every s, hs = Vs ⊕W , where

W = {f : Zn → Cd | f(k) = 0 ∀ k 6= 0} ∼= Cd,
Vs = {f ∈ hs | f(0) = 0}.

Since R(0) = 0,

Mr =
(
ϕ 0
0 0

)
: Vm ⊕W → Vm−r ⊕W.

We will show that ϕ : Vm → Vm−r is an isomorphism; this will complete the proof. Let

C := sup
ξ∈Rn, |ξ|=1

∥∥R(ξ)−1∥∥ <∞.
For all ξ ∈ Rn \ {0}, we have R(ξ) = |ξ|r R(ξ/ |ξ|) and R(ξ)−1 = |ξ|−r R(ξ/ |ξ|)−1, and so∥∥R(ξ)−1

∥∥ ≤ C |ξ|−r. For all ξ ∈ Rn with |ξ| ≥ 1,

〈ξ〉 = (1 + |ξ|2)1/2 ≤
√

2 |ξ| ,

and so ∥∥R(ξ)−1∥∥ ≤ 2r/2C〈ξ〉−r.

For f ∈ Vm−r, k ∈ Zn \ {0}, set

(ψf)(k) := R(k)−1f(k).

By the estimate above, and noting that f(0) = 0,

‖ψf‖2(m) =
∑
k∈Zn

〈k〉2m |(ψf)(k)|2 =
∑

k∈Zn\{0}

〈k〉2m |(ψf)(k)|2

≤ 2rC2
∑
k∈Zn

〈k〉2(m−r) |f(k)|2 = 2rC2 ‖f‖2(m−r) <∞.

Hence ψ : Vm−r → Vm is bounded, and ψ and ϕ are inverse maps.

5.7 L2-Sobolev spaces on manifolds
Definition 5.7.1. For U ⊆ Tn open, f ∈ C∞c (U ;Cd), define f̃ : Tn → Cd by

f̃(x) =
{
f(x), x ∈ U,
0, otherwise.

Proposition 5.7.2. Let U, V ⊆ Tn be open, K ⊆ V compact, h : U → V a smooth map, and
m ∈ Z. Then there exists C > 0 such that for all f ∈ C∞c (V ) with supp(f) ⊆ K, one has∥∥∥f̃ ◦ h∥∥∥

(m)
≤ C

∥∥f̃∥∥(m) .

Proof. We first prove the proposition for m ≥ 0 by induction. For the case m = 0, note that
‖·‖(0) = ‖·‖L2 , and∥∥∥f̃ ◦ h∥∥∥2

L2
=
ˆ
U

|f ◦ h|2 =
ˆ
V

|f |2 ·
∣∣detD(h−1)

∣∣ ≤ sup
x∈K

∣∣detD(h−1)x
∣∣ · ˆ

V

|f |2 = C
∥∥f̃∥∥

L2 ,

letting C = supx∈K
∣∣detD(h−1)x

∣∣.
64



Now, let m > 0. For j = 1, . . . , n, we find

∂j(f ◦ h) =
n∑
l=1

∂jhl · [(∂lf ◦ h)],

where h = (h1, . . . , hn). Set K ′ = h−1(K) and choose β ∈ C∞(Tn) such that supp(β) ⊆ U and
β = 1 in a neighbourhood of K ′.

For |α| ≤ m− 1, there are constants C1, C2, C3 > 0 independent of f , such that

‖Dα∂j(f ◦ h)‖L2 ≤ ‖∂j(f ◦ h)‖(m−1) ≤ C1 ‖β∂jhl‖Cm−1 ‖∂lf · h‖

≤
m∑
l=1

C2 ‖∂lf‖(m−1) ≤ C3 ‖f‖(m) ,

which completes the case m ≥ 0. For the case of negative m, consider again m ≥ 0. Then

‖f ◦ h‖(−m) = sup
g∈C∞(Tn,Cd), ‖g‖(m)≤1

∣∣∣∣ˆ
Tn

(f ◦ h) · g
∣∣∣∣ .

As before, consider a cutoff function β. Then
ˆ
Tn

(f ◦ h) · g =
ˆ
U

(f ◦ h) · βg =
ˆ
V

f · [(βg) ◦ h−1]
∣∣detD(h−1)

∣∣ .
Let ϕ = [(βg) ◦ h−1]

∣∣detD(h−1)
∣∣. Then ϕ ∈ C∞c (V ), and we have∣∣∣∣ˆ
Tn

(f ◦ h) · g
∣∣∣∣ ≤ ‖f‖(−m) ‖ϕ‖(m) ,

which finishes the proof since ‖ϕ‖(m) does not depend on f and is bounded in the g considered:
Namely, there exist constants C4, C5, C6 > 0, independent of f and g, such that

‖ϕ‖(m) ≤ C4
∥∥(βg) ◦ h−1∥∥

(m) ≤ C5 ‖βg‖(m) ≤ C6 ‖g‖(m) ≤ C6,

where the second inequality follows from the first part of the proof. This implies that

‖f ◦ h‖(−m) ≤ C6 ‖f‖(−m) .

Let X be a smooth n-manifold and π : E → X a rank d complex vector bundle. Let U ⊆ X be
open. A presentation of E|U is a triple δ = (U ′, ϕ, ρ), where

• U ′ ⊆ Tn is open,

• ϕ : U
∼=→ U ′ is a diffeomorphism, and

• ρ : E|U → Cd is smooth, and ρx := ρ|Ex
is a linear isomorphism for every x ∈ U .

For s ∈ Γ(E), supp(s) ⊆ U , define sδ : Tn → Cd by

sδ(x) :=
{
ρ(s(ϕ−1(x))), x ∈ U ′,
0, otherwise.
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22nd lecture, December 8th 2011
Let X be a closed n-manifold and E → X a rank d complex vector bundle. To define Hm(X;E),
m ∈ Z, choose a finite family λ = {(Uj , δj , βj)}j∈J , where

• {Uj} is an open covering of X,

• δj(U ′j , ϕj , ρj) is a presentation of E|Uj
(so ϕj : Uj

∼=→ U ′j), and

• βj ∈ C∞(X) satisfies 0 ≤ βj ≤ 1, supp(βj) ⊆ Uj ,
∑
j∈J βj = 1.

Define

Tm : Γ(E)→
⊕
j∈J

Hm(Tn;Cd),

s 7→ {(βjs)δj
}j∈J .

Then Tm is injective and C-linear. For s, t ∈ Γ(E), define a scalar product on Γ(E)

〈s, t〉(m) := 〈Tm(s), Tm(t)〉 =
∑
m

=
∑
j∈J
〈(βjs)δj

, (βjt)δj
〉.

depending a priori on the choice of λ. By Proposition 5.7.2, the corresponding norm ‖·‖(m) is
independent of λ up to equivalence.

Definition 5.7.3. Let Hm(X;E) denote the completion of (Γ(E), 〈·, ·〉(m)).

The Sobolev embedding theorem carries over to this case.

Proposition 5.7.4 (Rellich, I). If l,m ∈ Z, l < m, then the operator

Hm(X;E)→ Hl(X;E)

is injective and compact.

Proof. We have a diagram which commutes for smooth sections of E, and therefore for every
element of Hm(X;E):

Hm(X;E) Tm //

��

⊕
j∈J Hm(Tn;Cd)

��

Hl(X;E) Tl //
⊕

j∈J Hl(Tn;Cd)
The horizontal maps are isometries. The right vertical map is injective and compact, so its

image is totally bounded, and then the left vertical map is injective totally bounded as well. That
is, it takes bounded sets to pre-compact sets, hence it is bounded.

Definition 5.7.5. For k ∈ N0, let Ck(X;E) denote the space of sections of E of clas Ck. For
s ∈ Ck(X;E), set

‖s‖Ck :=
∑
j

∥∥(βjs)δj

∥∥
Ck .

The space (Ck(X;E), ‖·‖Ck ) is a Banach space, and the norm is independent of λ up to equiv-
alence.

Proposition 5.7.6 (Rellich, II). If l,m ∈ N0, m − n
2 > l, then the inclusion Γ(E) ⊆ Ck(X;E)

extends to an injective compact operator Hm(X;E)→ Cl(X;E).
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Proof. The proof is the same as before. We have a diagram
Hm(X;E) //

��

⊕
j∈J Hm(Tn;Cd)

��

Cl(X;E) //
⊕

j∈J C
l(Tn;Cd)

The vertical maps, extending the inclusions of smooth functions into Cl, exist since the Cl-
norms bound the Hm-norms. The right vertical map is injective and compact by the corresponding
result by on Tn. As before, the horizontal are isometries and by the same arguments as before,
the left vertical map satisfies the conditions of the proposition.

Let now X be a Riemannian manifold and E → X a Hermitian vector bundle.

Proposition 5.7.7. For any m ∈ Z there exists C > 0 such that for all s, t ∈ Γ(E), we have∣∣∣∣ˆ
X

〈s, t〉
∣∣∣∣ ≤ C ‖s‖(m) ‖t‖(−m)

Proof. This follows from the corresponding result for Tn.

Proposition 5.7.8. The operator

H−m(X;E)→ (Hm(X;E))∗

t 7→
ˆ
X

〈·, t〉

is a complex antilinear homeomorphism for every m ∈ Z.

Proof. Exercise.

Lemma 5.7.9. Let P (D) =
∑
|α|≤r aαDα, aα ∈Md(C). If P (D) is elliptic of degree r, then

Q := P (D)∗P (D) + I : Hm(Tn;Cd)→ Hm−2r(Tn;Cd)

is an isomorphism for all m ∈ Z

Proof. Note that P (D) =
∑
|α|≤r a

∗
αDα. We already know that Q is Fredholm of index 0, so it

suffices to show that it is injective, or equivalently, that (P ∗P+I)u 6= 0, where 0 6= u ∈ hm(Zn;Cd)
and P (ξ) =

∑
|α|≤r aαξ

α. Let k ∈ Zn, A := P (k) ∈Md(C), 0 6= v ∈ Cd. Then

〈(A∗A+ I)v, v〉 = |Av|2 + |v|2 6= 0

implies that P ∗(k)P (k) + I is invertible for all k ∈ Zn.

Lemma 5.7.10. Let E,F → X be complex vector bundles of rank d and P : Γ(E) → Γ(F ) an
elliptic operator of degree r ≥ 1. Let x0 ∈ X, m ∈ Z, N > 0. Then there exist

• an open neighbourhood U of x0,

• presentations δ = (U ′, ϕ, ρ) of EU and ε = (U ′, ϕ, σ) of F |U , and

• a differential operator Q : C∞(Tn;Cd)→ C∞(Tn;Cd)

such that for all s ∈ Γ(E),

Q(sδ) = (Ps)ε

and such that Q∗Q+ I induces an isomorphism

Hl(Tn;Cd)→ Hl−2r(Tn;Cd)

for |l| ≤ N .
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Proof. The proof uses the method of “freezing coefficients”. The idea is that on the torus, an
elliptic operator with constant coefficients induces a Fredholm operator of index 0. The idea is
that if we have an elliptic operator on the manifold, then globally, the coefficients are “almost
constant”.

The problem is local, so we can assume that X = Rn, x0 = 0, E = F = X × Cd. Let
P =

∑
|α|≤r aαDα, aα : Rn → Md(C). For t > 0, let χt : Rn → Rn be the map x 7→ tx. For

f : Rn → Cd, set

Ptf := tr[P (f ◦ χ−t)] ◦ χt.

As usual, write ∂j = ∂
∂j
. Then

∂jf(t−1x) = t−1(∂jf)(t−1x),

and so

Dα(f ◦ χt−1) = t−|α|(Dαf) ◦ χt−1 .

This means that

P (f ◦ χt−1) =
∑
|α|≤r

aαDα(f ◦ χ−t) =
∑
|α|≤r

t−|α|aα[(Dαf) ◦ χ−t],

and finally,

Ptf =
∑
|α|≤r

tr−|α|(aα ◦ χt)Dαf.

Define P0f :=
∑
|α|=r aα(0)Dα. Observe now that if q : Rn → C is smooth, then q ◦ χt →t→0 q(0)

in C∞ over compact subsets of Rn. I.e. for ht(x) := q(tx) − q(0), one has for any R > 0 and
multi-index α, that

sup
|x|≤R

|Dαht(x)| → 0

as t→ 0. We want to apply this to the coefficients of Pt. Choose β ∈ C∞(Rn) with

β(x) =
{

0, for maxj |xj | ≥ 3
1, for maxj |xj | ≤ 2

and set

Lt := βPt + (1− β)P0.

Consider the operator∑
|α|≤r

bα,tDα : = Lt − P0 = β(Pt − P0)

= β
∑
|α|=r

(aα ◦ χt − aα(0))Dα + β
∑
|<|r

tr−|α|(aα ◦ χt)Dα.

Thus, for all α one has that bα,t → 0 in C∞ when t → 0. We identify [−3, 3]n with its image
in Tn = Rn/2πZn. By trivially extending the coefficients of Lt, we obtain an operator Qt =∑
|α|≤r b̃α,tDα on Tn. Consider

Q∗tQt − P ∗0 P0 =
∑
|α|≤2r

cα,tDα,
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where, for all α, cα,t → 0 in C∞ as t→ 0. For f ∈ C∞(Tn,Cd),

‖(Q∗tQt − P ∗0 P0)f‖(m−2r) ≤ const. ·
∑
|α|≤2r

‖cα,t‖C|m−2r| ‖f‖(m) .

By Lemma 5.7.9, the operator P ∗0 P0 + I : Hm → Hm−2r is an isomorphism for all m ∈ Z. Hence,
for any m ∈ Z, we have that

Q∗tQt + I : Hm → Hm−2r

is an isomorphism for sufficiently small t > 0 (depending on m).

23rd lecture, December 13th 2011
Theorem 5.7.11. Let X be a closed n-manifold, let E → X, F → X be complex vector bundles,
and let P : Γ(E) → Γ(F ) be an elliptic operator of order r ≥ 1. Let d := rankE = rankF . Let
l,m ∈ Z, l < m. Then:

(i) (Elliptic inequality) There exists a constant C > 0 such that for all s ∈ Hm(X;E),

‖s‖(m) ≤ C(‖Ps‖(m−r) + ‖s‖(l)).

(ii) (Elliptic regularity) If s ∈ Hl(X;E) and Ps ∈ Hl−r and Ps ∈ Hm−r(X;F ) (note that a
priori, Ps ∈ Hl−r), then s ∈ Hm(X;E). In particular if Ps ∈ Γ(F ), then s ∈ Γ(E).

Proof. By Lemma 5.7.10, we can find

• a finite open covering {Uj}j∈J of X,

• for each j a presentation δj = (U ′j , ϕj , ρj) of E|U , εj = (U ′j , ϕj , σj) of F |U ,

• for each j a βj ∈ C∞(X) with supp(βj) ⊆ Uj such that
∑
j βj = 1,

• for each j a partial differential operator Qj : C∞(Tn;Cd) → C∞(Tn;Cd) of order r such
that for some open neighbourhood Vj of supp(βj) in Uj , one has Qjsδj

= (Ps)εj
for all

s ∈ Γ(E|Vj ) and such that

Q∗jQj + I : Hk → Hk−2r

is an isomorphism for k = l, . . . ,m.

To see (i), observe first that for every f ∈ Hm(Tn;Cd), we have

‖f‖(m) C1
∥∥Q∗jQjf + f

∥∥
(m−2r) ≤ C2(‖Qjf‖(m−r) + ‖f‖(m−1)).

It is enough to prove the claim for s ∈ Γ(E). to see this, pick t ∈ Γ(E) with ‖t− s‖(m) ≤
C̃
3 ‖s‖(m)

for suitably small C̃. Then

‖s‖(m) ≤ ‖t‖(m) + ‖t− s‖(m) ≤ C(‖Pt‖(m−r) + ‖t‖(l)) + C̃

3 ‖s‖(m)

≤ C(‖Ps‖(m−r) + C ′ ‖P (t− s)‖(m−r) + ‖t‖(l) + ‖t− s‖(l)) + C̃ ‖s‖(m)

For s ∈ Γ(E), we have

‖s‖ ≤
∑
j

∥∥(βjs)δj

∥∥
(m) ≤ C2

∑
j

(
∥∥Qj(βjs)δj

∥∥
(m−r) +

∥∥(βjs)δj

∥∥
(m−1))

≤ C3

∑
j

‖P (βjs)‖(m−r) + ‖s‖(m−1)

 .
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Now P (βjs) = [P, βj ]s+ Ps, and [P, βj ] is of order ≤ r − 1, so

‖P (βjs)‖(m−r) ≤ ‖[P, βj ]s‖(m−r) + ‖βjPs‖ ≤ C4(‖s‖(m−1) + ‖Ps‖(m−r)).

So altogether,

‖s‖(m) ≤ C5(‖Ps‖(m−r) + ‖s‖(m−1)),

so we have proved (i) for l = m− 1. Now using this for m→ m− 1, we have

‖s‖(m−1) ≤ C6(‖Ps‖(m−r−1) + ‖s‖(m−2)),

and so

‖s‖(m) ≤ C7(‖Ps‖(m−r) + ‖s‖(m−2)),

which proves (i) by induction.
It suffices to prove (ii) for l = m − 1. Let s ∈ Hm−1(X;E) with Ps ∈ Hm−r(X;F ). Since

s =
∑
j βjs, it suffices to prove that βjs ∈ Hm(X;E) for every j. Since as before P (βjs) =

[P, βj ]s+βjPs, [P, βj ] has order ≤ r− 1, and since s ∈ Hm−1, we have P (βjs) ∈ Hm−r. Fix j and
write β = βj , U = Uj , etc. Choose a sequence {p̃ν} in Γ(F ) with

‖p̃ν − P (βs)‖(m−r)→ 0

as ν →∞. Choose γ ∈ C∞(X) such that supp(γ) ⊆ U and γ = 1 in a neighbourhood of supp(β).
Then

γP (βs) = [γ, P ]βs+ P (γβs) = 0 + P (βs) = P (βs).

Set pν := γp̃ν . Then

‖pν − P (βs)‖(m−r) = ‖γ(p̃ν − P (βs))‖(m−r) ≤ const. · ‖γ‖C|m−r| ‖p̃ν − P (βs)‖(m−r) → 0,

as ν → ∞. Choose a sequence {tν} in Γ(E) with ‖tν − s‖(m−1) → 0 as ν → ∞. Then {(βtν)δ}
is a Cuachy sequence in Hm−1(Tn;Cd), and similarly {(pν)ε} is a Cauchy sequence in Hm−r. Set
f := limν→∞(βtν)δ ∈ Hm−1, g := limν→∞(pν)ε ∈ Hm−r. Now, observe that

‖Q(βtν)δ − (pν)ε‖(m−r−1) = ‖(Pβtν − pν)ε‖m−r−1 ≤ C1 ‖Pβtν − pν‖(m−r−1) → 0

as ν → ∞. This implies that Qf = g, and then (Q∗Q + I)f = Q∗g + f ∈ Hm−2r. Since
Q∗Q + I : Hm → Hm−2r is an isomorphism, in particular it is surjective, so there is an f ′ ∈ Hm

with (Q∗Q+ I)(f ′− f) = 0. Now f ′− f ∈ Hm−1, and Q∗Q+ I : Hm−1 → Hm−2r−1 is injective, so
we must have f = f ′. Now choose a compact subset K ⊆ U ′ and a sequence {fν} in C∞(Tn;Cd)
such that supp(fν) ⊆ K for all ν and ‖fν − f‖(m) → 0 as ν → ∞. Let qν ∈ Γ(E) be the section
with supp(qν) ⊆ U and (qν)δ = fν . Then

‖qν − βtν‖(m−1) ≤ C2 ‖fν − (βtν)δ‖(m−1) → 0

as ν → ∞. That implies that βs = limν qν in Hm−1. Since {qν} converges in Hm, we have
βs ∈ Hm.
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Bochner formula, 35
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Cauchy–Riemann operator, 25
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Clifford algebra, 13
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compact operator, 49
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complexified Clifford algebra, 17
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connection form, 33
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covariantly constant, 6, 29
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curvature of a connection, 33

differential operator, 24
Dirac bundle, 19
Dirac Laplacian, 26
Dirac operator, 3, 19
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dual space, 47

elliptic, 25
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equicontinuous, 49
exterior algebra, 13

formal adjoint, 27
Fourier coefficient, 56
Fourier transform, 57
Fredholm operator, 47, 52
freezing coefficients, 68

Hilbert Lie group, 46
Hodge star operator, 9
Hodge–Beltrami operator, 36
horizontal section, 34
horizontal vector field, 32

index, 52
instanton, 10
involutive, 32
irreducible representation, 17

Killing form, 8

locally trivial connection, 34

monopole, 44
monopole moduli space, 44

operator norm, 47
opposite algebra, 14
orthogonal representation, 19

periodic function, 56
pointwise bounded, 49
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Pontryagin class, 8
presentation, 65

real spinor bundle, 21
reference connection, 46
Rellich, 61

Seiberg–Witten equations, 3
self-adjoint, 27
Sobolev space, 46
spin connection, 38
spin manifold, 38
spin representation, 18

temporal gauge, 11
tensor algebra, 13
totally bounded, 48
translationary invariant, 12
trivial connection, 34

unitary representation, 22

vertical vector field, 32
volume element, 16
volume measure, 26
vortex equations, 3
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