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Disclaimer

These are notes from a course given by Mario Garcia-Fernandez in 2011.! They have been written
and TeX’ed during the lecture and some parts have not been completely proofread, so there’s
bound to be a number of typos and mistakes that should be attributed to me rather than the
lecturer. Also, I've made these notes primarily to be able to look back on what happened with
more ease, and to get experience with TeX’ing live. That being said, feel very free to send any
comments and or corrections to fuglede@imf . au.dk.

The most recent version of these notes is available at http://home.imf .au.dk/pred.

1st lecture, August 24th 2011

1 Overview

Today we give an overview over and a plan for the course. Precise definitions are postponed to
the next lecture. Let X be a complex manifold — i.e. a topological manifold with an atlas such
that transition functions are holomorphic C* — C". Examples are P* = P(C"*1), C", complex
submanifolds X C P" (projective manifolds), and Z = {z € P" : f;(2) = 0} for homogeneous
polynomials f; (projective algebraic varieties). We want to address the following question: Which
complex manifolds are projective?

Theorem 1.0.1 (Chow). Any complex projective manifold is algebraic.

So which complex manifolds can be embedded in P*? The answer turns out to be the following,
known as Kodaira’s embedding theorem: When there exists a holomorphic line bundle L — X
(i.e. a complex manifold L with a map L — X whose fibers are isomorphic to C), and a hermitian
metric A on L such that the curvature Fj, of h is such that iF}, is positive. Consider X C P™. The
restriction of the natural metric gpg on P" to the manifold X has some nice properties. Namely,
the Levi—Civita connection V on (X, grg) preserves the complex structure on X. A metric with
this property is called Kéahler, so all projective manifolds are Kéhler. The 2-form iF}, defines a
Kahler metric on X.

So why is this true? Consider a line bundle L — X with a metric h such that iFj}, is positive.
Consider then the N + 1-dimensional space H°(X, L) of holomorphic sections of L. This has a
basis {s;} which can be used to embed X <+ PV. The proof requires Hodge theory (and the theory
of elliptic operators and Sobolev spaces) and sheaf theory.

Why should we care about this? If ¢ : X < PV is an embedding, then ¢*grgs has nice
properties for suitable embeddings ¢. For instance, if X admits a Kédhler—Einstein metric gg, one
can approximate gg by ¢*gps. There is a similar story for hermitian metrics on bundles, which
approach Hermite—Einstein metrics.

The course will follow | ].

2nd lecture, August 25th 2011

2 Complex manifolds

2.1 Manifolds and morphisms

We begin with a discussion of complex manifolds and holomorphic vector bundles. A reference for
the following is [ ]. Let C be the complex numbers, and let U C C™ be an open subset of C",

IThe course homepage is located at http://aula.au.dk/courses/QGME11TKG/ — that probably won’t be true
forever though.
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and let O(U) denote the set of complex valued functions f : U — C that are holomorphic. That
is, we let C" = R™ x R™ with coordinates z = (z,y), and holomorphicity of f means that

_ "L of
j=1

where we think of dz; as formal variables and let

Of _ 1 9F |, 0F
8@- N 2(8xj —H@yj)'

Another way of describing holomorphicity is that near a point zg € U, we have

n

FE) = Y Gaya, (21— )M (2 — 20)

a1y, =0

Let M be a topological manifold (i.e. M is Hausdorff, its topology has a countable basis, and it is
locally homeomorphic to R?").

Definition 2.1.1. A holomorphic structure on M, denoted Oy, is a family of C-valued functions
defined on open subsets U, f : U — C, satisfying the following two properties:

a) For all p € M, there is an open neighbourhood U of P, and a homeomorphism h : U — U’ C
C", such that for all open V C U we have f € Op(V) if and only if foh™! € O(h(V)).

b) If a function f: U — Cis in Oy (U), and U = |J,; U;, then f € Op(U;) for all i.
Remark 2.1.2. We make the following general remarks.
e You can define smooth manifolds similarly.
e There are “more” holomorphic structures such that the corresponding smooth structures are
the same.
Definition 2.1.3. For complex manifolds (M, Oys) and (N, Op) define the following:

a) An O-morphism (or a holomorphic map) F : (M,0Op) — (N,Op) is a continuous map
F: M — N, such that f € Oy if and only if fo F € Oyy.

b) An O-isomorphism (or a biholomorphism) F is an O-morphism, which is also a homeomor-
phism with F~! an O-morphism.

Given two coordinate systems h; : U; — C™ with U; N Uy # (), then we have that hy o h' :
h1(Uy NUs) — hao(Uy NUs) is a biholomorphism.

Conversely, having a family of functions with this property defines a complex structure: Let
{Uqa}aea be an open cover of M, and {h, : U, — U/, C C"} a set of properties satisfying the
above property, then we let Oy; consist of functions f : U — C, where U is open on M, and
fohyt e Oha(Uy,NU)).

Example 2.1.4. The following are examples of complex manifolds.
1. C".
2. Subsets U C (M, Oyy).
3. Let £ < n, and let My, be k x n matrices with entries in C. Let M, be those of rank

m. We observe that M ,’jn is a holomorphic manifold, since My, ,, = CF™ has a holomorphic
structure, and

l
M, = J{A € My, | det A; # 0},

i=1



where aq, ..., A; are the k-minors of A.

We endow M, with a holomorphic structure as follows: Let Ty € My, , and define an open
nelghbourhood W of Tj as follows. For permutation matrices P and Q,

Ay B
rno- (@ 5)

with Ay a non-singular m x m-matrix. Now, put

A B
W:{TGMk)n|PTQ:(O D),A—A0||<€},

which is an open subset of My ,. Let U = W N M;!,. We now need to define the map h.
Note that T € U if and only if D = CA~!B; this follows from the fact that

In 0 \(A B\ (A B
—CA™" Im)\C D)T\0 D-CA'B)"

Now define h : U — C™ +(n=m)m+(k=m)m _ cm(n+k—n) by

= (4 7).

and note that h is a homeomorphism onto its image.

Definition 2.1.5. A closed subset N C (M, Oy) of a complex manifold is called a submanifold
if for every zo € N, there is a coordinate map h : U — U’ C C" such that h(U N N) = U’ N CF,
k <n.

Definition 2.1.6. A holomorphic map f: (M, O ) — (N, On) is an embedding, if it is a biholo-
morphism into a submanifold of (N, Oy).

Example 2.1.7. Whereas the previous examples were all non-compact, the following is an example
of a compact complex manifold: Let the Grassmannian be the space

G (C™) = {k-dimensional linear subspaces of C"},
and define a map 7 : M¥, — G(C") by

ay
A 7| ¢ | = {k-dim subspace spanned by a1, ..., ax}.

ay
Note that GL(C*) acts on M,’jn by multiplication of matrices, (g, A) — g+ A. The quotient is
M,/ GL(C") = Gi(C™).

Thus, we endow G (C™) with the quotient topology, so it is Hausdorff and its topology has count-
able basis. The map 7 : {A | ATA = Id} — GR(C") is surjective, so G1(C") is compact.
Coordinates are defined as follows: Let
Uy ={s € Gr(C") | s =m(A),det A, # 0},
he : Uy — CHO=R)
ha([A]) = AJYA,, A-P,=[A A,
For k =1, G1(C"™!) = P", and the map U, — C" is given by

[(mo: - :ap)] = (To/Tay- -y Tn/Ta)-
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2.2 Projective manifolds

Last time we defined complex manifolds and gave examples. Compact examples were projective
space and Grassmannians. Today we begin with holomorphic bundles.

Definition 2.2.1 (Embedding). A holomorphic map f : (M,Ox) — (N,On) is an embedding if
it is a biholomorphism onto a submanifold of (N, Ox).

Definition 2.2.2 (Projective manifold). A compact complex manifold which admits an embedding
into P" for some n is called projective.

Definition 2.2.3 (Projective algebraic manifold). A manifold X is called projective algebraic if it
is biholomorphic to the zeroes of a finite set of homogeneous polynomials in P™.

A projective algebraic manifold is
X =A{[zo:---:xy] €P" :pj(z) =0,p; hom. of degree d;}.

Remark 2.2.4. Define I(X) = {p € Clzo,...,zy] : p(r) = 0V¥x € X}. This is an ideal of C[zy :
-++: p] generated (by the Hilbert basis theorem) by a finite set {p1,...,px}.

We have a map {Sets in P"} — Ideals in C[zy,...,x,] mapping S — I(S). There is a sort of
inverse map provided by the Nullstellensatz.

Example 2.2.5. Let H = {[zg : -+~ : x,] € P" : 3" a;x; = 0} for (a,...,a,) € C"*'\ {0}
We claim that this is an (n — 1)-dimensional submanifold of P, so we need to find suitable
coordinates. Let Uy = {& € P" : 29 # 0}. Then H N Uy are now given by those points satisfying
arx1/xo+ -+ anx, /T = —ay,. Using x1,...,x, this defines an affine subset of C". By an affine
transformation, we take H N Uy to C*~ L.

In general, if X = {z € P" : p;(xz) = 0} we need to apply the implicit function theorem to
prove that X is a submanifold, i.e. that locally it is just C¥ C C™ for some coordinates.

Exercise 2.2.6. Check conditions on pq, ..., pg to provide a submanifold.

Remark 2.2.7. By the theorem by Chow, every projective manifold is algebraic. By a theorem of
Whitney, every smooth manifold can be embedded in R?"*!, but not every complex manifold can
be embedded in CV. All examples must be non-compact: Suppose X is a complex, compact and
connected manifold with an embedding ¢ : X < CV. Taking the i'th coordinate xz;, we obtain a
map ¢; : X <— C" & C. Since X is compact, |pi| attains a maximum, so ; is locally constant
by the maximum principle, amd so ¢; is constant, but this means that ¢ can not be an embedding
unless dime X = 0.

We ask the following question: Which compact complex manifolds are projective? The above
remarks tell us that to do extrinsic geometry, we can not use holomorphic functions on X, so instead
one uses “twisted functions” These are something like locally defined functions which “patch
together”. For example, there are no non-constant holomorphic functions on P!, but p € Cg[zo, 1]
defines a map p/xlg on Uy and p/z¥ on U;. Here Cj denotes homogeneous polynomials. More
precisely, our patching together will corresponding to having global sections in a certain line bundle.

Remark 2.2.8. Every smooth manifold admits a real analytic structure, but not all smooth man-
ifolds admit complex structures; for example, they have to be even-dimensional, but if it is not
clear if there are obstructions to having complex structures on even-dimensional smooth mani-
folds. If there is one complex structure, then usually there are many, which leads to considering
moduli spaces of such. For example, any generic polynomial p in Cy[zg, 1, z2, x3] determines
a 2-dimensional projective manifold in P3. These are called K3-surfaces. It turns out that the
manifold X,, obtained from p is diffeomorphic to a fixed smooth manifold M.



2.3 Vector bundles

Definition 2.3.1. A complex vector bundle is given by a continuous map m : E — X between
Hausdorff (second countable) spaces if

a) The fiber E, over p € X is a C-vector space of dimension rank r =: rk(E) for all p.

b) For all p € X there exists an open neighbourhood U C X of p and a homeomorphism
h:7 Y U) — U x C" satisfying H(E,) C {p} x C" and such that h, : E, A {p} xC" = Cr
is a vector space isomorphism.

In the definition of a vector bundle, E is called the total space, and X is called the base
space. Given local trivializations (Uy, ha), (Ug, hg), we can form homeomorphisms h, o it
(UaNUg) x C" — (Uy NUg) x C", and we view these as maps gqp : Uy N Ug — GL(r, C), called
transition functions. These will determine the patching together mentioned in the previous section.

The transitions functions satisfy the following properties:

9apgpyGvya ZId, on UamUﬂmey,
Jaa =1d, on U,.

Definition 2.3.2. A holomorphic vector bundle over a complex manifold X is a complex vector
bundle 7 : E — X such that

e F is a complex manifold,
e the map 7 is holomorphic,
e and the local trivializations are biholomorphisms.

Note that for a complex vector bundle 7 : E — X we have a family {(U,, ho)} of trivializations
and continuous transition functions gag : UoNUs — GL(r, C) satisfying the properties from before.
We want to do a converse construction, and let {U,} be a covering of X with a family g,z as before
satisfying the properties from before. Consider E = LJ, Ua x C" with the product topology and
form E = E/ ~, where (z,v) ~ (y,w) if ¢ = y and v = gop = S for (z,v) € Uy x C" and
(y,w) € Ug x C".

Ezercise 2.3.3. Endow E’ with a structure of a complex vector bundle.

We turn now to the question of creating holomorphic bundles from transition functions. Again,
let {Uy} be a covering of a complex manifold X, and assume that the maps gop : UaNUz —
GL(n, C) are holomorphic (noting that GL(r, C) is a complex manifold). Then E' = | | Uy, xC"/ ~
has the structure of a holomorphic vector bundle (this is left as an exercise).

Example 2.3.4. The following are holomorphic vector bundles.
1. If X is a complex manifold, then the trivial bundle 7 : X x C™ — X is holomorphic.

2. If X is a complex n-dimensional manifold, with a family of local coordinates h,, : Uy, — U/, C
C" on {Us}aecr. Now define gog = dhqy 0 dhEl. This defines a holomorphic vector bundle
TX called the tangent bundle.

Definition 2.3.5. Let 7 : E — X be a holomorphic vector bundle. Then for U C X we define a
bundle E|y — U by restricting the bundle E to 7|1y : 7= *(U) — U.

Definition 2.3.6. For holomorphic vector bundles £ — X, FF — X, a holomorphic map ¢ : £ —
F is called a homomorphism of holomorphic bundles if

1. ¢(E,) C F, forallp € X,

2. ¢p : E, = F), is a homomorphism of complex vector spaces.



The map is called an isomorphism if furthermore the ¢, are isomorphisms.

Remark 2.3.7. We will typically be interested in isomorphism classes of vector bundles. In partic-
ular, moduli constructions parametrize vector bundles up to isomorphism.

Example 2.3.8. We give another description of the tangent bundle TX. Let again X be an
n-dimensional complex manifold. Let Ox , = liganp Ox (U), which is an algebra over C. In other

words,
Oxp={f€Ox(U):peU}/~,

where f1 ~ fo if there is an open neighbourhood V. C Uy NUs, p € V, such that fi|y = fa|v. The
class [f] is called the germ at p.
We define the fibers of the bundle T'X as follows: For p € X let

T,X ={D:0x, — C:D(fg) = fD(g) + gD(f), D is C-linear}

be a C-vector space. Then we let TX = Upex T,X with projection 7 : TX — X mapping
D, +— p. This defines a bundle with trivializations defined as follows: Let (Ug, hq) be an atlas
for X, so ho : Uy — U/, € C". These induce isomorphisms A}, : Oc . () — Oxp for p € X
defined by [f] = [f o ha]. We obtain dual isomorphisms hq, : T, X — T} (,)C". We know that

Th,»C" = C" with a basis given by partial derivatives {8%1, ol %ﬂ , where 2- = 1(.2 0 )

0z; 2
for 2 = x + iy. Now the trivializations v, : 771 (U,) — U, are given by D, > (p, ha,(D,)), using
the isomorphism above.

The topology on TX is defined such that U C TX is open if ¢, (U N 7~1(U,)) is open, and
one can check that a change of coordinates corresponds to the transition function description given
above.

Bacj Byj

In this picture, the “twisted functions” from before correspond to sections of a holomorphic
bundles.

Definition 2.3.9. Let 7 : E — X be a holomorphic bundles over X. A holomorphic section of
FE is a holomorphic map s : U — E, U C X an open subset, such that m o s = id. The space of
holomorphic sections on U is denoted Og(U), and for reasons that will be clear later, we write
H°(X,E) = Op(X).

Example 2.3.10. Consider the trivial bundle X x C". Then Ox«c(U) = Ox(U), the space of
holomorphic functions on U. This is the reason for viewing sections as twisted functions. If X is
compact and connected, Ox xcr(X) = Ox(X) = C.

Holomorphic sections of T X are called holomorphic vector fields.

Remark 2.3.11. A global section s € Og(X) is equivalent to the following data: A collection of
holomorphic maps so : Uy — C", {Ua}aer an open cover of X with transition functions g.g,
satisfying gag - Sg = 8o on Uy N Ug.

Exercise 2.3.12. With a description of a section s of F as in the above remark, construct a section
of E' = (], Ua x C")/ ~. Show that E’ and E are isomorphic.

4th lecture, September 1st 2011

Recall from last time that for a holomorphic line bundle 7 : E — X (i.e. a complex manifold locally
looking like U x C", U C X), we obtained holomorphic transition functions gag : Uy N U —
GL(C"), for open subsets {U,}acr. From these we could recover the line bundle through the
construction E’ = (|, (Us x C"))/ ~= E. We considered global holomorphic sections s : X — E
(i-e. holomorphic maps satisfying wos = Id), which in the E’ description were given by holomorphic
maps {Sq : Us = C"} such that gagsg = sa.



We consider now various bundle constructions. The idea is that bundles inherit properties from
vector spaces. For vector spaces V, W over C, we can construct new vector spaces VoW, VoW,
V*, A¥V, S*V and so on. These have counterparts for holomorphic (or topological complex)
bundles. I.e. for bundles F and F, we can form F & F, E® F, and so on.

The global description of these new bundles are as follows: For example,

EoF:=||EoF,.
peX

The projection to X is simply given by m(v, @ w,) = p. One can then use trivializations of E and
F to construct the holomorphic structure. Namely, define

RE®E . 7= 1(U,) - U, x C" x C*

by hE®F = hE @ hE. Similarly, the local structure is given by the transitions functions gfgaF =

gfﬁ ® gk - Similarly, we could construct tensor products of bundles and so on.

For the dual bundle E* of E, we do the following: In the E’ description, we simply let gfﬁ =
((gfﬁ)’l)T. We know there is a pairing E* x E — C mapping (vp, wp) +— (vp, wp). Now, take a
section {sq}acr of E given in the local description, so s, : Uy — C" and take a section {wq }aer
of E*. Then

(w,s)|p = wﬂp “Salp = ((ggﬁ)ilwﬁ)ﬂp “(9apsp)lp = w§|p +58p-
We will now see how the bundle and its dual may be different in the holomorphic category.

Remark 2.3.13. On the tangent bundle TM, as a smooth bundle, with M a smooth manifold,
any Riemannian metric ¢ defines an isomorphism TM — T*M = (T'M)*. However, holomorphic
bundles do not behave in this way. If F is a holomorphic bundle which has “many” global sections
and is “very non-trivial”, then E* has no global sections, and so the bundles can not be isomorphic.

Let us make this precise.
Definition 2.3.14. A subbundle F C E is a complex submanifold of F such that
a) the fibers F'N E, is a vector subspace of E,, and

b) the projection 7|r : F — X has the structure of a holomorphic bundle which is compatible
with that on E in the following sense: For every point p € X there is a trivialization of E
and F' such that the diagram below is commutative.

Ely —=—U xC"
T Tidxinjection
Fly ——=U x C¥

Now, we think of a very non-trivial bundle as one with no trivial subbundles of rank greater
than 0, and the remark becomes the following.

Proposition 2.3.15. Assume that X is compact. If E is generated by global sections (E is ggs,
see below), and it has no trivial subbundles, then E* has no non-zero global sections.

Definition 2.3.16. A bundle F is ggs if there exist sections {sj}i-vzl C Og(X) such that for all
p € X, the fiber E, is generated by the s;],.

Proof of Proposition. Let s* € Og«(X). Then since X is compact
(s%,8;) € Ox(X) =C.

Since E has no trivial subbundles, s; must vanish somewhere on X (since otherwise, s; would
determine a rank 1 subbundle). This implies that (s*,s;) = Ofor all j, and so 0 = s*|, € E for all
p € X, since the s; generated E,. Thus s* = 0. O



The reason for being interested in questions as the above is that having a bundle being generated
by global sections defines a map into a Grassmannian (and we are trying to find out when manifold
embed into projective space). Namely, if E is ggs, then {s; }évzl C Og(X) induces a holomorphic
map @5 : X — G,.(CN), where r = rank F, constructed as follows:

First, the Grassmannian is G,.(CV) = M[, / ~, where ~ denotes the action of GL(C"). Now,
for x € X define

ps(x) = [(s1alz, - - SNalz)],

where s;, € C" is a local expression of s; on a trivializing set U,. This is well-defined, which can
also be seen as follows: Another description of the Grassmannian is given by the identification of
G, (CN) with surjective maps ¢ : CN — C” modulo the action of GL(C"), i.e. modulo the choice of
basis in C”. In this description, @s(x)(vi,...,vn) = > v - Sj|z € By, which is clearly well-defined,
and the map ¢s(x) is surjective since E is ggs. The first description tells us that ¢, is holomorphic.

Example 2.3.17. We consider the universal bundle over G, (C™). In the first description, this is

U-={(,[A):Ae M, ,ve(al,.. . o)y CC" x G.(C")}.

rn’

Here, the a; are the rows of A. A trivialization of U, is given on
U, = {[4] : det A, # 0}
by Uy|u, — Ua x C" mapping
(v, [A]) = ([A], AT(AAT) " Av).

This means that if v € (a,...,al), then v has the coordinate expression v = AT\ in terms of
the basis {a;}. Here, A\ = (AAT)"!Av, and in order to obtain a well-defined element of C”, we
multiply by AL in the expression above.

In this example, the transition functions are given by

gas = Aq(A3) 7"

Example 2.3.18. Using the second description of G,.(C™), we define the universal quotient bundle
Qr — G,(C™) with fibers

QT“S&] = (C"/ker @,

for a surjective map ¢ : C* — C". This is well-defined since ker ¢ does not depend on the basis.
To obtain a trivialization, we choose bases to identify ¢ = A. We then define Q. |y, — Uy x C”
by letting ([v][(4)) — ([A], A5 Av) (which is well-defined as before).

Here, transition functions are

JaB = A;lAB.

So, by the previous description of transition functions of dual bundles, we see that U, = Q). We
have a pairing

(wliay, (v, [A])) = wl AT (AAT) ! Av

for w(i4) € Qrlia), (v, [A]) € Url(a). This defines a map Q, — U mapping w ~— (w,-) that turns
out to be an isomorphism (this is left as an exercise).

Observe that @, is generated by global sections. To see this, consider the map C"* — Og, (G, (C™))
mapping w — (s : G(C) = Q,), where s is given by s([¢]) — [w] € C"/ker p. For any choice of
basis, {w;} of C*, we can generate C"/ker ¢ for all ¢, which implies that Q, is ggs.

10



Remark 2.3.19. If @, has no non-trivial subbundles, then it follows from the Proposition above that
U, has no non-zero global sections. Let us see that this is true for r = 1. Note that G;(C") = P"~1.
Consider now Q™. We use the following notation: Q1 =: Opn-1(1), QY™ =: Opn-1(m) for m € Z
where by definition, Q™™ = (QY™)*. Let k = n—1. We want to compute OQ?m(JP’k). For m > 0,
we have transition functions

Jap([zo 2 -+ y]) = 2 [,

where we use trivializations U, = {[zo : - -+ : @] : o # 0}. This is because transition functions of
tensor products are simply tensor products of transition functions, which correspond to products
in the 1-dimensional case. Recall that a global section is so : Uy = {(%0/Zas ..., 2k/20) — C
satisfying gngsg = so. This is satisfied if and only if

g sg(zo/zp, - TK/T8) = 2o 50(T0/Tas - - Th/Ta)-

Thus, pa = Sa(T0/Tay .-, Tk/Ta)x is a homogeneous polynomial of degree m which does not

depend on « by the relation above. Here, that p is homogeneous means that
p()‘IOa EERE) Axm) = )‘mp(x(b B Ik)‘

Therefore we have an isomorphism
OQ?’"Z (Pk) i) Cm[x07 ey ij]

The case m = 0 is trivial, since the bundle QY™ is the trivial bundle by definition, and global
sections are identified with the complex numbers.

For m < 0, if one tries to copy the argument for m > 0, one finds that “global sections” have
poles (so they are not globally defined).

Let us check that for m > 0, global sections of Q{™ induce a map in G1(CV) to PM (where N
is the number of global sections we choose to generate the fibers). Choose a basis of C,[zo, . . . , k]
given by {z{'° -+ 2™ : 3" m; = m}. As before, this induces a map ¢ : P¥ — PM given by

O:lwo: e Xp] = [l sl ey s X2
We claim that this is an embedding. We have coordinates given by zy™ - - - :172“c = Zmy...m,,- The
image of ¢ is given by zeros of polynomials,

Ziy.inZio..jr — Lmo...2x lg..1, = 0,

k

where iy, + j, = myu +1, for all h. That the image coincides with the zero locus is left as an exercise.
To see that ¢ is an embedding, define V; C P™ by

‘/i - {[ cel Zmozk o ] : ZO...OmO...O 7é 0}7
where the m is at the i’th place. Note now that ¢(U;) C V; and ¢(P*) C |, Vi. We can define an

inverse of ¢ over V;. On Vj, it maps
[' sl Z77L()...1n;C e } = [ZmO...()» Z(m—l)lO...07 Z(m—l)OlO.A.O] = [xglv mz)nilmla x?71x2]~

The final thing to check is that these partial inverses can be glued together over the image of ¢ by
the equations to give us a biholomorphism from P¥ to its image under .

5th lecture, September 5th 2011

We begin today with a discussion of pullback bundles. Recall from last time that we discussed how
bundles over complex manifolds generated by global sections give rise to maps from the manifold
to the Grassmannian G, (C™).

We ask the following question: Given a holomorphic map ¢ : X — G,.(C"), can we recover the
sections that induce p?
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Definition 2.3.20. Let f : X = Y be a complex map. A holomorphic morphism f : E — F of
bundles F — X FX is a holomorphic map f : E — F, such that fibers are taken isomorphically
to fibers.

Note that such a map f induces f : X — Y by f(rg(e)) = np(f(e)). Let 0g : X — E be the
zero section. Then f(x) = f(0g(x)). Identify Y = 0p(Y). Then Op : Y — F' is an embedding.

Proposition 2.3.21. Given a holomorphic map f : X = Y and a holomorphic bundle E — Y.
Then there exists a holomorphic bundle E' — X with a holomorphic morphism f : E' — E so that
TE © f = fO TE .

Furthermore, this bundle is unique up to isomorphism
Proof. Let E' = {(x,¢e) € X x E : w(e) = f(z)}. The morphism g : E' — E maps (z,e) — e and
the projection is g/ : E' — X mapping (x,e) — x. Let (U, h) be a trivialization of E. Then

Eljry — f oy xcr

mapping (z,e) — (x,mcr(h(e))) defines a trivialization, and we obtain transition functions on F’,
which we can check satisfies the properties of the Proposition. O

Remark 2.3.22. 1. All of this holds for topological and differentiable bundles as well.

2. We have the following theorem: If E — M is a real rank r differentiable bundle over a
compact differentiable manifold, there is N > 0 and a embedding ¢ : M — G,.(RY) such
that ¢*Q, = E.

3. This is not true for holomorphic bundles. The reason is that pullbacks have the nice property
of preserving the property of being generated by global sections, which we know not all
bundles have. More precisely, given £ — Y and f : X — Y as before, then we have a
homomorphism of C-vector spaces f* : Og(Y) — Og«g(X) which maps s — f*s, where
f*s: X — F*E maps x — (z,s(f(x))). In general this may not be injective nor surjective,
but we have the following:

Fact 2.3.23. If E is ggs, then f*E is ggs. Moreover, if {sj}é-vzl generate E, then {f*sj}é-vzl
generate f*E.

Proof. If v € X, then Ey ) = (sj]f(x)) if and only if f*E|, = (f*sjl.)- O

Example 2.3.24. For m > 0, Opn (—m), as defined in the previous lecture, has no non-zero global
zero sections. Thus it can not be the pullback of Op~ (1) over PV since Opn is ggs.

Proposition 2.3.25. Let E be ggs and let ¢ : X — G.(CN) be the map induced by sections
{5}, C Op(X). Then ¢*Q, = E.

Proof. We do the case r = 1, so ¢ : X — P(CY), which by definition is given by = + [s1(x) :

-1 sy(z)], where [z1 : -+ : x,,] are the homogeneous coordinates on P(CV). Define V; = {z €
X :s;(x) # 0}. Then X = U,;V; (since if not, there is an z € X with sj(z) = 0 for all j so E is
not ggs). A trivialization of E is h : E|y;, — V; x C given by v, + (2,v,/s;(x)). The transition
functions are given by

si(z)

5(@)”

To prove that ¢*Q, = E, we just need to check that they have the same transition functions, so
we compute those of ©*@);. These are gl@'}*Ql 1 1 (U;)Ne~1(U;) — C*. Note that by construction
0 1 (U;) = V;, and

- ; si(z) .

gji(w)v =

12



Remark 2.3.26. The sections {s; }é\le are pullbacks of the socalled hyperplane sections {x; }é\le C
Clz1,...,2n] & Og, (P(CY)). In conclusion, holomorphic maps ¢ : X — G,.(CV) correspond
bijectively to bundles E — X globally generated by sections {s; }§V:1

Recall at this point that what we are looking for are holomorphic embeddings into G,.(CN). In
the vector bundle picture, these maps correspond to so-called ample line bundles.

Example 2.3.27 (The red carpet of embeddings 2011). The following are examples of embeddings
and the corresponding bundles.

n+m

1. The Veronese embedding PV « p("n")-1 corresponds to the line bundle O~ (m), m > 0.

2. The Segre embedding of the first exercise Pt x P2 — Pmin2tmitn2 corresponds to the line
bundle 7 Opni (1) ® 75 Opn2 (1), where m; : Pt x P"2 — P™ are projections.
3. The Plucker embedding Pl : G,.(C") — p((7)-1 = P(A"C™) mapping
[p:C" > C'l = [A@: ATC" = A"C" = C].
Here, A" maps vi A -+ Avp = @(v1) A--- A p(vr). Recall that we have a map C"* —
0g, (G,(C™)) which maps w — s, = [w] € C"/ker ¢, where G, 3 [¢] — [w]. Recall that Q,
is ggs. The image of the map A"C"™ — Oxrq, (G,(C™)) mapping
W1 A AWy > Sepy Aveonan, = [W1] A A [wy]
generates det @, := A"Q, and induces a map
Pl: G.(C™") — P(A"C™)
mapping a map [¢] to the map A"C" — det Q|,] mapping w + sy|[,). This map Pl coincides

with the map Pl given previously, which is therefore well-defined.

Ezercise 2.3.28. Write up the last example in matrix notation; see the equations for the image of
P1 given by | , p. 114].

3 Detour on GIT

GIT stands for Geometric Invariant Theory and involves the 15th problem off Hilberts problem
list. It has to do with rings and invariants by representations. In modern algebraic geometry, rings
can be viewed as algebraic varieties or schemes. To understand this, we give a brief introduction to
Lie groups and actions and try to understand how to parametrize orbits on a projective manifold by
the holomorphic action of a complex Lie group (see Fig. 1). The main reference for our discussion
on Lie groups is | ]. For a discussion of Lie group actions, see [ |, and for a discussion
on GIT quotients, see [ ] (further references on geometric invariant theory are | ] and

[ D

3.1 From projective manifolds to rings and back

Our first goal is to understand relation between rings and algebraic varieties and schemes. Let
i: X < P(C") be a projective manifold. Then X determines a ring R which is finitely generated,
has no zero divisors and is graded. Define

Ox (k) = i*Opn (k) = i* Opcny (1),
R = ®r>000, 1) (X) = @konO(Xa Ox(k)),

noting we have a multiplication H°(X,Ox(k)) ® H(X,Ox(m)) — H°(X,Ox(k + m)). This
ring is graded by k, and it is finitely generated: Take, by Chow’s theorem, polynomials {p; }3?:1,
degp; = d; homogeneous polynomials (but see the first comment of Lecture 6), such that

X ={zeP(C"):pjx)=0foralzc X}

13



P(CN) P(C™)

\
G

Figure 1: A projective manifold X in P(CY) with an action of a Lie group G — the red line
symbolizes a parametrization of the orbits of the action.

Claim 3.1.1. The ring is R = Clxy,...,2Nn]/{(pP1,...,0k) =t R’

If this is true, then clearly R is finitely generated, and it has no zero divisors (since if it had,
X which would be singular — this is left as an exercise).

Proof of Claim. Let [p] € R’ be homogeneous of degree k. Associate to this the section s, €
HO(P(CN), Op(cwy(k)). Pulling back, we get an element i*s, € H°(X, Ox (k)) which depends only
on the class of p.

Conversely, if s € H°(X,Ox (1)), view s as a holomorphic map s : Ox(—1) — C, linear on
fibers, where

Ox(-1)={(v,z) e CN x X : [v] = X} c CN x P(CN).

By definition, s gives a holomorphic map f : U — C, Ox(—1) C U C CN x P(CV), such that
flox(=1) = s. Then for z € X,

s(o.2) = s, 2) /3 = lim TOT) — g ) = 3 A,

where \; are holomorphic on the zero section, so by compactness of X, the \; are constant. Thus
s = > A\ii*X;, where the X; are the hyperplane sections. Now, to s associate [A\;X;] € R, and
extend this construction to higher degree pieces.

It is easy to check that these two associations induce an isomorphism of the full graded rings. [

So, to a projective manifold X, we have associated a ring Rx. To invert this map, we need
something more general than projective manifolds; namely projective algebraic varieties. To give
some idea about how this goes, let R be a finitely generated ring with no zero divisors. Pick

generators e, ..., ey of R. Consider the map v : C[z1,...,zn] — R given by x; + e;. The kernel
of this map kerv C Clzy,...,z,] is a graded ideal. The Hilbert basis theorem implies that graded
ideals of C[x1,...,x,] are finitely generated, and we pick p1,...,p of ker v, which can be taken

to be homogeneous, since the ideal is graded. Now, let
Xp={zeP(CN):p;(x) =0, j=1,...k}.

Then Rx, = R. Note however that for general R, X, is singular; an example could be z?+z3+2% =
0 on P(C*). Le. Xg is not necessarily a manifold but a projective variety.

In working with GIT, we will only consider the rings Rx. Therefore, the theory holds for things
more general than projective manifolds.

In the next lecture, we will be considering groups that further have a complex (or differentiable)
structure, and we will consider representations of such, p : G — GL(C"). Whenever we have such
a thing, we also have an induced “action” of G on P(C¥), i.e. a map G x P(CY) — P(C¥). This

14



will induce “actions” on complex submanifolds of P(C?), and our goal is to parametrize the orbits
of X to obtain the so-called GIT quotient X /G. The idea is to assocate to invariant elements RS
of Rx with a suitable action of GG, to obtain a projective manifold X RS-

6th lecture, September 7th 2011

We begin with some comments about yesterday’s lecture. Recall that for a projective manifold
X C P(CV), we defined a ring R = @p>0H°(X,Ox(k)), which turns out to be finitely gener-
ated, to have no zero divisors and to be graded. In the proof of this, we used that R & R’ =
Clz1,...,zn]/{p1, ..., k). The p; are homogeneous polynomials given by Chow’s theorem, which
tells us that

X = {z eP(C") :p;(z) = 0}.

We do in fact need to assume that the equations p; = 0 to have maximal rank away from 0. This is
what allows us to use the implicit function theorem. For example, if we changed p1 =0,...,px =0
top? =0,..., p% = 0, we would not change the manifold, but it would change the ring to one with
zero divisors. So, alternatively, we could have defined Ix = {p € Clz1,...,zn] : p(z) =0,Vz € X}
and then defined R = Clzy,...,z,]/Ix.

Remark 3.1.2. The Ix defined above is the radical Ix = rad(pi,...,px). Chow’s theorem implies
that Ix # (), and that we can recover the manifold X as X = X7, :={z € P(CY) : p(z) = 0,Vp €
Ix}. A proof of this statement can be found in | ]

3.2 Lie groups
We turn now to Lie groups and actions. We want to parametrize orbits on complex manifolds.

Definition 3.2.1. A topological group G is a group endowed with a topology such that the mul-
tiplication (g, h) — gh and inversion g — g~! are continuous operations.

Definition 3.2.2. A differentiable resp. complex Lie group is a topological group endowed with a
differentiable resp. holomorphic structure, such that multiplication and inverstion are differentiable
resp. holomorphic maps.

Example 3.2.3. Examplgs of Lie gruops are the groups of matrices over either R or C with the
topology induced from C™ . For instance

GL(n,C) = {A € M,;x»(C) : det A # 0}
and similarly GL(n,R) are Lie groups. Similarly
SL(n,C) = {A € GL(n,C) : det A = 1}

is a complex Lie group. In these examples, the Lie bracket corresponds to [A, B] = AB — BA for
matrices A, B.

Denote by Ly : G — G the map h + gh and by Ry : G — G the map h — hg. Let LieG be
the space of left-invariant vector fields,

Lie G = {y vector fields on G : Lyy = yVg € G}.

This is a Lie algebra (see [ ]) over R or C, inheriting a Lie algebra structure from the vector
field Lie bracket on G.

Proposition 3.2.4. We can identify Lie G = T.G, where e is the neutral element in G.

Proof. Define a map T.G — Lie G by letting { — (ye : G — TG, g — (Lg)«). This has an inverse
y — y|e, and the maps are isomorphisms (exercise). O
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The exponential map exp : LieG — G maps y — gazl}(e), where gogt/ is the flow of y. Remark
that it is not obvious that go‘; exists for ¢t = 1, since G may not be compact. The exponential is a
diffeomorphism or biholomorphism on a neighbourhood of e € G which follows from the fact that
Id = dexp|. : LieG — LieG.

3.3 Lie group actions

Lie group actions intuitively describe symmetries of objects. Let X be a differentiable or complex
manifold.

Definition 3.3.1. An action of a topological group G in a topological space M is a continuous
map G x M — M mapping (g, z) — g o x satisfying the following properties:

1. For all g1,92 € G, p € M, we have (g192) op = g1 © (g2 © D).
2. Forallpe M, eop=p.

The idea of is roughly the following: An action is a parametrization by M of copies of G inside
M by looking on the image of a group elements under the map G x {z} — M for a point = € M.
In the following, we will write g-p = g o p.

Definition 3.3.2. The orbit of p by Gistheset G-p={g-p:g € G}.

Definition 3.3.3. The isotropy group of p € M is the subgroup G, C G given by
Gp={9€G:g-p=p}

The isotropy group is exactly the obstruction to the action parametrizing copies of G in M.
More precisely, we can identify orbits as G - p = G/G,, so we are really parametrizing copies of G
and quotients of G.

3.4 Quotients by actions

Let G x M — M be an action. We define the topological quotient G\M to be the quotient
topological space M/ ~ where p; ~ ps if and only if there is an element g € G such that g-p; = pa.
In other words, if p; € G - ps.

One finds various problems with this: One is that typically complex groups are non-compact,
which means that orbits may have lower dimensional orbits on their closures, and the quotient
G\ M is not necessarily Hausdorff. Thus we need another notion of a quotient by an action; the
GIT quotient is a machinery that tells us which points to remove from the space M to make sure
the quotient spaces are in fact manifolds.

7th lecture, September 13th 2011

Last time, we introduced Lie groups (i.e. topological groups with either a differentiable or complex
structure compatible with the group structure), and for a Lie group G, we defined the Lie algebra
Lie G as the left-invariant vector fields on G. We introduced the exponential map exp : Lie G — G,
which is a diffeomorphism onto a neighbourhood of the identity. Finally, we introduced actions of
topological groups on topological spaces.

Definition 3.4.1. A Lie subgroup K C G of a (differentiable/complex) Lie group G, is a subgroup
which further is a (differentiable/complex) submanifold.

Definition 3.4.2. A Lie group homomorphism p : G1 — G2 between (differentiable/complex) Lie
groups G and G5 is a group homomorphism, which is also a differentiable/holomorphic map.
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Example 3.4.3. The only example we need is SL(n,C). Let
GL(n,C) = {A € M,;5»n(C) : det A # 1}
which we have already seen is a complex manifold, and it is also a Lie group. Now
SL(n,C) = {A € GL(n,C) : det A =1}
is a Lie subgroup of GL(n, C). Their Lie algebras of GL(n,C) is
Lie GL(n,C) = T1g GL(n,C) = M, x»(C).

To describe Lie(SL(n,C)), take a curve A; on SL(n,C) such that Ay = Id, det A; = 1 for all ¢.
Then

d d
0= @‘t:[) det(At) = tr <dt|t—0At> S z}d SL('I’L,(C),

and we conclude that
Lie(SL(n,C)) = {A € M,,x»(C) : tr A = 0}.

The exponential exp : Lie(SL(n,C)) — SL(n,C) is simply the restriction of the map exp :
Lie GL(n,C) — GL(n, C) mapping
exp(4) = 3 o7

Jj=0

which can be checked to be well-defined and defines an invertible matrix. For n = 1, GL(1,C) = C*,
and exp is the standard exponential.

Another important example is the differentiable (but not complex) Lie subgroup SU(n) C
SL(n, C) defined by

SU(n) = {A € SL(n,C): 4" = A~}
This is not a complex subgroup, since conjugation is not holomorphic. The group has Lie algebra
LieSU(n) = {A € LieSL(n,C) : A' = —A},
which can be proved as above.

Definition 3.4.4. A action of a (differentiable/complex) Lie group G on a (differentiable/complex)
manifold M is a topological action such that the map G x M — M is differentiable/holomorphic.
The action is free if

Gp={9€G:gp=p}={e}
for all p e M.

The algebraic analogue of an action is a G-module, if G were a ring and M an abelian group.
Consider the differentiable action

SU(n) x SL(n, C) — SL(n,C)

maping (A, B) — A-B, where - denotes matrix multiplication. The topological quotient SU(n)\ SL(n, C)
is a differentiable manifold. For this it is important that SU(n) is compact, as illustrated by the
following proposition.
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Proposition 3.4.5. Let G be a compact differentiable Lie group with a free action G x M — M
with M a differentiable manifold. Then the topological quotient pr : M — G\M has a natural
differentiable structure, making pr a differentiable map. We have a canonical identification

T[P]G\M = Tp(G - p\T, M,
where G - p denotes the orbit of p under the action.

Idea of proof. Since G is compact, the map G x M — M is proper (i.e. the pre-image of compact
sets are compact), which implies that G-orbits are closed, which on the other hand implies that
G\M is Hausdorff. We leave out the rest of the details. O

3.5 Complex actions and the GIT quotient

Assume now that G is a complex Lie group and X a complex manifold with an action G x X — X.

Example 3.5.1. Consider C* = GL(1,C), and consider the homomorphism p : C* — SL(2,C)

mapping
t 0
o= (5 ).

This induces an action C* x C?> — C? mapping (t,v) — p(t)v. The picture is the following: Let
C? = {(=,y)}. We then have orbits {z-y = a # 0}, {x =0,y # 0}, {x # 0,y # 0}, {z =0,y = 0}.
The topological quotient of this action is homeomorphic to R? with two points attached to the
origin.

In conclusion, since complex Lie groups are typically non-compact, we can not hope to endow
the topological quotient with a holomorphic structure, and we need to come up with something
better. The idea of the GIT quotient is that it makes choices in the orbits which are represented.

Definition 3.5.2. A complex Lie group G is reductive if there is a compact differentiable subgroup
K C @ such that the inclusion 7 : Lie K — Lie G induces an isomorphism i¢ : Lie K ® C — LieG.
Here Lie K ® C is the complex Lie algebra with the C-linear extension of the Lie bracket.

Example 3.5.3. The group SL(n,C) is reductive, since SU(n) C SL(n,C), and we have a natural
decomposition

Lie SL(n,C) = Lie SU(n) @ i Lie SU(n)

given by A = (A— A" ) +i(—i)(A+ AT)/2 for A € LieSL(n, C).

From now on, all the groups we consider will be assumed to be reductive. The complex
actions that we are going to deal with are the following: Let G be a complex Lie group, and
let p: G — GL(n,C) be a homomorphism of complex Lie groups (i.e. a representation). This
induces a C-linear action G x C™ — C" by (g,v) — p(g)v. From now on, we write g - v := p(g)v.
Linearity of the action means that we get an induced action on G,(C") for all r and in particular
on P(C™). Consider X C P(C™) which is preserved by the action; that is, for all ¢ € G and z € X,
we have g -z € X, so we have an induced action G x X — X. We want to give meaning to G\ X.
As a sketch, we consider the associations X — Rx — R§ — XR§ =G\ X.

Recall that to X C P(C™), we associate the finitely generated (as a C-algebra) graded ring Rx
with no zero divisors, defined to be

Rx = D H(X, 0x (k).
k>0

Whenever we have a finitely generated graded ring with no zero divisors, we can construct Xz C
P(C™), by taking generators eq,...,e, of R, letting ¢ : Clxy,...,2,] = R, z; — e;, taking the
homogeneous ideal ker ¢ C C[zy, ..., 2] and defining X C P(C™) to be the zeroes of polynomials
in ker .
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Remark 3.5.4. Recall that Xz may be singular, and that for X C P(C") we have Rx = Clz1,...,z,]/Ix,
which, as a C-algebra, is always generated by the degree 1 piece — this is not true for general R; this
tells us that the right setup for this construction is really that of algebraic geometry, considering
something more general than projective manifolds. Here Ix = {p € C[z1,...,2,] : p(x) = OVz €

X}

The embedding i : Xp — P(C™) constructed above is not canonical; for example, we could al-
ways add generators to the ring and embed X g into another projective space. However, (Xg,i*Op(cm)(1))
as an abstract complex manifold (possibly singular) without the embedding is canonical. For
example, for generators (ei,...,e,) gives an embedding Xr C P(C™), and taking generators
(€1,---,en,e2) would give an embedding Xr C P(C™*!), but Xg C {41 = 0} C P(C™*1), and
{Zm+1 =0} CP(C™F!) is canonically identified with P(C™).

Definition 3.5.5. The GIT quotient X C P(C") by p: G — GL(n,C) is

G\ X := Xpe
endowed with the corresponding line bundle from the above remark.
Here, R)G; is the ring of invariants of Rx: Write Rx = Clxy,...,2,]/Ix. Then G acts on
Clz1,...,zp): For p € Clzy,...,z,], we let (g---p)(x) = p(¢~tx) for x = (x1,...,2,). Here, by
an action we mean that we have a map G x Clzy,...,z,] = Clx1,...,z,] such that for all g € G,

we have a homomorphism of C-algebras (satisfying the usual properties of an action).
Because X is preserved by G, we get an induced action G X Rx — Rx. Whenever we have
such an action, we can consider the ring of invariants

R¢:={se€R,:g-s=sVYgecG}

Coming back to the definition of the GIT quotient, if we write ¥ = X RS> then there is a line
bundle L — Y, and Ry = @,~, H°(Y, L®") must coincide with Ry = R§.
Remark 3.5.6. The GIT quotie:nt G\ X may be horribly singular.

We need to check the following for the definition to make sense:

1. R$ has no zero divisors. This is easy to check.
2. R§ is finitely generated. This is less obvious.

3. Finally, R is graded; here is something to consider as well — Ry comes with a grading, but
as we saw before, it would be generated by the degree 1 piece, which is not obvious here.

Example 3.5.7. Let p: C* — SL(4,C) be the map

t 0 0 O
PN 0 t1 0 0
0O 0 t O
0 0 0 ¢!

inducing an action C* xP(C*). Note that Rp(csy = Clw1, 29, w3, 24]. Recall that if p € Clxy, 22, 73, 24],
then (t - p)(x1, 72,73, 74) := p(txy,t oo, trz, t~1xy). In particular, there are no invariant degree
1 polynomials. We find that

c*
R]P’(C4) = (T1 - X2, X1 - Ty, T2 - T3, T3 - Ty).

Remark that this is generated by the degree 2 piece. This does not agree well with Rx being
generated by the degree 1 piece for projective manifolds X. Let z;; = z;z;. Consider P(C*) with
(free) coordinates [z12 : 214 : 223 : 234], and let Y C P(C*) be the set

{z € P(CY) : 212 - 234 — 214 - 223 = 0},

which is just the image of the Segre embedding of P(C?) x P(C?) in P(C*). Now it is easy to check
that Ry = R%,(*@) as C-algebras (but not as graded C-algebras).
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8th lecture, September 14th 2011

Let G be a complex reductive Lie group, which we will write G = K¢, where K is the compact
subgroup entering the definition of a reductive Lie group.

One question one could ask is how many subgroups K will work to give G the structure of a
reductive group. The answer turns out to be the set K\G for some fixed K. In fact, K is unique
up to conjugacy: For all g € G, the subgroup gKg¢g~! C G will work as well, but this is all that
could happen.

Another question is when complex Lie groups are actually compact, and it turns out that the
only compact ones are the tori 72",

We return to our discussion of GIT quotients. Let p : G — GL(n, C) be an action. This induces
an action G x P(C™) — P(C™), so that for G-invariant X C P(C"), we got an action of G on X.
We defined the GIT quotient G\X = (Y, L) for a line bundle L — Y. The construction was as
follows:

1. We first take the ring of invariants RS of the initial manifold X.

2. Then, choose generators (eq,...,e,) of Rgﬁ (and here was our first issue — is R?{ in fact
finitely generated as a C-algebra?).

3. Consider the homomorphism C[zy,...,7,] — R§ mapping x; + e; and let Y = {z €
P(C™) : p(x) = 0Vp € kerp} C P(C™). We noted that this is only a homomorphism of
C-algebras and not a homomorhpism of graded algebras — we saw one of this example last
lecture.

To fix the grading issue, for now we assume that the generators e; all have some fixed degree d
(which is not possible in general). Consider the line bundle i*Opcmy (1) = L — Y. By construction,

Ry = @ H(Y, L) = ker \Clas, ..., 0,
k>0

which is isomorphic to Rgﬁ up to some shift in the grading. Moreover, by this assumption on the
degrees of the e;, we have that i’th piece of Ry is (Ry); = (Rg?)d.i.

Remark 3.5.8. Algebraic geometry solves this shift by defining an abstract object called a scheme,
denoted Proj(R$), and this has a canonical (abstract) line bundle, called Serre’s twisting sheaf
and denoted Laps, which induces the right grading in the sense that H°(Proj(R$), L?b]z) = (R$)k.
In our differential geometric approach, we will lose this subtle information.

We ask the following question: Which points are represented in the quotient G\ X? Our choice
of generators {e;} C HY(X,0x(d)) induces a map p : X --» P(C™), x — [er1(z) : -+ : em(2)],
where we use a dotted line, since the map is not necessarily defined over X. More precisely, it is
not well-defined where all the invariant sections vanish. By definition, Imp C Y and in fact, one
can show that Imp = Y. More generally, we can take a basis {s; }évzl of the finite dimensional
vector space H(X,Ox(k))¢ for k > 0 and consider the map py : X --» P(CN*) mapping
x> [s1(x) : -+ : sy(2)]. One can now check that the py is defined where p was defined, since
the e; were generators. Now, Im py, is biholomorphic to Y, not necessarily in full generality, but at
least for k a multiple a d, since in fact Im p; can be identified with image of the embedding ¢ e«
given by the line bundle L®* = (i*Op(cm) (1)) ",

Now, we can assume the assumption on the degrees of the generators by defining the GIT
quotient as above. Namely, for arbitrary degrees of generators e; define our GIT quotient (which
is not quite the algebraic geometric one) (Y, L’) to be the image of pg, for some k > 0, and
L' = i*Openviy (1).

Remark 3.5.9. The abstract line bundle L’;];S = [/, In our differential geometric approach, we only
“see” a power of Lyps.
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In practice, to identify the GIT quotient, one usually computes the maps py (for k > 0 large
enough).

We now turn to the question of where the py are defined. The idea is that the points (or orbits)
where py, are defined are represented in the quotient, whereas the points where they are not defined
are not represented in the quotient. This is captured by the following notion.

Definition 3.5.10. A point x € X is called semistable if there is a k > 0 and an invariant section
s € HY%(X,0x(k))¢ such that s(x) # 0. The set of semistable points X* C X is open and is
called the locus of semistable points.

The points in X \ X*®* are called unstable.

Example 3.5.11. The representation C* — SL(3,C) mapping t +— diag(1,¢,¢t7!) induces an
action on P(C?). The ring of invariants is

Rfcs) = Clay, w2, 23]% = (21,22 - 73).

Notice that this is an example where the generators have different degree. Here the fact that k was
chosen k£ > 0 is important, since the basis of (Rg(*@))l is just 1, and the map p; : P(C3) — P(C)
simply contracts everything to a point, mapping [z1 : z2 : z3] — [r1]. However, (ng(*cg))g =
(22,29 - x3), and py : P(C3) — P(C?) maps [z1 : o2 : 3] + [27 : z223]. The unstable points in
P(C3) are {z1 =0} N {z2 - 23} = 0.

Take the open set {z; # 0} and write coordinates x = x2/x1, y = x3/x1. The C*-action
induces an action C* — SL(2,C) on C? = {(x,y)} which is given by ¢ ~ diag(¢,¢~1), which is the
first example we considered. Recall that the orbits are {zy = o}, {x = 0,y # 0}, {z # 0,y = 0},
and {z = 0,y = 0}, and the three last sets are those identified in the GIT quotient, which unlike
the topological quotient, is Hausdorff.

9th lecture, September 15th 2011

Let X C P(C™) be a projective manifold, and p : G — GL(n,C) be a representation of a complex
reductive Lie group such that X is G-invariant, and we constructed the GIT quotient G\ X. The
last thing we need for this to be well-defined is the following proposition.

Proposition 3.5.12. The ring of invariants RS is finitely generated as a C-algebra.

Proof. Here, recall that Rx = C[zy,...,x,]/Ix which implies, since Clzy,...,z,] is a Noetherian
ring, that Ry is Noetherian (by the Hilbert basis theorem). Here, a Noetherian ring is one in
which every ideal is finitely generated. Write R = Rx and let

RS = @ RS = @ HO(X, Ox (k))C.

k>0 k>0

Since R is noetherian, the ideal R-Rf C R is finitely generated. Take generators {s;} C Rf. Now,
given a section s € RY = H(X,Ox (k)), we can write s = Y, f;s;, where deg f; < degs = k,
fi € R.

We claim that it is enough to prove that we can take these f; lying on R®. In terms of algebra,
this means that Rf is finitely generated as a module over R®. That it is also finitely generated as
a C-algebra follows by induction on k

This claim follows from Wey!’s trick (which works for G = K ¢ a reductive group, K compact).
We use that s is the class of a polynomial fs in C[zy,...,2,]/Ix. The trick is to average over the
compact group K. In doing so, we need that there is a consistent way of integrating on manifolds
(using a certain measure). It is a fact that the compact Lie group K carries an invariant measure
du (given by the action of the group).

Averaging the f;, we obtain an function Av(fs) : C* — C, more precisely given by

AV(£.)(v) = /K o~ 10) d
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Since X is G-invariant (and therefore also K-invariant), this well-defines a K-invariant class in
Clz1,...,xn]/Ix, and since fs is invariant by G, we have

fo = Av(f,) = ZAv(fi) Av(s;) = ZAv(fq;)si.

Now the Av(f;) are K-invariant. Finally, we prove the claim that since G is reductive, any
polynomial which is K-invariant is also G-invariant. This follows from the polar decomposi-

tion G = exp(iLie K) - K (for example, any A € SL(n,C) can be written A = 1/ AA"U where
U € SU(n). If welet B = AA" then B = ET, and in general, such a B can be written B = exp(B’)
and v/ B = exp(B’/2)). To prove the claim, it is enough to prove that f(eéz) = f(x) for £ € Lie K
if fif f is K-invariant.

Consider the curve t — f(e'c - z), t € R. It suffices to prove that this curve is constant. We
find that

eitoé (deztﬁ ' .T) = de e“Og-x(g(eitog) ’ 1’)

d .
it (") = df
= & oo ) =,

S

since e*¢ € K, and f is K-invariant. Here in the notation we use our representation G' — GL(n, C)
and that Lie GL(n,C) = SL(n, C). O

3.6 GIT quotients for linearized actions

Definition 3.6.1. For a complex manifold X, a line bundle L — X is called very ample if there
is an embedding X — P(C") such that L = ¢*Op(cn)(1).
We say that L is ample if there is a k > 0 such that L®* is very ample.

Definition 3.6.2. Given an action G x X — X and a line bundle L — X, a linearization of the
action is an action on the total space such that the following diagram is commutative:

GxL——1L

|

GxX—X

Remark 3.6.3. If we have a linearization, then this induces a G-equivariant embedding of X <
P(CY). Namely, we take H°(X, L®) for k > 0. Now G acts on H°(X, L®*) by (g,s) + g-s0g~!
for a section s : X — L. Here - is the action on L, and o is the action on X. In other words,
g-sog lmapsx e X tog-s(g~tx) € L.

The embedding produced by a choice of invariant basis is G-equivariant. With this more general
notion in place, we can define the GIT quotient of (X, L) by G (which is linearized), which is just
the GIT quotient of X embedded by one of these G-equivariant embeddings.

The manifold underlying this GIT quotient is the image under the under the map py : X —
P(CN*) mapping = — [s1(z) : -+ - : sn, (x)] where {s;} is a basis of invariant sections of H°(X, L®¥).
Remark 3.6.4. This GIT quotient depends heavily on the linearization. In fact, whenever we have

a character x of G, i.e. x € Hom(G,C*), we can modify the linearization by multiplying by y on

the fibers. This corresponds to changing the action on H°(X, L®*) from g-sog~! to x(g)-g-sog™!.

10th lecture, September 20th 2011
3.7 Moduli spaces

We end our discussion of GIT quotients by giving an application to moduli constructions.
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Let X be a compact Riemann surface (i.e. a complex manifold of dimension dim¢ X = 1). By
the classification of such things, we can associate to X its genus g, which we assume to be g > 2.

Consider F — X a holomorphic bundle. To such a thing, we can associate two numbers. One
is its rank rg and the other one its degree deg(E) > 0, which is a number depending only on the
topology of E. The idea of degree is the following: For ¢ = 0, X = P! is a sphere, one considers
the equator and counts how much transition functions twist around it. More precisely, one covers
X by two charts, each of them missing a pole. The transition functions are maps from X without
the poles, which we identify with C\ {0} to GL(n, C).

Definition 3.7.1. A holomorphic bundle £ — X is called semistable if for every holomorphic
subbundle F' C F,

deg F < degE.
Tr TE

The idea now is that we can parametrize all semistable bundles over X up to isomorphism
using GIT quotients.

Fact 3.7.2. Fiz an ample line bundle L — X; i.e. one giving rise to an embedding X — P(CN*)
for k> 0, where N, = dim H°(X, L®*). This is always possible for Riemann surfaces. Given a
bundle E, there exists an m > 0 such that E ® L®™ is generated by global sections, and we have
a surjection

HY(E® L®™) @ H(L®) - H(E ® L®"+H)
induced by the map on sections defined pointwise by (e, s) — e ® s.

Write M,, = dim H°(E ® L™). Choose a basis {s;} of H*(E ® L¥) such that H*(E ® L™) =
CMm . This induces a point in P(E, {s;}) € G, ,,(CM" @ HO(L¥)).
A point in Gy, ,, (CM» @ H(LF)) corresponds to a surjective map CM» @ HO(L*) - H*(E®
Lm+E) = CMm+r | The choice of basis in the latter isomorphism is not reflected in the Grassman-
nian, which therefore does not depend on the bundle E (but the particular point does).

Taking isomorphic bundles gives points in the same orbit of the action by GL(M,,, C). Morally,

we want to parametrize orbits by this action.

Theorem 3.7.3 (Giesecker-Simpson). E is semistable if and only if P(E,{s;}) is GIT semistable
with respect to the action SL(M,,,C) on the Grassmannian with linearization given by the deter-
minant of the universal quotient bundle, det Quy,, ., -
Here, we use the following notation: If F'is a rank r bundle, the determinant of F is det F' =
A"F.
The next question is how to choose m = m(E).
Theorem 3.7.4 (Maruyama). For fized rank and degree of our bundles, m can be taken uniformly
over all semistable bundles with the same properties.

Putting all of this together, we obtain a correspondence

M : {E semistable with rank r and degree d} — Gy, ., (

w),
where W is the space from before. This induces a map
{E semistable with rank r and degree d}/isomorphism — GIT quotient by SL(m,C).

The image £ = Im M of M is a (closed subscheme) horribly subvariety of Gy, , (W). The GIT
quotient of €& by SL(M,,,C) is the moduli space of semistable bundles over X with fixed rank and
degree. Note that the composition of M with the quotient

{E semistable with rank r and degree d} — & — SL(M,,,, C)\&

is only surjective and not a bijection. We conclude that all semistable bundles with fixed rank and
degree are represented in the moduli space, but £ % E’ may be identified in the quotient, namely
E is identified with bundles E’ which determine points in the closure of its orbit.
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4 Complex geometry from a real point of view

Throughout this section, let M be a differentiable manifold.

4.1 Tensors

We will be considering differentiable vector bundles £ — M — for a definition of a differentiable
vector bundle, copy the definition for holomorphic bundles (if M were complex) and change holo-
morphic to differentiable.

Definition 4.1.1. A tensor 7 on M is a differentiable section of
T,s(M)=TM® - - @TMQT"MQ---@T"M,

where T*M = (TM)*, and we have r copies of TM and s copies of T*M. Recall that a section of
this bundle is simply a map 7: M — T, (M) satisfying m o7 = Id, where 7 : T, (M) — M is the
projection.

Remark 4.1.2. Let T, s be the space of tensors of type (r,s). This is a module over the space
C° (M) of differentiable functions M — R: In general, if E — M is a differentiable vector bundle
over M, and C*°(E) is the space of sections of F, then for s € C®(E), f € C>®(M), we let
f-slp = f(p)-sl|p. In coordinates, the space of tensors described as follows: For a point p € M, let
(¢, U) be a chart on M around p, ¢ : U — R™. We use the canonical identification T,,R™ = R"™ for
v € R™. This identification is given mapping w € R™ to the derivation D,, € T,R", which maps
Dy[f] = &|—of(f +tw) for f:V = R", v € V. Let 7 € T, and let {a%ih,} be the canonical
basis of T,R™ = R™. In the notation from before, 8%1- = Dqo,....0,1,0,...,0), Where the 1 is at the i’th
place. Let {dz;|,} be the dual basis on T, R". They induce local sections of 7, ;R™ = T, ;M|y
given by
0 0

83;]-1 ©e (9l‘jr

®dr;, ® - @ da,.

Using the identifications above, we extract a trivialization T} s M|y. So given T a tensor, we can
write

0 0
Tlv = Zle,.A.,jr,il,...,isazT ® @5 — ®dr, @ @ dzi,
J1 Jr

where the 7, . 4,,...4. are smooth functions on U.

s

Fact 4.1.3. Alternatively, T, s can be viewed as the space of C°°(M)-multilinear maps
T:C(T*M) x -« x C®(T*M) x C°(TM) x -+ x C°(TM) = C>*(M),
where as before we have r copies of C°(T*M) and s copies of C*°(TM). Recall that C>°(TM)
is the space of vector fields on M, and Q*(M) = C>(T*M) is the space of 1-forms. By C>(M)-
multiplinear, we mean that
T(...,fla;—l—fgoz?,...) :flT(,ajl,)—&—ng(,a?,)
for 1-forms ajl-,a? and functions f1, fo € C®°(M), and similarly for the vector fields.

Proof. For 7 € T, s define T, by

Tr(oestyyee Uiy )p =Tlp(e oy lpy -y Vilpy o o2 )
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It is easy to check that T, is differentiable. Conversely, given T a C°°(M)-multilinear map as
above, we construct a tensor 77 as follows: Given 1-forms «; and vector fields v;, we note that
T(...,aj,...,0;...)|p only depends on the values of the c; and v; at p; the idea of this is the
following: For example, for r = 0, s = 1, it is enough to check for all p € M that T'(v1)|, = 0
if v1], = 0. To see this, take coordinates around p € M defined on U C M. Take ¢ € C>(M)
which takes the value 1 in a neighbourhood of p and is 0 on a neighbourhood of M \ U — here it
is essential that we are in the smooth and not holomorphic category. Write

0
v = Z%‘W% + (1= )
- J
j
for a; € C°°(M). Then we obtain

0 0
T(v)lp = (Z a; T <<p8$])> b= Zaj|pT (906%> lp,
which shows what we wanted.
Now, T'(..., ¢ ,...,0;,...)|p defines an element in T, ;(M)|, by
TT|p(d1‘p7 e 7&r|p7’51|p7 e ;ﬁs|p) = T(al, . ,1:}1, e )‘pv

where &;, 7; are smooth extensions of the elements of the fiber by 1-forms and vector fields respec-
tively, constructed using the bump function ¢ (where, again, it is important that we are in the
smooth category). This is well-defined by our above observation. O

Let f : M — N be a diffeomorphism of C'*°-manifolds, and let 7 € 7;. s(IN). From this we want
to construct a tensor f*7 € T, s(M). First, we define the push-forward of 1-forms and vector fields.
For v € C*(TM), we define f.(v) € C*(T'N) by f.v|, = df(v)|[s-1(p). Similarly, for a 1-form
o € QN(M), we define f.a € Q'(N) by fialy(v) := alp-1(,) o df ' (v). To define the pull-back
tensor f*7, we consider

Tf"‘r(alv ey Oy U1y . e 7vs)|p = TT(f*ala SRR f*arv f*vh ey f*vs)|f(p)
Similarly, we can define the push-foward of a general tensor 7 € 7, (M) by changing f to f~'.
Example 4.1.4. Let f : M — M be a diffecomorphism. For 7 € 71 1(M) = C*°(EndTM), we
obtain
Py = df )7l (df vl )
for v € C*°(T'M).
For a diffeomorphism f: M — N and 7 € Q}(N), we have
(S )W) = Tl (df vlg=14)) = T ) (df vlp)-

Notice that in this expression, we are not taking inverses of every thing and so we can make sense
of pull-backs of 1-forms for arbitrary smooth maps, not necessarily diffeomorphisms.

4.2 Differential forms and the Lie derivative
For more details on the following, see [ ].

Definition 4.2.1. Let v € C*°(T'M) be a vector field on M. The flow of v is the differentiable
map ol = @, (t,---), where ¢, : U — M is a differentiable map, where {0} x M C U C R x M,
and ¢, satisfies

d
7o) = vlorr)

for p e M.
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Definition 4.2.2. For 7 € T, ;(M), the Lie derivative of T with respect to v € C*°(T M) is the
element L,7 € T, s(M) defined by

d
LU - |, t\*
e G
Definition 4.2.3. For vector fields vy, vo € C°(T' M), we define the Lie bracket of vector fields by
[v1,v2] := Ly, va.

Now (C*°(TM),[,]) is an infinite-dimensional Lie algebra. That is, it satisfies that [v,w] =
—[w, v], it satisfies the Jacobi identity, and for f,g € C°°(M),

[fo,gw] = fglv, w] + f(v(g))w + g(w(f))v.
In coordinates v =3, vj%, w=73; wj%, then one checks from the definition that

) d 0 0
[, ] ij s (w )axk Y Oe; (v )azk'

Example 4.2.4. For 7 € C*°(EndT' M) and vector fields v,w € C°(T'M), one finds

d * d *
(Lom)(w) = — li=o (%) T)w = — [1=0((¢2)" (T(¢5,)sw))
dt dt
= [v, Tw] — T[v, W]
Definition 4.2.5. A differential form of degree k is a differentiable section AFM = AFT*M.

Alternatively, we can see it as a special type of (0, k)-tensor, regarding /\kT;M - (T;M)®k. So,
it can be seen as a map

a: C®(TM) x - x C®(TM) — C®(M),

which is alternating in the sense that a (v, (1), ..., vek)) = sgnoa(vy,...,vx), where o is a permu-
tation of k elements. In coordinates, we can write

o = Z O‘il...ikdzil /\/\dIzk,
i< <ip
for maps «y,.. i, € C°°(U) on a coordinate chart U.

The fiberwise wedge product aq Aag|p, = aqlp Aok, induces a structure of a ring on C*°(A*M),
where A*M = @Z:O AFM, and n = dim M. Here, A°M is the trivial bundle of rank 1,
C®(N"M) = C>(M).

Definition 4.2.6. The exterior differential is the map d : C°(A*M) — C>(A*+1M) mapping
a — da defined locally by

0
dOé:Z Z %(ahmik)dxj/\dxh /\"'/\dl’ik.
Jooir<<ig J
The k + 1-form da is defined globally by the above formula (exercise) and satisfies
d(a A B) = (da) A B+ (—1)%8%a A (df).

In particular, in this abstract picture, we can view df € Q*(M) for f € C(M).
For a vector field v € C*°(T'M), we define the contraction by

v=: C® (AP M) — C° (AR M)

defined by the properties that v—=f = 0 for f € C*(M), and v—a(v) for a € Q'(M). The
contraction satisfies

va(a A B) = (v=a) A B+ (—1)3%% A (v=).

For a proof of the following [ ].
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Theorem 4.2.7 (Cartan’s formula for the Lie derivative). Let a € C®(AFM), v € C*(TM).

Then
Lya = d(v=a) + v=(da).

Two other important formulae are

(Lyy)(v1, .., v5) = Ly, (a(vy, ..., 0)) — Za(vl, ey Uiy Loy 04, Vig1, - -

i=1
k . . .
da(vg, ..., vg) = Z(—l)lLvi (a(vo, -y Oy ug)) + Z(—l)lﬂa(Lvivj,vo, ey Uy
i=0 i<j

where ¥; means v; removed from the expression.

11th lecture, September 27th 2011

7Uj7"'7vk)7

To unite some of the concepts considered previously we make a dictionary of global and local

concepts?.
Global Local
A vector field v € C°(TM). A map v :
The flow of (p, f»(p)) for f, : R™ — R™
A system of ODEs
py: U — M,

{0} x M CU C R x M. Write ¢, =
©u(t,+). This satisfies

R” — R™ x R™ mapping p —

() (t:0) = T (6:3)

with solution ¢, (0,p) = p for all p € R™.

d

A solution ¢, : R" x R” — R™.
21900 =V oei(p)

A differentiable map f, : R™ — R™.

and ¢9(p) = p for p € M.

A tensor 7 € T, s(M).

Starting with 7 € 7, (M), we want
to produce 7" € T, (M), which is the
derivative with respect to a vector field.
We need to identify different fibers of a
vector bundle, analagously to in the lo-
cal picture. We do this below.

The differential df. : TR™ — TR™. For v
a vector field on R™, we consider df,(v) :
R™ — R™. Here, we simply let df;(v)|, =
limeo(f-(p + tfo(p)) — f-(p)) - t". Here,

fr(p+tfo(p) € R X R™ s, (yt4p
fr(p) € R" x R™|,,

and we identify these two fibres of R™ x
R™ — R™.

Note that for a diffeomorphism f : M — M, we defined the pullback tensor

f*T(...7O[j,...,'l)i,..

Mo =7l (- (frag)lpe, -

ﬂ(f*vi)lf(p)ﬂ .. )

= Tf(P)("'7aj|P(df71')v"'7dfvi|pa'")v

where 77 € Tr o (M)|fp) =TM®@---TM @T*M ® --- @ T*M. Lie’s idea was to use the flow
of the vector field v to identify different fibres (see Fig. 2) and define

4
Lol = 2 li=o(6t)"ly

7 = lim

(‘Pi)*ﬂp _T‘p_

2(0kay, this one is slightly messed up and should probably be fixed



Figure 2: Integral curves of a vector field v on a manifold M, and two different fibres sitting above
points p and ¢f (p) being identified using (! )*.

In the local picture, for vector fields vi,ve, v; = > 7_; Ui%, and f,, = (0}7 . ,’U;L), we had
o(viY) A(v™M\ 0
L , — k 2 _ .k 1 .
g 1U2|P % (vl 6‘Tk; U2 axk 8$m

Note that the price we pay with this definition is that we need to involve derivatives of the vector
field v in L, 7, which a priori was not was we were looking for. So we ask: What does L, T measure?
And what about L,,v2? Let p € R™ and let g : R — R™ be the function

g(t) = @l 0@l (p) — &b, ol (p).

That is, g measures how flowing in different directions of two vector fields in different orders give

Figure 3: Flowing along two different vector fields in different orders.
different results (see Fig. 3). Note that

9(0)=p-—p=0,
gl(O) = fv1 (p) + f'UQ(p) - fvz(p) - f'Ul (p) =0,
g"(0) = Ly, valp.

We conclude from this that the Lie derivative L,, vy measures a difference of accelerations; namely
the accelerations of integral curves of v; along integral curves of v, minus the acceletations of
integral curves of vy along integral curves of v;.

Now, this picture does not depend on the local patch we have been considering, so this gives a
way of thinking of the Lie derivative in general. We return to the dictionary.
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Global
Differential forms o € QF(M)
with exterior derivative

= C>®(AFM)

d: QF (M) — Q¥ ().

For v € C*°(TM) we have the contraction

d : Q¥(M) — QF(M). For a function
feC>(M), (fv)~da = f(v-da), so in this
expression, we are not taking derivatives of
v. Corresponding to the formula in the local
case, we have Cartan’s magic formula

Lya = v=da + d(v-a).

In general, to take derivatives of a tensor of
arbitrary type with respect to a vector field,
we need to somehow connect the fibres some-
how: This can also be obtained by using a
connection; we return to these later.

We have d? = 0 on forms of arbitrary degree,
and we have a complex

0— QM) S QY(M) S -
4 Qn(M) — 0,

where Q°(M) = C°°(M). The cohomology
of this complex is called the the deRham co-
homolgy of M. The idea is that the coho-
mology groups

ker(d : QF(M) — QF+1(M))

HYOR) = S 1) = ar ()

measure some global topological information
of the manifold. For example, H°(M,R) is
given by the set of f: M — R with df = 0.
This is the set of locally constant functions
on M, and we identify H°(M,R) = RY,
where d is the number of connected compo-
nents of M.

Local
Take o = Z]a‘d:ﬂj a 1-form. Then we

let da =3, 5 52 9ol —~dxj, A dzj, which we can
rewrite as

da?  dak

k<j
‘We have a contraction

0 ", da’d oa™
———da = ——dx; — ——dx;.
0T, @ = 0xm i O0x; i

1

If we write a = (o', ..., "), the first expres-

sion aa dzx; is really the partial derlvatlve of

a with respect to the vector field 57—, which
is really what we were looking for The sum
is in fact equal to Lg/g.,, a — d(a (8x ))-
Thus, the price of taking our global defini-
tion is that we need to involve some funny
combination of derivatives of the form.

For a = df for a smooth function f : R” —
R, it follows from the above formula that

d(df) = 0.

4.3 Integration on manifolds

We begin with some linear algebra: Let V' be a real n-dimensional vector space. Then A™V is
1-dimensional real vector space, and A"V \ {0} has two components.

Definition 4.3.1. An orientation of V is a choice of component of A"V \ {0}
Let M be a connected differentiable manifold.

Definition 4.3.2. The n-manifold M is called orientable if A"T*M \ {0} has two components.
Note that if M is connected, then A"T*M \ {0} has at most two components.

Example 4.3.3. The Mobius strip (see Fig. 4) is non-orientable.
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Figure 4: The M&bius strip

Definition 4.3.4. A non-connected manifold is orientable if every component is orientable.

Definition 4.3.5. If M is orientable, an orientation is a choice of connected component of A"T™* M;
on each connected component M; of M.

Definition 4.3.6. Let M, N be oriented n-manifolds, and let f : M — N be a diffeomorphism. We
say that f preserves orientation if the map f* : A"T*N — A"T* M given by |, — al0A"df|-1(4)
takes the components of the orientation on N to the components of the orientation on M.

For an arbitrary smooth map f : M — N we say that f preserves orientation, if for all x € M,
the map f7 : A"T*N|pp) — A"T*T* M|, mapping a|f(y) — ) o A"df|, preserves orientation.

Definition 4.3.7. Let M be a smooth n-manifold. A wvolume form is a form o € Q"(M) such
that o, # 0 for all z € M.

The following statement is from [War&3].
Proposition 4.3.8. The following are equivalent:
(a) M is orientable.

(b) There exists a collection of coordinate systems {(Vo,¥a)}tacr, Yo @ Vo — R™ such that
M =, Vo and det(tpq owﬁ_l) >0 onVoNVg forall o, B € 1.

(c) There exists a volume form o on M.

Proof. Assume that M is connected (the general case follows easily).

To see that (a) implies (b), choose an orientation A C (A"T*M \ {0}). Choose the family
of charts (V,¢), ¥ : V.— R™ = {(x1,...,2,)} such that ¥*dzy A --- Adz, € A. If (V' '),
P VIgR™ = {(«,...,2,,)} has the same property, then

day A -+ Nda!, = det(dy' (dip) ") dazy Ao A day,.

This implies that det(dy’ o dip~!) > 0, since otherwise, the components of A"T*M \ {0} would be
interchanged.

To see that (b) implies (c), take a partition of unity subordinate to the cover in (b), i.e. take a
family {¢q : M — Ry diff.} oy such that 3 c; wa(p) =1 for p € M and such that oq|any, = 0.
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Here, we assume that the cover is locally finite (that is, for each point on M, only finitely many
©q are non-zero), and that the cover is countable. Define

o= Zgoa1/12dx1 A ANdx,.
aecl
This is defined on V,, a priori, but ¢ extends to a form o € Q"(M). In coordinates Vg, we have
(1/}5)*0: Z (¢a0¢51)(¢ﬁ)*¢2dw1/\---/\dxn
{a€l:V,NVz#0}

= > (0 05 ") det(dip o dipy )dzy A -+ A day,.
{a€l:VoNVp#0}

Now since det(di, o dwgl) > 0, and since ), ¢a(p) = 1, we have (1g).0 # 0 on Vg, so o # 0 on
M.
To see that (c) implies (a), let o € Q"(M) be a volume form. Then the sets

AT ={\o|, : A€ Rug,p € M} C A"T*M \ {0},
A7 ={)do|, : AeRg,pe M} C AT M\ {0},
define the orientability of M. O

We now want to integrate a top form 7 € Q™"(M) on M oriented. Take a family of coordinates
of M given by the previous proposition. Define the integral of 7 over M by

[, r=X [ watea,

Here, recall that we can write

(Vo) s (@o - T) = fadxr A+ ANdzy,

on R” for 1, : V, — R™. Therefore, the integral above is simply

/ (Va)s(pa - T) = fa du,
Rn R®

where du is the Lebesgue measure.
Ezercise 4.3.9. This integral is well-defined (i.e. it depends only on the orientation).

Remark 4.3.10. If M is compact, [,, 7 €] — 0o, 00], but if M is non-compact, [,, 7 € [—00, c0].

Example 4.3.11. Let G be a Lie group. Take o, € Q"(Lie G)*, 0. # 0, and recall here that
LieG = T.G. Let 0|y = dLg|co. € A" (T*G)|4. Since o, = 0, left-invariance tells us that o|y # 0
for all g € G, and so ¢ is a volume form. Thus, any Lie group is orientable, and we can construct
an integral on G.

Example 4.3.12. If M is oriented, any metric g on M determines a volume form o, defined
locally by

o0g = V/|detgldz1 A--- Adzy,.

We have the following change of variable formula: Given a differentiable map f : M — N of
oriented manifolds, 7 € Q™(N), we have

/ frr= :I:/ T,
M F(o)

where the sign is positive if f is orientation preserving, and negative if f is not.
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12th lecture, September 28th 2011

4.4 Complex geometry from a real point of view
Let V be a real vector space.

Definition 4.4.1. A complex structure on V is an R-linear endomorphism J : V' — V such that
J? = —1Id.

Given a vector space with a complex structure, (V,J), we give V the structure of a complex
vector space by letting (o + i8)v = av + BJv forv € V, o, 5 € R.

Remark 4.4.2. If V is finite dimensional, then (V, J) is finite dimensional. If {v1,...,v,,} is a basis
of V over R, then {v1,...,v,} generate (V,J) over C, and we can use these to construct a basis
{v1,...,v;} over C, and it turns out that {vy,..., v, Juy,...,JVi} is a basis for V over R. In
particular, V' is even-dimensional, dim V' = 2k.

Given V' a complex vector space, let Vy be the underlying vector space over R, and define
J: Vo = Vo by v— J(V) :=dv. This defines a complex structure on Vj.

Example 4.4.3. Consider C} = R?" with the identification (z1,...,2n) = (T1, Y15+ Tn, Yn)s
where z; = z; + ;. Then the map J(z1,¥1,...,%n,Yn) = (—Y1,%1, ..., —Yn, Ty) is the canonical
complex structure on R?™. In the basis (71,...,%n,Y1,.-.,Yn), We have

0 —Id
/= (Id 0 ) '
We turn now to the global picture. Let M be a differentiable manifold.

Definition 4.4.4. An almost complex structure on M is J € C*°(End(T'M)) such that J? = —Id.
A pair (M, J) is called a almost complex manifold.

Note that on an almost complex manifold, (7, M, J|,) has a natural structure of a complex
vector space.

The notion of an almost complex structure tells us how to multiply by 4, infinitesimally rather
than in neighbourhoods of points.

Proposition 4.4.5. Any complex manifold X induces a canonical almost complex structure on
the underlying differentiable manifold X.

Here, we mean the following by the underlying differentiable manifold: As a topological space
X is just X, and to define a differentiable structure, take a holomorphic atlas {(Vy, %)} of X

where 1, : V, — C" and define 90 as the composition V, Ys cn R?", where the last map is
the identification from Example 4.4.3.

Similarly, a holomorphic bundle £ — X gives rise to an underlying differentiable vector bundle
Ey — Xy. As above, as a topological space, Ey is just E. To define the differentiable structure,
take a covering of holomorphic trivializations {(Vy,a)}, ¥ : E lv., = Vo x C" and define ¥2 to

be the composition E|y, w—"ﬂ Vo x C" = V, x R?", where the latter map acts identically on V.

Proof of Proposition. Consider the differentiable vector bundle (T'X )y — Xy. Multiplication by @
induces a section J € C°°(End(T X)) such that J? = —Id, but we really need a smooth section
of End(T'(Xy)). Define ® : T(Xy) — (T X)o which for p € Xy maps

(I)(Dp) = (Dp)m

where (D)), is the C-linear extension of the derivation D,: Let Ox , be the algebra of germs of
holomorphic functions on X at p. Then there is a map Ox,, — C¥, , ® C to the algebra of germs
of differentiable (complex valued) functions on Xy at at p such that

(Dp)c([ﬂ@z,p) = (Dp)C([f]Cg’g’O,p@C)a
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where for f =u+iv, u,v € C*°(Xy), (D). maps

(Dp)e([f]) = Dplu] +iDplv].

We claim now that @ is an isomorphism. Then we are done, since we simply define J = (®)~1(J®(-)).
It is enough to check this claim locally.

Let ¢ : V — C™ be holomorphic coordinates for X. This defines trivializations of both T'(Xy)
and (T'X )0: Recall that we have a trivialization of TX, ¢ : TX|y — V x C" which maps D, +
(¢, (v1,. .., v5)) where dip|q(Dg) = >, Uja%j’ and here di|q(Dg)[f] = Dq[f o ¢]. From this we get

Y0 - (TX) lvy — V x R?" mapping
’lZ)O(Dq):(qa (x17y17"'axnay71))7 Vj; = Ty +izja
as well as a map 7; : T(Xo)|v — V x R?" which maps

/l; (Q7(x&7yia"'7x;’uy;))a
]

_ 0
= dy°|4(Dy) §x +yjay

We want to compute the map ® locally, i.e. consider ® = 1EO<I>1Z_1 and claim that ® = Id. We find

- 0 - . 0
= Y D) Sy = S e+ ),
k=1 k k=1 k

= (¢, (@) F iy, w, +iy,) = (4 (1,90 20, )

The canonical J of a complex manifold X knows everything about X:

Proposition 4.4.6. Let X1, Xo be complex manifolds and let f : (X1)o — (X2)o be differentiable.
Then f: X1 — Xo is holomorphic if and only if df J1 = Jodf .

Now given X, we can take (X, J) and define
O = {f: Xo — C differentiable : df J = idf},
and it follows from the Proposition that in fact O% = Ox.

Proof of Propostion. The statement is local, so it is enough to prove it for a differentiable map
f:C" - C™. We need to prove that f is holomorphic if and only if dfJy = Jydf, where for
(Zla"-vzn) = (xla"wwn,yla"'ayn)a
0 —-1Id
Jo = (Id 0 )

and we write f = u+ v, x = (21,...,Zn), Yy = (Y1,---,Yn), and f = f(z,y) = u(z,y) + iv(x,y).

Then
8u1 Bum
@ @ au 8:81 8%1
=(& ). 2= |-
dy By r ou,  Oum
ox, 0Ty
v _ Ou _9u  _Ov
deOZ(?ﬁ _%),Jodf=<£y a?,y>
Yy dy ox ox
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This df Jo = Jodf if and only if 2% = %; and 22 = fgf;, which just means that forall j = 1,...,m,
k=1,...,n, we have

ory  Oyx’ Oyx Oz’

so if we write f; = u; + tv;, then these are holomorphic for all j = 1,...,n if and only if f is
holomorphic. O

The question we ask now is: Which almost complex structures arise from holomorphic struc-
tures? The answer turns out to be no, and we now describe the condition for it to be true. Let
(M, J) be an almost complex manifold.

Definition 4.4.7. An almost complex structure is called integrable if and only if for all pairs
v1,v2 € C®°(T'M) we have

NJ('U17’UQ) = (LJUIJ)UQ — J(LUIJ)UQ = 0

Claim 4.4.8. Nj; is a tensor of type (1,2). This follows from properties of the Lie derivative.
Recall that (L, J)w = [v, Jw] — J[v,w]. From this we obtain the expression

NJ(’Ul,’Uz) = [J’Ul, JUQ] - J[J’Ul,”Ug] — [J[Ul, J’UQ]] — [”U1,U2].
Noting this, Ny is called the Nijenhuis tensor.

Theorem 4.4.9 (Newlander—Niremberg). The almost complex structure on an almost complex
manifold (M, J) arises from a holomorphic structure on M with caononical almost complex struc-
ture J if and only if Ny = 0.

We prove only that holomorphicity implies integrability. The other direction is hard.

We need to introduce so called complexifications, and begin with some linear algebra: Let V'
be a real vector space with complex structure J. We define the complexification V. :=V ®g C of
V with dim¢ V., = dimg V. We have an inclusion I : V' — V. mapping v — v ® 1. Similarly, we
have a conjugation : V., — V, which maps v ® @« > v® a := v ® @. Note that ImI = {w € V, :
w = w}. Consider the C-linear extension of J : V' — V also denoted J : V. — V. which maps
v@ar Jv®a):=Jv®a Then J?2 = —Id on V., which therefore splits into the eigenspaces
V.=V g VOl for i and —i respectively. It is easy to see that V1.0 = V%1 We have a C-linear
isomorphism (V, J) — V19 which maps v %(v ® 1 — Jv ®1i). This isomorphism is just 7,90 I,
where m1 o : V, — V10 maps w — %(w —iJw) =: w'?. We also have a projection o1t Ve — Vol
which maps w — %(w +iJw) =: w®l. Finally, if V is complex, then (Vj,J) = VOLO by the
isomorphism 7 g o I.

Example 4.4.10. The following example is fundamental and provides all the tools necessary for
dealing with almost complex manifolds. Consider ToR?", the algebra of germs of smooth functions
Ben o- The complexified space (ToR2™).. is the space Crin o ®C of germs of complex valued smooth
functions, D ® a([f]) = a(D(u) +iD(v)) where f = u + v for u, v real-valued.
Consider the map R?" — C", (21,Y1,--,Tn,Yn) = (21 + Y1, ...,y + iy,). This induces a
map Ocn g — Cﬂz‘;np ® C.
We have a map h : (ToR?"). — ToC" which maps D — h(D)([f]lo) = D([f]c=gc) with
dimker h = n. We want to describe this kernel. We use the canonical complex structure TyR?" to

clarify this. Take coordinates (21,y1,...,Zn, Yn) and the associated basis {%, 8%_}. Then J% =
J J J
a%j and ‘]a%j = —6%. As before, we have a decomposition (ToR?*"), = (ToR?*")10 @ (TyR?7)0:L,

We claim that ker h = (TyR?")%1. To prove this, note that (ToR?**)%! = 7y 1 IToR?", so we have

a basis
0 1 0 0
ToR2™)0:1 — —@1)Y={Z|—®1+—1i) ).
(ToR™) <7T0’1<590j®)> <2<3%‘® +5yj®l>>
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Therefore we need to prove that the latter derivations kill all holomorphic functions. As before,
write f = f(z,y) = u(z,y) + iv(z,y). The derivation of f at 0 is

(8 Q1+ % ® z) (u(z,y) + w(z,y))

Oz,
“\oz; oy )" or; " dy; )0

by the Cauchy—Riemann equation (freezing all variables except (acj, Yi))-

Thus, we have an identification (ToR?*")1:0 2 ToC". Finally
(aonera o) o 2
so from now on, we simply write
0 1/ 0 .0
9z 2 (3% - Zﬁw) '
To prove (1), let f(2z) = u(x,y) +iv(z,y) € Ocn o and write z; = ; + iy;. Then

O 1)

0z; =0 z;

C g (5 y5) +ov(ag,yi)) (@5 — iy;)
2,950 2512 + [y;]?
ol 0) (1)1~ )
t—0 2t

— 1 aiu + @ +1 @ + % | (]_ _ ’L)

2 [\oz; Oy, Or; Oy, 0

_L1[(ouw + ov i v Ou lo(1 — 1)

2 Ox; Oy Ox; Oy, 0 !
1 0 0 .

Here, we have taken the derivative along xz; = y; = ¢ and used the Cauchy-Riemann equations.
In conclusion, derivations % of germs of holomorphic functions can be identified with their
J

extensions to derivations %( a‘z — 15— ay ) of germs of smooth complex-valued functions. We define

o (o 0
0z; = 2\ 0z, dy;

These generate (ToR?")%! and a smooth differentiable function f : C* — C is holomorphic if and
only if % =0 for all j.
J

13th lecture, October 4th 2011

The question we are going to address is the following: Which almost complex structures on a
differentiable manifold M arise from holomorphic structures? First, we characterize the condition
of integrability of complex structures in terms of something related to complexifications.

Let (M, J) be an almost complex manifold with complexified tangent bundle TM, := TM Qg C,
which is a smooth complex vector bundle over M.

The almost complex structure J extends to J : TM,. — T M, by C-linearity, J € End(TM,),
Jv®a)=Jv® a.

To this .J we have so called the eigenbundles, TM = T'°M & T%' M, where T*°M and T M
are the subbundles where J = ¢ and J = —i respectively.
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Remark 4.4.11. Consider the endomorphism J + ¢Id of T'M, which has constant rank. Then
ker(J £41d) is a subbundle.

We have projections 7% : TM, — THOM, which maps w — (w — iJw)/2 =: w'?, and

L2 TM, — T%'M, which maps w + (w + iJw)/w =: w%l. We have a canonical inclusion
TM — TM,, which maps v — v ® 1. We are going to endow T'M, with a Lie bracket which will
be helpful in determining the integrability condition.

The Lie Bracket C°(T'M) x C>°(TM) — C*(TM) extends in a unique way C-linearly to

[,] : C®(TM,.) x C®(TM.) - C°(TM,) = C>*(TM)&C,
defined by
[v1 ® a1, Vaaw] = [v1,v2] ® a7 - as.

for v1,ve € C®°(TM), a1,az € C. This defines the bracket on all of C*°(T'M).
Proposition 4.4.12. The following are equivalent:

1. The almost complex structure J is integrable.

2. The Lie bracket preserves TYC, i.e. [v1,vs] € C(TH0) for vy, ve € C°(T10).

3. The Lie bracket preserves T%!.

Proof. Recall that conjugation defines an isomorphism T19M = TO1)M. Now (2) and (3) are
equivalent by conjugation, since e.g. [v)!, 03] = [v9!, 03] € C°(THOM).

To see that (1) and (2) are equlvalent note that C*° (TM) generates C(THOM), m oI (C(TM)) =
C=(THOM). For V € C®(TM), note that 2m1 oIV = V —iJV. Define Z = [V; —iJV;, Vo —iJVa),
and computations show that

iZ —JZ =J(N;j(Vi,Va) —iN;(V1,V3)),
so iZ — JZ vanishes if and only if the Nijenhuis tensor does. O
Proposition 4.4.13. The almost complex structure of a complex manifold X is integrable.

Proof. In holomorphic coordinates, V' of type (1,0) can be written V = 3", Vk . Here, we use

coordinates 7 : V — C" — R?" and V¥ € C°(R?") ® C. Identify TT°X,|y = T1 0R2” where X
is the smooth manifold underlying X. For Vi, V5 of type (1,0),

ovy ovi
kii B vd i i
Vi, Vel = ZV Dzy, 0z V2 Oz 0z’

which is of type (1,0) again. O

The proof seems almost tautological but it was essential that we were able to use holomorphic
coordinates. Our goal is to prove the converse, the Newlander—Niremberg theorem, in the case of
real analytic manifolds.

We first want to characterize holomorphic vector fields on X a complex manifold. Recall that we
have maps ToR?*" — (ToR?*"), — ToC™ which globally gives rise to morphisms T'Xo — (T Xg). —
(TX)o of bundles over Xg. A vector field V € C°°(T Xj) induces a section V1% € C*(TX)y. On
the latter space, we have holomorphic coordinates which is what we want to relate to the almost
complex structure on T X.

Proposition 4.4.14. The section V1 is holomorphic if and only if Ly J = 0.
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Proof. Note that 7 € C*°(EndT Xy) gives a section 7 € C*(End(TXy).). We want to evaluate
LyJ on elements of (T'Xg).. Identifying C* = R?" = (21,y1,...,%n,Yn), We can write V in
holomorphic coordinates as

0
V= Vj + Vi —
Z 1 2 8
_ VJ Vi = VI,O VO,l
Z azj + ZJ: + VO
where V7 = V{ + iV . We evaluate Ly.J on 52— and find

0 0 0
i (55z) = [2ram] - 452

0 1,0 01 O
8z7J+J[V +V o

%
1,0
2 {V } Z 0Zm 8,2]

Thus LVJ(%) = 0 for all m if and only if every V7 is holomorphic. Now, Ly J, V, J are real (i.e.
invariant under conjugation), so we can take conjugates and find

(LvJ) <528m) LyJ (3fm> )

and we can obtain the Proposition also for elements of type (1,0). O

= —i [VLO + V!

4.4.1 Complex valued forms

We begin with some linear algebra. Let (V,J) be a real 2n-dimensional vector space with a
complex structure J. Decompose as before V = V10 @ V%! and consider the exterior algebras
ANVe = @0 A*V,, and similarly AVY0 AVO1 Let VP4 be the subspace of AV, generated by
elements of the form u A v, where u € APVIO v € ATVO! using the inclusions AVH0 — AV,
AVl 5 AV.. Then

2n
.= P vre

r=0 p+q=r

In the global picture, let (M, J) be an almost complex manifold, and let T*M. = T*M ® C be
the complexified cotangent bundle. Let QF(M). = QF(M) ® C = C°(A*T*M,). The exterior
derivative

0— QM) S QYM) = -

extends by C-linearity to give a complex

0- QM) % % 02(M), -0,

where 2n = dim M, and d is C-linear and satisfies > = 0. Now, ysing J, endow T*M with an
almost complex structure (i.e. an endomorphism J : T*M — T*M such that J? = —Id) given by
J - ay = ayz(J). Then we obtain a decomposition into +i-eigenbundles,

T*Mc — T*Ml,(] o) T*MO’I.
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By definition, we have an isomorphism 7% M0 = (T1O9M)* of smooth complex bundles over M.
Defining T* MP? fibrewise, the exterior algebra bundle decomposes as

2n
ANT*M, = @ EBT*MM.
r=0 p+q

Finally, the degree k complexified forms decompose as

Q (M), = P M),
pta=Fk

where QP9(M) = C(T*MP 7). We give a local expression for these.

Definition 4.4.15. Given a differentiable resp. holomorphic bundle £ — X over X a differentiable

resp. complex manifold, a frame of FE on an open subset U C X is a family {s1,...,s,},r =rank E
of differentiable resp. holomorphic sections of F|y such that {s1]|z,..., S|} is a basis of E, for
all z e U.

Remark 4.4.16. Local frames are the same as trivializations. To see this, note that to a local
frame {s1,...,s,}, we associate the isomorphism U x C" — E|y given by (z, (v1,...,v")) —
> vIsjl,. Conversely, if ¢ : E|y — U x C" is an isomorphism, define a frame by s;|, =
Y~ 1(x,(0,...,1,...,0)) where the 1 is in the j'th place.

Take {vi,...,v,} to be a differentiable local frame of T* M0 (e.g. by taking a trivialization).
Then {01, ...,U,} is a local frame of T*M'?. Then a local frame for T* M7 is {v! A 7'}, where
vl = v Ao Avin for T = (iy,...,ip,) and similarly for 5/. Here |I| = >t =pand |[J]| = q.
Then a form a € QP9(M) can be written

o= E aI,JvI/\@J,
[I|=p,|J|=q

where oy j € C*°(M) @ C. The exterior derivative becomes

da= Y dlars) Av' AT+ apd" ATY).
[1|=p,J|=q

14th lecture, October 5th 2011

Let (M, J) be an almost complex manifold with complexified cotangent bundle (T* M), = T* M@
T*MO%!. Recall that we had

where QP4(M) = C>(T*MP?). The exterior derivative d extended to Q*(M). = D, 2" (M)..
Consider the projections m, , : Q% (M), — QP9(M). where p + ¢ = k. Define

0 = myi1q0d: QPUM), — QM)
O=mypr10d: QPIM) — QP It (D).

The magic of these operators are that they allow us to characterize integrability in a new way.

Proposition 4.4.17. The almost complex structure J is integrable if and only if (the extended) d
satisfies d = 0+ 0, i.e. that

d(QP1(M)) C Qp+1,q(M) o) Qp,q+1(M)_
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Proof. Let a € QF(M).. We can write

k
z+ N N
da(vo, v, ..., v E a(vg, ..., )+ E Ta(] ([vi,v5], - iy e, Uy oo UR).

Je-
=0 1<J
Assume that d = d + 0. Note that
C(THO(M)) = {v € C®(TM.) | a(v) = 0Va € Q¥ (M)}.
Let vg,v; € C°(THOM). We need to show that [vg,v1] € C°(THOM). Let a € Q%1(M). Then
a([vo,v1]) = —da(vg, v1) — vo(a(v1)) + vi(a(vg)) = —da(vg,v1) = 0,

since da € QY @ Q%2 by the assumption on d.
Assume now that J is integrable. Take o € Q279(M) and let us prove that

da(vi’o,...,vjl-ovgl,..., vt =0,
when (4,1) is neither (p 4+ 1,q) nor (p,q + 1). Applying the formula from before, we find that
do(vlY 1,0 0, 0, :
a(vy sy VLU Yy ) consists of terms of the forms
1,0 1,0 f0 10 0.1 W01
v (v, sy VLU Yy ),
v?’l(a(vi’o,...,v;o v?l,...,v?’l,... ? ),
1,0
O[([UZ- in ]’ )a
1,0 o0, 0,1
afv;?, 02, ), al[vt e%t, ).

Terms of the first form vanish since we have j — 1 vector fields of type (1,0) and [ of type (0, 1),
and (j—1,1) # (p,q). Terms of the second form vanish for the same reason. The ones of third form

vanish since by integrability [vll 0 v10] is again of type (1,0), and we can use the same argument

as for the first two cases. The same thing goes for those of the fifth form. Finally, those of the
forth form vanish since we are removing terms of both type (1,0) and (0,1) and add at most one
of them again.

Here is an alternative local proof: Let (M, J) be integrable and take holomorphic coordinates
¥ : V — C" = R?™. Then we have frames

0 1 0 .0 00 rrmL. 0 Om
Y R S C ,
{8zj 2<593j zayj)}_c TR,

0 1 0 8 0o 0,1mp2n
I — C
{sz 2( -+ >} C® (T 'R""™).

We have dual frames
{de = dl‘j + Zdy]} - Ql’O(Rzn)7
{dz; = dxj —idy;} € Q%1 (R?™).

Note here that we really have d(Z;) = d(x; +iy;) where z; = z; + iy;. For a function f €
C*(R?") ® C, we can write

aof = Z dzj, of = Zn

In general, for a form s € QP7R?", we write s = ), 7 aI,szI Adz”?, and the operators act on s by

9
as_zz al‘]dj/\dzf/\d?‘],
j=11,J

and similarly for 0. Then it is an exercise to see that if .J is integrable, then d = 9 4+ 0. O
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4.4.2 Proof of the Newlander—Niremberg Theorem

We turn now to the Newlander—Niremberg Theorem in the real analytic case. Let (M, J) be an
almost complex manifold of dimension dimg M = 2n.

Lemma 4.4.18. If every point p € M has a neighbourhood U and n complex valued functions
fi,-- o, fn such that if df; € QYO(U) for all j and such that {df;} are linearly independent (i.e.
such that {df;}7_, is a frame for QY9(M)). Then J arises from a holomorphic structure on M.

Proof. Consider f: U — C™ mapping = — (f!(z),..., f*(z)). Then

df = (df*,....df") = ((df")"°,....(df")"?),

where we identify df : TU — TC™ with df : (TU). — (TR*").. We use = when we want to make
this identification explicit. The map f: U — C™ = R?" is a diffeomorphism, and we find that

AF(T) = (@ (), df (T ) = (A (), o df" () = Jo df..

where Jy is the standard complex structure on C". Take f, f’ as above. Then fo f': f(U) - C"
is holomorphic and these define holomorphic coordinates defining a holomorphic structure on M
with almost complex structure J. O

Our goal now is the following: Given (M, J) with integrable almost complex structure, we
want it to satisfy the properties of the Lemma. Take p € M and U C M a real coordinate chart,
identified with U C R?" = {(21,...,%n,Tns1,---,T2,)} such that p = 0. Define a frame for
(T*U)Y0 by {w’ = dz; +iJdzy; € QYOU),j =1,...,n}. We now want to find functions f; such
that df; = wi.

Define w’/ = wi € QOX(U). These form a frame for (T*U)%!.

The idea is the following: We want to extend R?" to C?*. We write R?" = (x1,...,22,) and
C? = (21,...,%2n) where z; = x; + y;, so we consider the neighbourhood U as sitting inside the
real part of C*". We can identify (TR?*"), & TC?*"|gen and (T*R?*"), = T*C?"|gzn. We will try to
extend the {w?} to holomorphic 1-forms 7 on U* C C?*" a neighbourhood of the origin (such that
ReU* = U). We then want to apply the holomorphic Frobenius Theorem to obtain holomorphic
functions f; such that df; = 9f; = Q7.

15th lecture, October 6th 2011

Consider (M, J) almost complex, and consider a coordinate patch U C M, with coordinates
U= (1, ,Tn,Tpt1,---,Ta,). We consider the frame of 1-forms w? = dz; +iJdz;, j=1,...,n
and w/ = wi.

Lemma 4.4.19. If J is integrable, then

1. we can write dw? =37, ap w0 AWF 430, bWl AWE,

2. and we ¢ an write dw’ as the conjugate of the above.

Proof. This follows from our characterization of integrability, since the w’/ form a frame of Q19 (M)
and the w’ one of QY1 (M), since d2P? C QPTLa ¢ OP9+1 and since the expression in the first
part of the Lemma is a sum of forms of type (2,0) and (1,1). O

Now we use the assumption that J is real analytic. Take a real analytic structure on M (such
a thing always exists). Then J is real analytic in real analytic coordinates on M, and we suppose

that U is one of these real analytic coordinate charts. Then w/ and w’ are real analytic. This
means that if we write

2n 2n _
Wl = ng(x)dmk, Wl = Zf,gdxk,
k=1 k=1
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then f,g,fz : U — R are real analytic. Now, take holomorphic extensions Flg : U* — C and
F] : U* — C, where here 0 € U* C C*" = (z1,...,22,) such that F|y = f¥, Fl|y = fJ. Note

that in general, we do not have F,g #+ F,ﬁ
Define holomorphic (1, 0)-forms on U* by

2n 2n _
O =>"Fldn, Q=) Fldz.
k=1 k=1

Since {w?, w;} are linearly independent at 0 € U, we have that {7, Qj} are linearly independent
at 0 € U*, and so they are on a neighbourhood that we will also denote U*. Here we identify
(T*Rzn)c = T*CznhR?n. B B

So, we have a frame {0/, Q7 | j =1,...,n} for Q"0(U*). Moreover, since ©/, Q7 are holomor-
phic, we have 9 = 9 = 0, so d€¥ and d¥ are of type (2,0), and we can write

A =" AL QAR+ B A QR+ 0 0 A OF,
h<k h.k h<k

where all Aik, B{Lk, Cik are holomqrphic functions. Since d€|gzn = w7, we have that C{;k|R2n. =0,
since dz|gzn = dxy. Since the C}, are holomorphic, we find C}, = 0 on C?™. Hence, dQ? can

be expressed as wedge products of Q%’s with other forms and so, we have the hypotheses of the
following theorem satisfied.

Theorem 4.4.20 (Holomorphic Frobenius Theorem). Let ¢1,. .., @, be holomorphic 1-forms on
a neighbourhood V of 0 € C™. If {¢;} is linearly independent at each point, and moreover dp; =
Y i1 Vi Ay for holomorphic 1-forms 1., then there exist functions g1, ..., g, : U* — C such that

i
0= phdgk
k=1

with all pi holomorphic.

Applying this to our system {2/}, we find F;:U* C C?" — C holomorphic, j =1,...,n, such
that Q7 = 3", P}dF with Pf holomorphic. We write fi = Fg|y. Then

w! = Zpidfk, P = Pllu.
k=1
In particular, {df}7_, are a frame of Q°(U). That they are of type (1,0) follows from the fact
that dfy = dFy|y = 0Fk|u, where we use that the F) are holomorphic. Thus the dfy satisfy the
hypothesis of Lemma 4.4.18. This proves the Newlander—Niremberg theorem in the case of real
analytic almost complex structures.

We give now the flavour of the proof of Theorem 4.4.20: Note that {¢!,...,¢"} generate an
ideal

ISy (V)= P Ul(V) == Pla € QO(V) : 0a = 0}.

k>q0 k>0
The ideal is given by
I={acQ(V):a= ij A @; where ¥ are hol. (k,0)-forms},
J

and moreover, by the second assumption of the Theorem, dI C I. An ideal with this property is
called a differential ideal. Define

Di={veTV :ivp;=0i=1,...,r},
so Dir|, CTV]|, forallpe V.
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Proposition 4.4.21. D; is a holomorphic distribution, 7.e. for all p € V, we can find a neigh-
bourhood U, p € U C V and holomorphic vector fields {X,41,...,Xm} defined on U such that
Drlp = (Trs1lps - Zmlp) for allp e U.

Definition 4.4.22. A holomorphic distribution D is called integrable or involutive if [z1,x2] € D
for all 21,9 € D. Here, we identify TV =2 TH9V; and use that V is a complex manifold.

Proposition 4.4.23. Dy is involutive.

Definition 4.4.24. A complex submanifold N C V integrates Dy if T,N = (Dy)|, C T,,V for all
peEN.

Note that (1) if for all p € V there is an integrating submanifold passing through p € V, then
Dy is involutive, since the restriction of brackets is the bracket of the restriction.

Theorem 4.4.25 (Frobenius Theorem, version 2). If D is involutive, then (1) holds. Moreover,
there exist coordinates around each point such that {z : z; = const,Vi =1,...1}.

The link with the previous formulation of the Frobenius theorem is given by z; = g; for i =
1,...,r.

To prove Theorem 4.4.25, one uses complex flows of holomorphic vector fields: For a holomor-
phic vector field v, one can construct ¢Z : U — V, U C C x V satisfying

d
@@i =voyy, wi(p)=p¥peV.

Since D is involutive, D = (vy41,...,vy,), for v; holomorphic with [v;,v; = 0]. We find that
©% o 0 = ¢f o @3 if and only if [v;,v;] = 0. Here ¢ = @7 . Assume that vjlo = %h},
j=r—+1,...,n. Define & :C" — C"

D(wy, ..., wy) = <p:f}_f_{1 o (wy, ..., we, 0,...,0).
In these new coordinates, the v; are the %. and {w; = const.j =1,...,r} are the leaves of the
N J

distribution.
. . . . . . ) 9 E) . _
An example of something which is not involutive is v; = 9.5 V2 = 3., + 225, since [v1,v2] =

821 :

16th lecture, October 31th 2011

5 Hermitian metrics, connections, and curvature

5.1 Hermitian metrics

Let E — X be a smooth complex vector bundle over a smooth manifold M. Let s € C*(U, E)
be a local section, U C M open, and let ¢ : E|y — U x C" be trivializations. From this we get a
frame f = (e1,...,e,.), where ¢;(x) = ¢~ 1((z,(0,...,1,...,0))) with the 1 in the i’th place. Write
s=)_;s;5¢ej, and

with smooth functions s; : U — C. Given g € C*°(U,GL(C")), we can construct a new frame
f-g=1(e1,....e;)-g=(€),...,€.), where ¢ = 37 e;g;j. In this new frame, the local section

becomes s(fg) = g~ 's(f). o
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Definition 5.1.1. A hermitian metric h on E is an assignment of a hermitian product on each
fiber,

ho(s1le,52|2),  S1lz, S2le € By,
such that for every open subset U C M and local sections s1, s, € C*°(U, E), the map
x> hy(s1]e, S2]2)
is in C*°(U) ® C. The pair (E,h) is called a smooth hermitian vector bundle.

Note that we use the convention that h(vi, Ave) = Mh(v1, v2).
Given a frame f = (eq,...,e,), we define a matrix of functions by

h(f)jx = hlex,e;) =: (e, €5).

This then defines a M, ,(C)-valued function h(f) = (h(f);x) on U such that WT = h(f).
Note that h(si,s2) = sz(f)Th(f)sl(f) for s; € C>*(U, E).

Proposition 5.1.2. FEvery smooth complex vector bundle E admits a hermitian metric.

Proof. Choose a locally finite trivializing covering {U,}qocr such that E|y, = U, x C" and a
partition of unity {p }aesr subordinate to this cover. Define

B (51]e, 212) = 52(F @) Les1(fa),

where f, is the frame on E|y,. Now, define a hermitian metric by

h(s1lz, s22) Z(Pa “(s1las s2]2)-

acl

O

Example 5.1.3 (Fubini-Study metric on the universal quotient bundle). Take (V,h) a complex
hermitian vector space and consider the Grassmannian

G(V):=GL(C")\{p : V — C" C-linear},

viewed as a smooth manifold. Over this we have the universal quotient bundle @,, — G,.(V'), which
has fibers

Qrlip) = V/kerp =C".

Consider the orthogonal projection I, : V' — ker @+ C V with respect to h. The Fubini-Study
metric on @, is given by

th([U1], [’Ug])w] = h(H[w]Ul, H[Lp]vg) = h(H[W]Uh Ug).

This is well-defined, since the map IIj, defines an isomorphism V/ ker ¢ = ker o*. Now, choose a
basis V' = C™, and denote by H € MTXT((C) the matrix H = h, such that h(vi,ve) = 737 HV; in
the chosen basis. Then

G,(V) = GL(C")\{A € M, x»(C) : A maximal rank}.
The orthogonal projection Ilj4; : C — ker A+ maps

vy
v=| 1 | = AT (A4) Ay,
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where A* : C" — C" is the adjoint matrix for H and the standard metric on C", i.e. Arw Ho =
w! Av, so A* = H ~14" . Thus the Fubini-Study metric is

hes([v1], [v2]) ][] = D2 HA*(AA*) " Avy.

For r = 1, recall that the Grassmannian is P(C™), and the hermitian metric on the universal
quotient bundle is 1/]z|?, H = Id.

5.2 Connections

Let QP(E) be the space of E-valued differential forms of degree p on M, i.e.
QP(E) = C*°(M,NPT*M ®c E).

Definition 5.2.1. A connection D on E is a C-linear map D : C®(E) = QY(E) — QYE)
satisfying the Leibniz rule D(fs) = fDs + df - s, where f € C>*(M), s € C*°(E), and - in df - s
means the image of the map QP (M) x C*°(E) — QP(E) which maps (w, s) — (2 — (wz ®c Sgz))-

Remark 5.2.2. The idea of connection is that for a vector field v € C*°(T'M), the connection tells
us how to differentiate sections with respect to vector fields via the assignment s — v—=Ds = D,s.
That it defines a differentiations follows from the Leibniz rule.

The process of differentiating a section is done by “connecting” different fibers through parallel
transport. Before describing how, let us note that connections always exist. Note that if the bundle
is E = M x C, then the exterior differential d : C>°(M) ® C — Q'(M) @ C defines a connection.
Generally, in a local trivialization U x C" we always have the trivial connection d X --- x d. Let
{Ua}aer be a trivializing open cover of M. Then on every piece El|y, = U, x C", we have
the trivial connection. For a partition of unity {¢a}acr, a section s € C*(M, E), and a frame
fo = (ef,...,e%) on U, given by the trivialization, we define

Vs =3 o (fard(s(1)) = 3 walD efdsg),

This defines a connection V.

So what are the other connections? If D and D’ connections on FE, it turns out that D — D’ €
QYEndE), where (D — D’) - s = (Ds — D’'s). So, given one connection, all others are obtained
by adding elements Q!(EndE), since for B € Q'(EndE), we can define a connection V + B by
(V+ B)s=Vs+ Bs.

It follows that Ag, the space of all connections, is an affine space modelled on Q! (EndE).

Definition 5.2.3. Given a local section s € C*°(U, E), we say that s is parallel with respect to a
connection D, if Ds = 0.

Let v : I — M be a smooth curve and s a section along the curve, i.e. a section s € C°(I,v*E)
or, equivalently, a curve s : I — FE such that ps(t) = ~v(t) for all ¢, where p : E — M is projection.
We say that s is parallel along v if the pull-back of the connection D to v*E, also denoted D,
satisfies (D 2 s)|¢ = 0. In the other picture, this is equivalent to saying that for an arbitrary smooth
extension of s : I — F to a local section of F, we have D )s = 0.

Claim 5.2.4. Given y with v(0) = x and s, € E,, then there exists a unique s; € E. () such that
Dy@yse = 0 and so = s;. That is, we can uniquely lift a curve in M to a curve 7 in E that is
parallel with respect to D. This curve is called the horizontal lift of v with respect to D.

This property defines an isomorphism F&t : Eyo) — Ey@) mapping so — sy called parallel
transport.
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To prove this, we need to find a local expression for D. Pick a frame f = (ey,...,e,) of local
sections e; on U C M. Define the connection matriz

0=0(D,f) € QYU x M.«.(C)),
Dej = Zﬁkjek = (f . G)J
k=1
For s =) sje; = f-s(f) € C(U, E), the Leibniz rule tells us that

Ds = D(f-s(f)) = Z(dsj) -€j + 55 De;

= fd(s()) + 1 -0(f) - s(f) = fds(f) +0s(f))

where in d(s(f)), we take the differential in every component of s(f).
With this formula, the equation for parallel transport is very simple. For a local section
s:I — Ely 2U x C" along a curve =, the equation is

. d .
Di(ys = 4(t)=Ds = —s(t) +4(t)=0 - s = 0.

This is a linear system of ordinary differential equations which admits a unique solution, once we
prescribe the initial condition s(0), which proves the claim.
An important idea is that parallel transport recovers the connection. We claim that

d ¢ (p)\—
Dysle = 2 1o (D55 ") s ()

for a vector field v € C°°(T'M ), which defines the flow ! of v. To see this, write define v(t) = ¢! (z)
and note that, locally,

d _ . d _
%h:o(l—‘g,t) 1(8’7(15)) =ds(¥(0)) + ¥|t:0(rg,t) 15‘7(0)
dSt

o lt=0 = ds(v) + v—0 - s = D,s.

d
=ds(v) + £|t:05_t =ds(v) —

The reason for calling the lift of Claim 5.2.4 horizontal will be discussed in the next lecture.

17th lecture, November 1st 2011

We begin today with another description of connections — a reference for the following is | ].
Let D be a connection on £ — M. Note that we have a natural inclusion M C FE as the zero
section of F. For a general v € F, there is no natural way to embed M in E passing through wv.
A connection gives a way of doing this infinitesimally. What we will do it to define a “horizontal”
distribution H on E using D.

Recall from the previous lecture that a section along a curve v C M can be identified with a
curve on the total space of E.

Definition 5.2.5. A curve 4 C E such that p¥ = v is a horizontal lift of v with respect to D if
and only if 4 is D-parallel; i.e. Ds)¥(t) = 0 for all ¢.

Define H, C T,,E for v € E by
H,={weT,E:w=4=0 for some horizontal lift 4 of v in M}.

We will give a definition of H that is easier to work with.
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Note that we have a short exact sequence of vector bundles over F,
0—->VE—->TE —p"TM — 0.
That the sequence is exact means that for all v € E, the induced sequence of fibers is exact. Here
VE={weTE :dp(w) =0}

is the vertical bundle. We will define a 1-form on E with values in VE denoted 0p € QL(VE)
such that the horizontal subspace becomes

H =Amfp = {w e TE : p(w) = 0}.

To define 0p, pick a frame f = (e1,...,e.) on E and use the local expression D = d + 6. Here,
0 = 0(f) is defined by D(f) = f - 6(f). Changing the frame by g € C°°(U, GL(C")), we have

0(fg) =g 'dg+ g 0(f)g.

To see this, note that D(fg) = fg-6(fg) and by the Leibniz rule,

D(fg) = D(f)-g+ f-dg= f(0(f)-g+dg),

and the formula for 6(fg) follows. Associated to f, we have an identification E|y =2 U x C" =
{(z, )} and a local trivialization of the tangent bundle TE|y = TU x C" x C". Note that we have
no holomorphic structure on the bundle but we write C™ rather than R?" to simplify notation.

Note also that a change of frame f — fg—! induces a change of trivialization U x C" — U x C"
which maps (z, s) — (z, g(x)s). Taking differentials, we obtain a map

TUxC'xCr —-TU xC"xC"
('Uwa s,w) = ('Uzag(‘r>8a dg(vw) -s+ g(x)w)
Define, locally,
00 (vg, s,w) = (01,8, w + v,~0(f) - 5)

To see that this is independent of the choice of frame, note that in the frame fg1!,

00 (v, 9(x) - 5,dg(v)s + g(@)w) = (04, g(v2)s, dg(vs)s + g(@)w + v,~0(fg~ ) g(z)s).

1

Since d(g~!) = —g~'dgg™!, we obtain

dg(vz)s + g(x)w + v.~0(fg~")g(x) = dg(ve)s + g(z)w + v.~(gd(g~") + g0(f)g ")
= g(@)w + v,=g(x)0(f) - s
= g(z)(w +v~0(f) - 5),

and it follows that 6p is the local expression of a well-defined form in QL(V E). Note that for
v € C®(VE), we have Op(v) = v. We can now define

H = Annfp ={w e TE : 0p(w) = 0}.
We now want to see how to recover D from 6. The projection p : E — M induces an isomorphism
o:pE—>VE
d
(v,w) — £|t:0(v + tw),
recalling here that

p*E ={(v,w) € EX E:p(v)=plw)}.
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Claim 5.2.6. For s € C®(E),v € C*(TM),
®(s,Dys) = 0p(ds(v))
To see this, we note that locally, TE|y 2 TU x C" x C" and in this trivialization, we identify
ds(v) = (v, s,ds(v)),
where on the right hand side, we view ds as a map C" — C". We find that
0p(ds(v))]z = (0, 8,ds(v) + v=05) = (0, s, Dys),

and the left hand side of the claim is
d
D(s,Dy(s)) = (04, s, %|t:0(s +tDy(5))) = (04,8, Dy(s)).

Note that dim H, = dim M since Op|lyg = Id, and dp : TE — p*TM restricts to an iso-
morphism of bundles dp|yg : H — p*TM. Inverting this isomorphism, we obtain a splitting
Ap :p*TM — TE of

0—->VE—->TE —p"TM — 0,

that is, Ay satisfies dp o Ap = Id. Not all splittings arise from connections in this way from
connections on E, since our splittings always have the property that for w € C*°(TE), we have

QD(U}) =w — Ade(w),
and locally,
Ap((2,5),02) = (vg, 5, —v,=0 - 5)

under the identification TE|y = TU x C" x C", so the dependence on s is linear, which is not true
for general splittings. More generally, one is lead to consider principal bundles where connections
are defined as certain splittings.

5.3 Curvature of connections

As motivation, suppose (M, g) is a Riemannian manifold. Associated to g we have the Levi-Civita
connection D,. Note that p*T'M = V(T'M), which allows us to define a metric ¢’ on V(T'M);
namely, we define

G ((v1,w1), (v2, w2)) = g(w, wa).
Consider (T'M,j = § + p*g), where § is defined by
G(t1,t2) = §'(Opt1,Opta)

for t1,ty € C°(TTM). Then § is a metric on TM as a manifold.

We turn to the concept of curvature. The horizontal distribution Hp may not be integrable (in
the sense of Frobenius). By the Frobenius theorem, Hp is integrable, if and only if Hp is preserved
by the bracket. Le. if wy,wy € C®°(TE), and wy,ws € Hp, then [wy,ws] € Hp.

The curvature of D captures the non-integrability of Hp. It defines an element

Fp € QL(VE),
Fp(wi,ws) = —0p[Apdpw:, Apdpws)]

for wy,we € C*°(TE).
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FExercise 5.3.1. Check that Fp is a tensor.
Note that Fp kills all vertical vector fields, i.e. if v € C*°(V E), then v—Fp = 0. This allows
us to define F' € Q3,(EndE), also referred to as the curvature, satisfying
D(s, F(u,v)s) = Fp(Apu, Apv)|s

where @ : p*E = VE is the isomorphism from the previous section, s € C*°(E),u,v € C*(TM),
and Apu, Apv is understood as follows: For u € C*°(T'M), we define u € C*°(p*T M) defined by
u(s) = (s,u(p(s))) for s € E, so that Apu, Apv make sense.
The form F € Q?(EndE) is given by
F(u,v) s = Dy(Dys) — Dy(Dy5) — Dy )5

Locally, in a frame f, D = d + 0, we find

F(u,v)s = (d+0)u((d+ 0)ys) — (d + 0),((d + 0)us) — (d + 0)[u,0]5
= (d+ 0)u(v(s) +6(v) - 5) = (d+ 0)o(u(s) + 0(u)s) — [u,v](s) — O([u, v])s
=u(v(s)) + u(0(v)s) + 6(u) - v(s) + 6(u)0(v)s
—v(u(s)) —v(B(u)s) — O(v)u(s) — 6(v)0(u)s

— [u,v)(s) = 0([u, v])s
=u(8(v)) - s —v(@(u)) - s — 0([u,v])s + O(u)f(v)s — 6(v)0(u)s
=df(u,v)s+ (0 A 6)(u,v)s
=(d0+ 0 N 0)(u,v)s

Here, 0 A denotes multiplication of matrices where in components we take wedge products. Thus,
we have the local expression

F=di+0n0

for the curvature. Next time, we relate F' to Fp via ®.

18th lecture, November 7th 2011

We begin by recalling the different versions of connections. Let (E, D) be a complex vector bundle
with a connection. We defined this to be either

1. amap D : Q°(E) — Q'(E) which is C-linear function satisfying the Leibniz rule,
2. defined using parallel transport,

3. defined through a form 6p € QL (VE),

4. defined by the splitting Ap : p*TM - TE of 0 - VE - TFE = p*T'M — 0, or
5. defined by H a horizontal distribution.

We go from (1) to (2) by solving an ordinary differential equation and from (2) to (1) by considering
41,—oT' ;. We go from (3) to (1) by considering © : p*E = VE and 6pod = ®(-, D-) and from (1)
o0 (3) by defining locally p = (0,,Id +6). We go between (3) and (4) by letting 6p = Id —Apdp.
Finally, we go between (3) and (5) by letting H = Annfp.

We saw that the obstruction for H to be integrable is the curvature

Fp(v1,v2) = —=0p[Apdpvy, Apdpvs],
for v1,v2 € C°(TE). We also defined F € Q?(EndE) by
F(u,v) s = DyDys — DyDys — Dy y)5-
We saw that, locally, FF' = df 4+ 6 A 6.
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Claim 5.3.2. The two curvatures are related by (s, F(u,v)s) = Fp(Apu, Apv) for s € C®(E).
Here, v,u € C>®(TM), and we view u and v as sections of p*T M on which we can apply the
splitting Ap.

Proof. Locally, on a frame, we have E|y 2 U x C" and TE|y 2 TU x C" x C". Recall that

d
‘1)(51732) = £|t:0(81 + t82)a

so locally,

d
8o, 1,0)8) s = (0025, limals + ¢ (00) )
= (OI, S, (d9 +0A 9)(1“,) . 8) .

Note that Fp kills vertical vector fields by definition. So, it is enough to compute Fp on elements
of the form Apu, Apv as before; in other words, Fp is determined by elements of this form.
Locally,

Apuly,s = (Ug, S, —uzp=0 - 8) = (uy, —uy—0s),

i.e. we view the vector field as a map U x C" — R" x C".
On a manifold N, locally we can compute [vg, v2], v1,v3 € C°(TN) = C>°(R",R"), as

ov ov
i O0V2 k OV1
[v1,v2] = v1—dvy — vo—dv; = E v — — E vy —.

In our case,
[Agu, AgV]|(z,s) = (Ug, —up=0 - 5)2dy s (v, —0=08) — (Vg, =70 - 8)~dy s (u, —u—0s)
= (Ugy —Ug=0 - $)=(dgv, dy s (—0705)) — (vy, =070 - )= (dpu, dy s (—u—05))
= (up—dy — vp~dzu, W) = ([u,v], W)
for some W. To compute W, note that
dy,s(—v=0s) = —(dyv)—~0s — v, ~(dz0)s — v, —0dss
= —d,(v-0)s — v,~0ds,
and
(Ug, —Uy—05)~dy s(—v—05s)
= — (up—dy0)=0s — vy~ (uzp—dy~d0)s + (vV:70) - (uz—0) - s
= — u,~d,(—v-0) - s+ (v=0 - u—6s).
Recall that
di(u,v) - s = u=d(v—0) — v=d(u—0) — [u, v]—6.
This implies that
W = —[u,v]~0s — df(u,v) - s — O N O(u,v) - s.
Overall, we see that
[Apu, Apv] = ([u,v], —[u,v]=0s — (d0 4+ 0 A 0)(u,v) - s),
and hence by definition,

—FD(ADU,AD’U) = QD[AD’LL, AD’U]
= (04, —[u, v]=0s — (df + 0 A 0)(u,v)s + [u,v]—0s)
= (04, —F(u,v) - s) = =B(s, F(u,v)s).
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From now on, we write Fp = F € Q?(EndFE), using the identification from the claim. We
turn now to the Bianchi identity, which gives a relation between the covariant derivative and the
curvature.

We first discuss associated connections: Given two bundles (E, D), (F, D), we can do the
following:

a) Endow E* with the connection D™ (a(s)) := d(a(s)) — a(DFs) for a € QU(E*),s € QO(E).
One can check that this satisfies the Leibniz rule.

b) Endow E@F with the connection DF®F (s1@s5) = DFs; @D sy, for 51 € QO(E), 55 € QO(F).

c) Endow F ® F with the connection DF®F (s; ® s5) = (DFs1) @ 89 + 51 @ DF s5.
In particular, we have a connection on End(F) given by
DErE(BYs = DF(Bs) — B(DFs)
for B € Q°(EndE), s € Q°(E). Locally, write D¥ = D = d + 0. Then
DFE(BY = dB + 0B — B0 = (d + [0,])B.

Given (E, D), we will now extend D to D : QP(E) — QPTL(E). Locally, for £ € QP(E|y) where
E|y is trivialized via a local frame f on U C M open, we let

(DE)(f) = d(E(f)) +0(f) NE(S) € QFH(E).

Exercise 5.3.3. Check that this defines D¢ globally by using that £(fg) = g7 '¢(f) for g €
C>(U,GL(C")) together with the formula for 6(fg).

Note that D2¢ = (D o D) = Fp A &: In the frame f,

D*¢ = (d+0)(d+0)¢ = (d+0)(dE + 0 N E)
=+ dONE) FONDEFONONE
=(dOYNE—ONAE+ONDE+ONONE
=(d0+0N0)=FpAE.

From this, we obtain an abstract version of the “non-integrability” of Hp. Namely, we obtain a
sequence

QE) - QYE) - Q*(E) = - = QP(E) = - .

We conclude that the curvature is the obstruction for this sequence to be a complex, since D? = 0
if and only if Fp = 0.

Proposition 5.3.4 (Bianchi identity). Consider the sequence

DEndE DEndE

Q°(EndE) P57 P gr(EndE) PO
Then DEE(Fp) = 0.

Proof. Locally, DE"E : Q9(EndE) — Q'(EndE) can be written DE"¥ = g+ [0, -]. We will extend
the bracket so that this formula is true for D¥*4E : QP(EndE) — QP (EndE) in general.
Let x € QP(EndE), ¢ € Q¢(EndE) and define

[0, XI(f) = x(f) A (f) = (=D)P9(f) A x(f)-
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Using that x(fg) = ¢ 1x(f)g, one checks that this bracket is globally defined. We find that
DEEx = dx + [0, x] = (d+ [0, ])x-
From this, we obtain

DEME(Fp) = (d+[60,-])(d0 + 0 A 0)

=d*0+d(ON0)+ [0,d0] + 0,0 A 0]

=dOINO+ONAI+ONOND — (—1)*(dONO+ONOND)

=(dONO—ONdO+ONAO+ONO—dONO—ONONG

=0.

O

Remark 5.3.5. This identity is Prop. 1.10 of | ] which states that —[f, F] = [F,0] and dF =
[F, 0] (with the notation F = ©).

5.4 Unitary connections

Let (E,h) be a complex hermitian smooth bundle over M. Using h we construct the map

h: QP(E) x Q4(E) — QP (M) @ C
(w1 ® 81,w2 @ $2) — w1 AWz - h(s1,82)

for wy € QP(M), wo € Q4(M), s1,82 € C(FE). Here, we use the identification
ANT*M ®g E = (AFT*M @ C) @c E.
Definition 5.4.1. A connection D is called h-unitary (or h-compatible) if
d(h(s1,82)) = h(Ds1,s2) + h(s1, Ds3)
Locally, on U C M, such that E|y Z U x C", we have

h(517 52) = ?QTHslv

where H € C*°(U, M, «,(C)) satisfies H =Hin every point. Then, since
d(h(s1,89)) = (d537 )Hsy + 55" (dH)sy + 53" Hdsy,
and since
h(Ds1,s2) + h(s1, Dsy) = 53¢ H(ds, + 0s1) + mTHsl,
the compatibility condition becomes
dH = HO + theta' H.

A compatible connection always exists: Choose a trivializing cover {U, }aer and a partition of
unity ¢, subordinate to this cover. Then E|y, = U, x C" give rise to frames f, which we chan
orthonormalize using the Gram—Schmidt process. Thus we can assume H, = Id for all a € I.
Then this must solve

—T
0o +0, =0
and in particular, we can take 6, = 0 for all a, and we can take

Ds =" ¢ad(s(fa))-
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19th lecture, November 8th 2011

5.5 Chern connection

Let E — X be a holomorphic vector bundle over a complex manifold, and let A be a hermitian
metric on E. Then we have

OFE)= > Qri(E).
p+aq=k
Note that AFT* X, ®@r E = (AFT*X,) @r C) ®@c E. If D : Q(E) — QY(E) is a connection, we
split
dp =D":Q%E) - Q"(E), dp=D":Q%E)— Q" (E).

Theorem 5.5.1 (Chern). Let (E,h) be a holomorphic hermitian bundle. There exists a unique
connection D = Dy, called the Chern connection in E such that

1. D 1is h-compatible, and such that
2. D"s =0 for all holomorphic sections s € Og(U) of E|y for allU C X open.

Proof. Take any h-compatible connection D in F (which we have seen is possible). Then locally,
D = d+ 6 and decompose § = 610 + 001, If s € Op(U), we have dps = ds + fs. If D satisfies the
properties of the Theorem, then 0 = dps. If the local frame chosen is holomorphic, then ds = 0
and so %1 = 0.

The first property implies that dH = 6*H 4+ H6, where H is the matrix for h. Comparing types
of this equation we find 0H = 6*H and 0H = H6. Thus the condition becomes § = H~'9H. This
implies that the connection, if it exists, is unique. To see that it exists, it suffices to see that the
expression for # behaves as it should under a holomorphic change of frame g : U — GL(C") (i.e.
g = 0) which is left as an exercise. O

Remark 5.5.2. We can recover completely the holomorphic structure on E from D} =: D’. This
follows from the fact that from the complex structure J on X and Dj, (the Chern connection of
some h), one can construct the canonical almost structure on E.

The map D' : Q°(E) — Q%(E) is usually called the Dolbeault operator (also denoted ).

Proposition 5.5.3. The Chern connection satisfies the following (in a holomorphic frame):
a) 0 is of type (1,0) and 060 = —O N 6.
b) F, =Dp, = 96 and so Fj, € QY (EndE).
¢) OF =0 and OF + [0, F] = 0.
Proof. a) Since § = H-*0H, we have
00 =0(H " YANOH + H *0*°H =—-H Y(0H) N H '0H
=—0NG.

Here we have used that, in general, if ¢ — A(t) € M,«,(C) is a matrix-valued function, then
_ _1dA _
LA = —A(t) A A1,
b) We have

F=d0+0N0=00+00+0N0
= 06.

c¢) This follows from the Bianchi identity: The identity tells us that dF = [0, F] = 0, which
implies that

OF =30 =0.
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Note that FjﬁH + HF = 0. Globally, this means that
h(FSl, 82) + h(Sl, FSQ) =0

for all s1,s9 € C*°(FE). This happens for all Fp when D is h-compatible.

We discuss now the notion of adapted coordinates: Note that locally, F = 90 = 0(H *0H).
Inverting a matrix generally takes some computation, so we will find coordinates around a point p
such that F|, = 00H]|,.

Pick z € X and U C X an open neighbourhood with holomorphic trivialization F|y =2 U x C".
Identify U =2 C™, n = dim¢ X, with x =0 € C™.

Proposition 5.5.4. There is a holomorphic frame in U such that
a) H=1d+0(|z|?), and
b) Fylo = 00H|o.

Proof. Assume that a) holds. This means that |[H —Id| < C'-|z|? in some neighbourhood of 0 € C"
for some C. Then

H=1d+P,
H'=Id-P+P>—P3+....

At a point x, we have
Fyle = 9(H'0H)|, = d0H|, + O(|z),

which implies that F},|o = 00H |o.

If we expand H in Taylor series, then a) means that the first order piece vanishes. To see this
there are two steps. The first is to see that H|p = Id and the second one to show that dH|y = 0.

To see the first step, we show that H(0)T = H(0). We have H(0) € GL(C"). Polar decom-
postion tells us that for ¢’ € GL(C"), we can write ¢/ = Ke' for ¢ € LieU(r), i.e. ET +£=0.
In our case, we write H(0) = ¢ for ¢ € LieU(r). Denote g = e~%/2. Write h(f) = H. Then
H(0) = (9g%)~" and h(fg) = g*h(f)g = g*Hg = 1d +O(|z).

Assume by this change of frame that H = Id+O(|z|). For the second step, choose g : U —
GL(C") to be g = Id +A, where A(z) = 3_; AJz; for constant matrices A7 = —37}5(0). Note that

in the Taylor expansion of H, there are also terms of the form —B%H (0).
J
Computing, we find

dA(0) = 0A(0) = —0H|o.
In the new basis,

d(h(£9))(0) = d((Id +A)* HId +A)(0)) = d(H + A*H + HA + ---)(0)
= dH(0) + dA*(H(0)) + H(0)dA(0) = dH(0) + dA*(0) + dA(0)
= OH(0) + DH(0) + (—9H)*(0) — QH(0) = DH(0) — BH(0) = 0.

O

Example 5.5.5. Consider the Fubini-Study metric hps on Opcny(1) = Q1 — G1(C") = P(C") =
{lz1: -+ zu]} and write wps = iFy,g. Note that Fj.g € Q*(EndQy, ) = Q*(P(C")) ® C(?),
EndQ; = Q1 ® QF 2 P(C™) x C. Since hpg(Fhpst, ) + hrs(s, Frps:) = 0, we have Fpoo = —Fppq SO
Fype € iQ?(CP") and wrs € Q?(C(P™)). By the Bianchi identity dwrs = 0: Locally,

[e,wFs] =60 A wps — (_1)2WFS ANO=0.
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We claim that wpS is non-denerate, i.e. that v—wpg = 0 implies v = 0 for v € C°(TP(C™)yp).

The action of U(n) on P(C™) induced by the inclusion U(n) — GL(C") is transitive in the sense
that for all z1, 29 € P(C™) there exists g € U(n) such that gz; = z3. Moreover, wrg is preserved
by this action.

Recall our formula for hps: For [v1]|z,:iz,] € Qil[zy:0i2,], [V1] € C"/ker[zy : - -+ ¢ 2], where
[21:+:2,] : C" — C is the map v — zov =) zv;, we have
—TT
(O AR A ]
hrs([v1]; [va])]= = “TE
On coordinates z; # 0, Q1]y, — C 1 xC, )], — (w, %) Write w; = 2z;/z;, i =1,... R
Then
A1y
hFS((wa )‘1)7 (U), )‘2)) = W?

and the curvature becomes
Fips = 0((1+ [w?)0((1 + [w[*)™1)) = —00log(1 + |w[?)
—9 (Zl wldwl>

1+ fw]?
- Zl dw; A dw, Zl,k wiwrdw; A dwy,
1+ |w]? I+ wp)
and so
n—1

wFs|w:0 =1 Z dw; N\ dw;.
=1

As we will discuss later, this is the expression for the standard “symplectic form” on C".

We conclude that wgg is closed and non-degenerate. Moreover, if J is the canonical almost
complex structure on P(C™), then wgg(+, J-) is positive in the sense that wpg(v, Jv) > 0 for all
v € C®(TP(C™)p). We claim (without having defined it) that grs = wrs(-, J+) is a Kéhler metric
on P(C"™).

Note now that if L — X is an ample line bundle over a complex manifold X, then by definition
of ampleness, there is a k > 0 and an embedding X < P(CM*) given by holomorphic section,
where N, = dim H°(X, Lk). Then we can pull-back all the structure of ]I”(CNk), i.e. hps, Wrs, grs,
to (X, L). Thus, every polarized manifold (X, L) like this has a Kéhler structure. What we will
see is the converse to this statement.

20th lecture, November 14th 2011

6 Kahler geometry

6.1 Preliminaries on linear algebra

Let V be a d-dimensional real vector space with complex structure J : V' — V. Fix g an inner
product on V' (so g is symmetric and g(v,v) > 0 for all v € V'\ {0}).

Definition 6.1.1. The inner product g is called hermitian if g(J-, J-) = g.

Given a hermitian inner product g, we can consider w = g(J-,-), which, since g is symmetric
and J is an isometry, defines an element w € A2V*, i.e. w is skew-symmetric. Furthermore, since
J? = —1d, we get that w(J-, J-)w.

Let V. = V ®gr C. Then the hermitian inner product g extends uniquely to g. a C-bilinear
symmetric form on V., such that
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1. g.(v,W) = gc(v,w), for all v,w € V,

2. g.(v,v) > 0, for all v € V. \ {0},

3. ge(v,w) =0, if v e VIO we Vol
Consider w. = g¢.(J+,-), where J : V. — V. is C-linear extension of J. Consider AV* =
Dr>0 By (V)71
Proposition 6.1.2. We have w. € (V*)b1.

Proof. If v,w € VY9 then w,.(v, w) = ig.(v,w) = 0 by the third property above. We get what we
want from the identification

(VY ={fa eV v-a=0voe VO]

Consider a basis {%}?:1, 2n = d, of V1 with a dual basis {dz;}7_,. Then we can write

ge =2 hidz ©dz;,
i,
where we write
dz; ©dz; = %(dzi ®dzZ; +dzZ; ® dz;), hij = gc (8621, gjj) , 362] = 8azj
We also have
We =ge(J-, ) = ’LZ hﬁdzi Adzj,

where here dz; A dz; = dz; ® dZ; — dzZ; @ dz;.
Note that hTE = hjg, so h defines a hermitian metric on V1:0.

Let V be a complex vector space of dimension dim¢ V' = n, and let Vj be the underlying real
2n-dimensional vector space. As always, we can endow V{ with a complex structure J given by
multiplication by . Fix a hermitian metric on V, h : V ®c V — C (not C-linear), i.e. h satisfies

h(v,w) = h(w,v) and h( v, w) = Ah(v,w) = h(v, \w) for A € C. Define
g(u,v) =2Reh(u,v), w=—-2Imh,

for u,v € Vy. Then ¢ is a hermitian inner product on (Vy, J) since
g(J-J) = 2Reh(J-, J.) = 2Rei(—i)h = 2Reh,

and we have w = g(J-, ).
Choose a complex basis {w;}7_; on V and consider {%7 a%j} the real basis of Vp, so 8%]_ = wj,

8%]' = iw;. Let {w}} be the dual biSiS of {&} Define the R-linear map w : Vo — C by v = w3 (v).
Consider the C-linaer extension (w}). of w} to (Vp)c. Then
(U)i;k)c = diL’j — Zdyj =: dfj
(w})e = dzj +idy; =: dzy,
so dz; is the dual of a%j = %(% - iaiyj). Setting h; = h(w;, w;), we have
ge =2 Z hjEde ® dzy,
i,
we =1y hgdz A dz.
4,J
In other words, the hermitian metric induced by g. = (2Reh). in the (1, 0)-part of Vj is given by
the isomorphism V = (Vp, J) = Vol’0 given as always by w — %(w —iJw).
So, Kéhler geometry at a point is simply hermitian linear algebra. Things first begin to happen
when we impose global integrability conditions.
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6.2 Kahler manifolds

Let (M, J) be an almost complex manifold.

Definition 6.2.1. A Riemannian metric on M is hermitian if g(J-,J-) = g. The triple (M, J, g)
is called an almost hermitian manifold. 1t is called a hermitian manifold if Nj = 0.

By the pointwise nonsense of the previous section, if (M, J, g) is hermitian, then the complex
manifold X = (M, J) has a canonical hermitian metric h on TX = (T M)%°.

Given a hermitian manifold (M, J, g), we obtain two connections. One is the Levi-Civita con-
nection (V,TM) of g, and the other is the Chern connection (D,TX) of h. We want to compare
V and D. To do so, we extend V C-linearly to the smooth complex bundle T'M. — M. Note that
D, via the isomorphism TX = TM'°, defined only TM'°, and we want to extend it. Recall that
C>(TM'Y) is generated by v — iJuv for v € C*°(TM). We claim that V. preserves TM if and
only if VJ = 0, where (VJ)v = V(Jv) = JVo.

It is clear that if V.J = 0, then V. preserves TM? since V. (v — iJv) = (Id —iJ)V.v, and
Vv = Vo for v e C*(TM).

For the other direction, note that if V, preserves TM'?, we have

IV =iV =V, (Jo'?),

which implies that V.J = 0.
The condition VJ = 0 is very strong.

Proposition 6.2.2. Let (M, J,g) be almost hermitian. Then the following are equivalent:
1) VJ =0.
2) Ny =0 and dw =0, where w = g(J-,").
Moreover, if any one of these happens, then D = V. |rp.0.
Definition 6.2.3. A Kaihler manifold is an almost hermitian manifold such that 1) or 2) holds.

One of the nicest things about this story is that this links with the geometry for pairs (M,w),
where w € Q%(M) satisfies the conditions that dw = 0 and that w™ never vanishes. Such pairs are
called symplectic manifolds, and w is called the symplectic form.

21th lecture, November 15th 2011

Recall that (M, J, g) is called almost hermitian if g(J-, J-) = g.

Proposition 6.2.4. Let (M, J,g) be almost hermitian. Then the following are equivalent:
1) VJ =0.
2) Ny =0 and dw =0, where w = g(J-, ).

Moreover, if any one of these happens, then D = V.

Remark 6.2.5. In the previous lecture, we compared D with V|70 where the latter made sense
if and only if VJ = 0. We can do better and compare V and D though, since as smooth complex
bundles (I'M, J) and TM"° are isomorphic through the isomorphism v — (v — iJv). Take the
connection on (T'M, J) induced by D and denote this by D as well. Note that D being a connection
on (T'M,J) is equivalent to D being a connection on TM with DJ = 0. Then it is clear that the
eqution D = V makes sense.
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Remark 6.2.6. If (M, J,g) is hermitian (i.e. Ny =0) and V = D, then (M, J, g) is K&hler. This
follows since VJ = DJ = 0.

Note that this makes sense for almost hermitian manifolds (for a suitable notion of Chern
connection D on almost hermitian manifolds), and still in this generalized setting, we have that
V = D implies that (M, J, g) is Kéhler.

Proof of Proposition 6.2.4. Assume that 1) and 2) are equivalent and let us prove that VJ = 0
implies that D = V. We will use that N; = 0 implies that we have holomorphic coordinates.
By definition, V is the unique g-compatible connection such that the torsion of V vanishes, i.e.

Ty (v,w) = Vyw — Vv — [v,w] =0

for v,w € C°°(TM). The strategy of the proof is the following: We know that D preserves J (i.e.
that DJ = 0), and D preserves the hermitian metric on TM*%. This implies that Dg = 0. Thus
all we need to check is that the torsion Tp = 0. For this, we compute Tp,, the C-linear extension
of Tp to TM,.. Since Ny = 0, we can restrict

Tp(v,w) = Dyw — Dyv — [0, W]

to TM*'? and since Tp_ comes from Tp, it is enough to check that Tp_|7ps1.0 = 0.

We therefore want to check Tp_(v1?, w!?) = 0 for all v1:0 w0 € C®°(TM0). Take z € X =
(M, J). Consider adapted coordinates around z. Then consider § = 6(D), the local connection
matrix § = H '0H. Then H is the matrix determined by h = h, ; on TM*Y = T'X satisfies
H =1d+0(|z|?), where we identify x =0 € C", and 6|, = 0. Then the torsion is

o 0 0 0
Tb. (az; az) =D, (az) le = Doe (azi) =

0 7] 0 0
= 0o — 05|, = 0.
8Zi 8ZJ| 6Zj 8zl| 0

In conclusion Tp,| ., ., = 0 implies that Tp, = 0 and thus that Tp =0 and V = D.
We now prove that VJ = 0 if and only if N; =0 and dw = 0 where w = g(J-, ).
We claim that

29((Vyy J)vg, Ju1) = dw(Jvg, v1,v2) + dw(vg, Jui,ve) — g(va, Nj(vg,v1)) (2)

for vg,v1, v € C°(T'M). If this holds, then clearly 2) implies 1). We want to see that it also tells
us that 1) implies 2). To see this, note that

dw(vg,v1,v2) =vo(w(vy,v2)) — v1(wW(vg,v2)) + va(w(ve,v1))

= — w([vg, v1],v2) + wlve, V2], v1) — w([v1, V2], Vo).
We will use that the g-compatibility
vo(g(v1,v2)) = g(Vuyv1,v2) + g(v1, Vi v2),
and that V is torsion free,
Vo1 — Vi, vg = [v0,v1].
From this we will show that

A= (Ve )vr,v2) + g(Va, J)v2,v0) + g((Vi, S )vo, v1) = dw(vo, v1, v2), (3)
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which together with (2) shows that 1) implies 2). We find

A =g(Voye (Jv1) — IVy01,02) + g(Vy, (Jv2) — TV, 02, 00) + g(Vay (Jvg) — TV 4,00, 01)
=vo(g(Jv1,v2)) — g(Jv1, Vyova) — g(J Vo1, v2)
+ v1(g(Jva,vg)) — g(Jva, Vi, vo) — g(J V4, v2, v0)
+ va(g(Jvo, v1)) — g(Jvo, Vu,v1) — g(J V00, v1)
=wvp(w(v1,v2)) + v1(w(va, vg)) + va(w(vo,v1))
— (Vo1 — Vi, 00, U2) + w(Vy,va — Vi, v0) — w(Vy, va — Vo, v1,00)

= dw(vo, v1,v2)
which proves 3. It now remains to prove (2). Note that J(VJ) = —(VJ)J and
9([Vgod — IV I ) = —g(- [V gud — TV, J)).
This together with (3) implies that
dw(Jvo, v1,v2) + dw(vo, Juvi, v2)
=9((VaveJ)v1,02) + 9((Vo, J)va, Jvo) + g((Ve,J) Jvo, v1)
+ 9((VooJ)Jv1,02) + g((V v, J)v2, v0) + 9((Voy J)vo, Ju1)

= 29((vv2 J)U(), 1)1) + g(v% VJvoul - J(vvo J)vl) + g('UO, (VJ'UI J)’Ug - J(vﬂl J)UZ)
:29((v7)2'])007v1) =+ g(’Ug, [VJvo - vaot]]vl - [VJMJ - JVUl J]’UO)

Finally, using that V is torsion-free, one finds that
[vJvo — JVUOJ]’Ul — [VJUIJ — valJ]Uo) = —NJ(Uo, ’1}1)7
which proves (2). O

Note that from the last formula of the proof, we see that VJ = 0 implies Ny = 0. One can
check that VJ = 0 also implies that V j,J — JV,J = 0. We know a priori that N; = 0 if and only
if Ly,J — JL,J =0, and so we have obtained a metric version of this formula.

The Proposition allows us to prove the following, using V = D.

Proposition 6.2.7. The curvature Fy and the Ricci tensor of g satisfy
1) Fy-J=JFy, IFy(J-J) = Fg,
2) Ric(J-, J-) = Ric, and Ric = Jtr Fy (-, J+).

Proof. The proof is an exercise. The idea is to work in T'M, using D = V. Then the first formula
of 1) just corresponds to the fact that Fp € Q*(End(T'M, J)) which holds since D is the Chern
connection. The second one corresponds to Fp € Qb (End(TM, J)). O

Remark 6.2.8. In terms of D on TX, X = (M, J), the second formula of the Proposition tells us
that

Ric = itr Fp(-, J+).
Now Ric is symmetric, and we can define the Ricci form p of the Kéhler structure (g, J,w) by
p=itrFp € Q"(X).

Usually, if J is a fixed complex structure, in Kéhler geometry one works with w instead of g. It is
therefore common to call w the Kdahler metric, even if it is not a metric.
Fix a complex structure. Locally, in holomorphic coordinates, we can write

p=p,=itrd(H 'OH) = i00log(det H),
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where for a hermitian metric h on the tangent bundle, we define det H = det h the natural hermitian
metric on K% := A"T'X, n = dim¢ X. Here, Kx is called the canonical bundle and K*X the
anti-canonical bundle. Thus p,, is ¢ times the curvature of the natural metric on the anti-canonical
bundle.

det

6.3 Examples

Example 6.3.1 (The Kéhler-Einstein equation). In Riemannian geometry, a Riemannian metric
g is called Einstein if Ric, = A - g for A € R. This is what happens if one copies the Einstein
equation from Lorentz geometry and writes what it means in Riemannian geometry.

In Kéhler geometry, we say that a Kéhler structure (g, J,w) is Kdihler-Finstein if Ric, = Ag.
Contracting with J this tells us that

Pu = Aw,

which is the Kdhler—FEinstein equation. A big amount of work being done in Kéhler geometry
amounts to studying the Kahler—Einstein equations, and it is an open question which manifolds
admit Kahler-Einstein metrics.

Example 6.3.2. If (X, g,w) is Kéhler, if i : Z — X is a complex submanifold, then Z is Kéhler,
that is, (Z,i*g,i*w) defines a Kéhler structure on Z with the complex structure from X. This
follows from the facts that NJZ =0, ¢*g is hermitian, and di*w = i*dw = 0.

Example 6.3.3. Another example is (C",w = i), ;dzi A dz;) which is a non-compact Ké&hler
manifold which is flat in the sense that the curvature vanishes.

Example 6.3.4. Projective space (P(C"),wrs) is a Kéhler manifold. Here,
Wrs = F g,
where hpg is the Fubini-Study hermitian metric on Op(cny(1).

Remark 6.3.5. On a Ké&hler manifold we have a closed form w, i.e. dw = 0, and we have a chomology
class [w] € H?(X,R). When w = iF}, for h a hermitian metric on a line bundle L — X as in the
previous example, then [w] has special properties (e.g. it is in H?(X,Z)).

Example 6.3.6. Combining Examples 6.3.2 and 6.3.4 we see that any projective manifold X is
Kéhler with Kéahler form w = i}, for h a hermitian metric on Ox (1) = Op(cn(1)|x. Our original
motivation was to determine which complex manifolds were projective, so we are led to consider
compact Kéahler manifolds.

If X is a compact complex manifold endowed with an ample line bundle L — X, then (X, p*wrs)
is Kihler, where ¢ : X < P(CY), where N = dimc H°(X, L¥) for some k > 0, and p*wpg =
iFye

hps*

7 Kodaira’s Embedding Theorem

7.1 Statement of the theorem

Definition 7.1.1. A line bundle L — X is called positive if there exists a hermitian metric h on
L such that w = iF}, is a Kahler form.

Theorem 7.1.2 (Kodaira, version 1). A line bundle L — X over a compact complex line bundle
is ample if and only if it is positive.

As we saw in Example 6.3.6, if L is ample, it is positive. To prove the converse, we use the
concept of Bergman kernels.
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7.2 Bergman kernels

Let E — X be a holomorphic vector bundle over a compact complex manifold, and let L — X be
a positive line bundle, so there exists h such that w = iF}, is a Kahler form.

Assume that H(X, E® L*) is finite dimensional. Fix H a hermitian metric on £ and consider
the metric Hy, = H ® h* on E ® L*.

Consider the hermitian metric on H°(X, E ® L*) given by

wn

(s1,82) 12 :/X(51a52)|HkH7

where n = dim¢ X.

Remark 7.2.1. If w is Kéhler, then “;7 is a volume form on X, as one finds that in coordinates,

n
% = +/|det g|dz1 A -+ A dzay,.

The holomorphic structure determines an orientation, i.e. for a holomorphic atlas, the differential
of changes of coordinates have the form
A B
-B A)°
with positive determinant.
In general any almost complex structure induces an orientation; see | , Prop. 2.1].

Definition 7.2.2. The Bergman kernel K is the kernel of integration for the orthogonal projection

IM:C*(E® L") - H'(FE ® LF).

Thus, K is a section of the bundle E®@ L* R E® L* - X x X.

Here, for projections py : Z — Y7, po : Z — Y5 and bundles F; — Y;, Es — E5, we can form
the bundle E; X Ey — Z given by By X Ey = piE1 ® paEs. In our case, Z = X x X, and p;,
1 =1,2, is just projection onto the i’th factor.

By definition of kernel of integration, we have

wn

Ms(o) = [ (s Kl 5

From now on, we simply write EL* = E® L*. As HY(ELF) is finite dimensional, consider {s; };Vz"l
be an orthonormal basis with respect to (, )r2. Consider

B = B a,y) = 3 5;(@) (- 55(y) s € C(X x X, (EL)* 1 BLF).
J
Then we can rewrite

We will typically write everything in terms of B¥, which is typically known as the density of states.
Using (4), we can write

wn

Ts(z) /XB’f(.,x)s

nl’

We now sketch how to prove Kodaira’s theorem using B*. The idea is the following: Consider
BF restricted to the diagonal X C X x X. Then

B*(z) = B¥(x,z) € C®(X,(EL")* ® (ELF)) = C*(X,End(EL")) = C*°(X,End(E))
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can be written

Bf(z) = Z 8j (s 85) e ().

We will see that B* admits an asymptotic expansion in k,
(27)"B¥ = k"By + k" 7'By + -+,

where By = Id and B; € C*°(End(E)). So far, this expansion is only formal. For & > 0 and
x € X, choose a frame {e1, ..., e,} around that point. Then we can write (27)"B¥e(z) — ey (z)k™
as k"1 times something. This is equivalent to

B $7 sy ) exle) s (e, — cnle)

being £~! times something. Morally, this £~! times something is small because k > 0. We are
thus comparing the r x r-matrices

> si(x)(ex(x), s;(@))m, e1(z)
. CB=| -

5, 55 (@) (en(), 55 (2)) m, er()

Then since we know that det(B) # 0, we must also have det(A) # 0. This implies that {s1(x),...,sy(z)}
generate E @ L¥|,.
Note that if E = X x C there exists a j such that s;(z) # 0. This means that the map
¢s: X = G.(CV), where N = dim H°(ELF) is well-defined at = € X.
We will prove that the asymptotic expansion above is uniformly well-behaved over X, since
then £ ® LF is generated by global sections which will then define ¢, as a holomorphic map. We
will in fact prove more and see that the expansion carries metric information which will allow us
to compare the initial Kihler metric on X with the pullback of the metric on G,.(CY). We will
see that, asymptotically, the embedding tends to an isometry.

L o

- n

22nd lecture, November 22th 2011

7.2.1 Symplectic geometry

As further motivation for Bergman kernels, we discuss symplectic geometry. The story begins with
classical mechanics. Consider a physical system whose configurations are described by points on
a manifold M. The evolution of an element in the system (at a configuration z(0) at time ¢ = 0)
is governed by the “Principle of Least Action”. The curve z(t) C M describing this evolution is a
solution of a variational principle. That is, x is a minimum (critical point) of a functional I defined
on a space of paths on M. To be more precise, we consider a Lagrangian L : TM x R — R, and
the functional I, known as the action functional, is of the form

I(2(t)) = /IL(:i:(t),t) dt.

to

Here, we consider I as defined on the space P = C([to,t1], M)y, ., of paths with z(ty) = o,
x(t1) = x1. Critical points of I satisfy the Euler-Lagrange equation for x € P is

dI(z) =0,
for @ € T, P. This equation is equivalent to the following local expression in coordinates (x, p) for
TM:
0 (0L oL
— | =—(@(),t) | = =—(2(¢),1).
5 (560.0) = 5.

This is a system of N second order differential equations, where n = dim M.
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Example 7.2.3. Take M = R", and let V' € C*°R" (or possibly a space allowing for singularities)
be a potential. Take the Lagrangian to be

1
L= Slpl* - V(@)

Then the Euler-Lagrange equation is

0%z ov
52 —37(33(’5))-

For example, one could consider the potential V' = —1/|z| describes a system udner foces like
gravity or electromagnetism. In such a system, dynamics are described by a force towards the
origin which varies with inverse the square of distance.

The idea that leads to symplectic geometry is to rewrite the Euler-Lagrange equation as a
system of 2n first order equations. To do so, we work in T*M rather than TM. For this we need
the Legendre transform.

Let p : TM — M be the projection. Consider & : p*T'M — VTM given by (v,w)
4 _o(v+ tw).

Definition 7.2.4. The Legendre transform of L is the map L : TM — T*M which maps
v dL[,®(v,-)

Example 7.2.5. Let g be a metric on M and let L(v) = ||v]|Z. Then L(v) = g(v,-). This defines
an isomorphism TM = T* M.

In coordinates (z,p) on TM, we have
- oL
L(z,p) = (x, ap) =: (z,q).

We assume that L is an isomorphism. Locally, the condition for this is

0%L
det [ =— 0,
‘ <5p2> 7
which is known as the Legendre condition. We write (x,q) for coordinates on T*M. Define the
Hamiltonian H : T*M — R by

o (L7Yo),0) — Lo L™Y(o).

In coordinates, this can be written as

H(z,q) = qupj — L(x,p),

(z,p) = L7\ (z,q) = (x,G(t,x,q)).

We thus obtain the equations

OH 0L
o 0X’

OH _ ., G _0LOG _
oQ dq  dp Iq ’

and the Euler-Lagrange equations transform into

8¢ OH oz OH

ot~ oz’ ot  Ip
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for a curve ((x(t),q(t)) in T*M. These are Hamilton’s differential equations. An observation
made in the 19th century is the following: If a set of particles in our system have positions  and
momenta ¢ in the region s; (i.e. a 2-dimensional manifold) at time ¢, then at any later time to,
their positions and momenta another region s, with the same area. Here, the regions are oriented,
so “area” makes sense.

To express this observation formula, we need the notion of a symplectic structure w. Such an
w will satisfy two conditions. It is an element of Q2(7T*M), since we want to measure the volume
of surfaces on T*M. It will also be non-degenerate, dw = 0, since the area of a surface involves
integrals like |, g w, and one uses Stokes’ theorem to describe how it evolves.

Define the Liouville 1-form X € QY (T*M) by

Mwg) = (o, dm(wg)),

for m : T*M — M projection, and w, € T,T*M. Then w = —d\ satisfies the properties above
and is thus a symplectic structure on T*M. In coordinates, if A = Zj gjdx;, then

w= dej Adg;.

J

A curve (t) on T*M satisfies Hamilton’s equations if and only if

dH|(t,'y(t)) = ﬁ(t)Jw.

As w is non-degenerate, dH = Y —w defines a vector field on T*M and solutions of Hamilton’s
equations are given by the flow of Y.

Definition 7.2.6. Let M be a manifold. A 2-form w € Q23(M) is a symplectic structure on M
if dw = 0, and W" is a volume form. Here, 2n = dimg M. The pair (M,w) is called a symplectic
manifold.

23rd lecture, November 28th 2011

Remark that if (M,w) is a symplectic manifold then dimg M is even. Remark also that w” is a
volume form if and only if it satisfies the non-degeneracy condition: If Y-w = 0, then Y == for
allY € C(TM).

Given f € C*(M), we can write df = Yy—w, where Y; € C>(TM) is called the hamiltonian
vector field of f.

The content of the next theorem is that, locally, all symplectic structures are “the same” (note
that e.g. Riemannian metrics do not have this properties, so symplectic structures are something
more subtle).

Theorem 7.2.7 (Darboux Theorem). Any symplectic manifold is locally symplectomorphic to
(T*R"™,w), where w is the standard symplectic structure defined previously.

Here, given two (M;,w) and (Ms,ws) symplectic manifolds we call a diffemorphism f : M; —
Ms a symplectomorphism if f*ws = wy1. The two symplectic manifolds are called symplectomorphic.

The question now is how to identify a symplectic structure locally; i.e., which information
does w on T*R"™ carry? The idea is that a Riemannian metric rigidifies the manifold, as we can
not deform a Riemannian manifold in an arbitrary way (i.e. in general, diffeomorphisms are not
necessarily isometries). How does a symplectic structure rigidify 7*R™ = R™? This leads to the
idea of the symplectic camel: “It would be easier for a camel to go through the hole of a needle
than a rich man to get into heaven”. Write w = Z?:l dz; Adg; on R*™ = (z,q). Consider the unit
ball B and a wall W

B={(z,q) €R* | > |a|* +|q;* =1},
j
W ={(z,q) € R*" | ¢ = 0}
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and a hole H. in the wall,
H. = {(z,q) € W | Y | +g;l* < &}

for e € R. The question is: Can we find a continuous family ¢ : B x [0,1] — R™ of symplectic
embeddings (i.e. pjw = w) which go through the hole? That is, satisfying

@i(B) CR*™\ (W\ H.), po(B) € {q1 > 0}, p1(B) C {q: < 0}.
The answer is given by the following theorem:
Theorem 7.2.8 (Gromov). No, ifn>1 ande < 1.

A similar result (with a similar proof) is the Nonsqueezing Theorem of Gromov, which is a
fundamental theorem in symplectic geometry. Consider a ball B® and a cylinder Z",

B = {(z,q) € R*" | [(z,q)]” < B}, 2" = {(2,q) € R*" [ |1 + |as|* < 17}

The question then is, whether or not it is possible to embed B into Z". Clearly, this is possible by a
volume preserving map by “squeezing” B, but it turns out not to be possible to do symplectically.

Theorem 7.2.9 (Nonsqueezing theorem (Gromov)). If r < R and n > 1, there is no symplectic
embedding o : B" — Z&.

The interpretation in terms of classical mechanics is the following: If a collection of particles
initially spread out all over BE, then they do not evolve in such a way that the position and
momentum (z1,¢;) spread out less than initially; one can think of this as a classical analogue of
the Heisenberg uncertainty principle.

7.2.2 Geometric quantization

The reference for the following is [ | and | ].

Feynman said “I think I can safely say that noone understands quantum mechanics”. We will
discuss the trials of mathematics to make sense of what quantum mechanics does. Quantization
in general is the transition from classical mechanics to quantum mechanics. Rigorously, this is
treated by geometric quantization among other theories.

For us, geometric quantization is a theory whose goal is to find a recipe to make the following
assignments: To a symplectic manifold (M, w), we associate a Hilbert space H. The projectivization
P(H) is called the space of states. To the Lie algebra (C°(M),{-,-}), where {-,-} is the Poisson
bracket which we will define below, we associate an algebra A of self-adjoint operators on H called
observables.

Given a symplectic manifold (M,w) and f,g € C*°(M), we define the Poisson bracket

{f:9} = w(¥F, Yy),

where as before, df = Yy—w and dg = Y;—w. This defines a Lie bracket on C*°(M).

The assignment of quantization must satisfy some strong properties. Usually one restricts
attention to a subalgebra Obs C (C*°(M),{-,-}). Write Q for the operator associated to f €
C>(M). We require the following;:

Ql) @ =1d.
Q2) The map f +— Q5 is R-linear.
Q3) [Qf, Q4] = Qs 41, where h € Rog.

Q4) Functoriality: For a smooth map (M, w;) % (Ma,w;) such that ¢*ws = wy, the map
C>®(M3) — C*°(M;) given by f — f o restricts to a map Obsy — Obs;, and moreover,
there exists a unitary operator U, : H; — H», and Q}”ow = U;Q?U@.
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anonical quantization: , W) = ,w), then H = , in the variable ¢, an
Q5) C 1 If (M T*R™ hen H = L?(RN,C h bl d

—ih 0
Qu = 0% Qu = 5 5o

for all ¢ € H.

Kostant and Sourier proposed a solution in two steps: 1) Prequantization and 2) Polarization.
Step 1) amounts to finding a hermitian line bundle (L, h) — (M,w) with a unitary connection D
such that 5-Fp = w. Then, consider a family of pre-Hilbert spaces

k
w
HY, = C(M, L¥) 12 = {s € C(M, L*) | ||s|% = /M(s, S 27 < 00},

Consider self-adjoint operators

C*(M) — A(H) := {self-adjoint operators on H },
—1
fHQf—ﬂDY_f‘i‘f

Note that Hj, is only pre-Hilbert, so make a completion. Then Q1), Q2), Q3), and Q4) above
are satisfied (with i = k~'). However, Q5) fails: If (M,w) = T*R™,w), we can identify H] =
L?(R?",C), so we have twice as many variables as we should.

The polarization step roughly amounts to choosing a subbundle P C T'M€ of half the dimension,
such that P is closed under Lie bracket. Then consider H, C Hj given by sections that are
covariantly constant along the directions in P.

In the particular case we are interested in, that is when (M, w) admits a Kéhler structure J,
we can define

P.=T%McTM¢, H,=HX,L"),

where X = (M,J). When X is compact, the spaces Hy are finite dimensional and therefore
Hilbert. To see the last equality, recall that w € Q11 (X), and so, since Fp = 5-w, the connection
D induces a holomorphic structure on L — X.

Remark 7.2.10. The algebra Obs C (C*°(M),{-,-}) of observables, mapping Obs — A(Hy), is
defined to be those f € C>°(M) with [Y;, P] C P.

In the Kahler case, we claim that the condition [Yf,TO’lM] C T9'M implies that Yy is
holomorphic. To see this, write Yy = Yfl’O + @, and since Ny = 0, P = T%'M is inte-
grable, so [YJ?’I,P] C P. Hence the only thing to check is that [Yfl’O,TMO’l] C TMO%!. Locally,
Yfl’o =2 vja%j, and we find

vl
0z, O

so the condition implies that
Now since

0= Ly,w = d(Y;~w) + Ys~dw = ddf = 0,
we find that for f € Obs we have Ly,w = 0, and Ly, J = 0, which implies that Ly,g = 0, so Yy is
an infinitesimal isometry (a Killing vector field) with respect to g = w(-, J").

Theorem 7.2.11 (Myers—Steenrod). The group of isometries of a Riemannian manifold is a finite
dimensional Lie group.

This means that Obs is finite-dimensional as a vector space. That is, we have drastically
restrained the classical algebra of observables, which is unsatisfactory (and often, the algebra
consists only of constant functions).

Note also that we picked a complex structure on M, and in general the dependence on this
complex structure is a hard problem.
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7.2.3 Berezin quantization

The reference for this section is | ]

To increase Obs, we consider Berezin quantization. We consider the same setting as before: L —
(X,w) is a line bundle over a compact Kéhler manifold, w = 5= F,, and Hy = (H(X, L¥), (, )12).

The idea is that we want to reverse engineer the association C>°(X) — A(Hy) to obtain the
Berezin symbol o* : A(Hy) — C*(X) ® C.

The Berezin construction is the following: Given ¢ € L¥ \ {0}, we define a continuous linear
functional [, on Hj, by

ly(s) = s(x)/q,

where x = p(q). By the Riesz—Fischer representation theorem (which is really not necessary here
as everything is finite dimensional, but the construction also works out in the infinite dimensional
case), there is an element e, € Hj such that [4(s) = (s,eq) 2 for all s € Hy. The element e, is
usually called the coherent vector of q. Note that l.,(s) = ¢~!l,(s), which implies that e., = ¢ 'e,,
so for x € X, g € p~*(z) \ {0}, the coherent state of x, e, := [e,] € P(Hy), is well-defined.
Consider A a bounded linear operator on Hy and define the Berezin covariant symbol by

ok ) = <A6q’eq>L2
(A)(x) (e eabin

eC

for z € X, g € L¥\ {0}, p(q) = x. Now, we can recover A from o*(A): By definition, o*(A) is real
analytic, and o*(A*) = o¥(A), which allows us to extend *(A) to an open dense subset of X x X
containing the diagonal,

Aeg,eq) e
ok (A)(x,y) = Aeq,eq )iz ,
(A)(z,y) (e ea) 1

where p(q) = z,p(¢') =y, ¢,¢' € L* \ {0}, so 0¥(A) is defined on
{(z,y) € X x X | (eq,€q) # 0}.

Note that o¥(A)(z,y) is just the analytic continuation of o*(A).

24th lecture, November 29th 2011

We begin with a comment on geometric quantization: For the axiom Q4) to hold in this setup, the
map ¢ must take ((L1,h1,D1), P1) to ((La, ha, D2), P2), i.e. ©*(La,he, Ds) = (L1, h1,D1) (which
is not a very restrictive requirement), and . P; C Ps, which is an unsatisfactory requirement: We
would like to have the quantization be independent of P. If we have this, we get a representation
on H of the group Sp(M,w) of self-symplectomorphisms of (M, w). Independence of P is hard to
obtain though. Although geometric quantization is unsatisfactory for quantization, since it has
very few observables, it is a very helpful mathematical tool.

We turn back to Berezin quantization. Recall that we have L — X a positive line bundle over a
compact Kédhler manifold, so we have a metric h on L such that iF n = w is the Kéhler form on X.
Given k, we have the Hilbert space Hy = (H°(X,L*),(, )12) with the inner product determined
by h and w™/n!. Recall that to a bounded linear operator A € Op(Hy), we associate its Berezin
symbol o¥(A) : X — C, defined by

B (AN () = (Aeg,eq) 12
(A4)(2) e eae

where (s,e,)r2 = s(z)/q for ¢ € L* \ {0} with p(¢q) = z, and e,,s € H°(X, L*). Thus we have a
map Op(Hy) — C*°(X,C) which restricts to a map on self-adjoint operators, A(Hg) — C*(X,R)
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(which gives real-valued functions since o¥(A4*) = o*(A)). The idea of Berezin is to invert this last
map from o*(A(Hj)) = Obsy,. So our goal is to recover A from o*(A).

For this, we claim that 0¥ (A) is real analytic. To prove this, we take an orthonormal basis {s;}
of Hi. If sj(x) = A\jq, and p(q) = x, ¢ # 0, then we can write

eq = Z €q,Sj) 125 = Z/\ sj.
J
Write A = (A;;), so that

E( AN () — S NNA 3 si(@)3i(a) Ay
A 5P} VR S % ot e

which is a well-defined analytic function. Consider the analytic extension o (A)(z,y). This satisfies
oF(A)(x,7) = o%(A)(z) and o*(A)(z,y) is holomorphic in 2z and anti-holomorphic in y. Recall
that the extension is defined on

V ={(z,y) | (eq,eq) # 0,p(¢") = y,p(q) = x}.

Now, we can recover A from its symbol since for ¢ € L* \ {0}, p(q) = z, we have
Aste) = (Asseq) 20 = (5. Ao = [ [ () (%) )
ke 9"
= [ (), eq)pxo"(A)— () ) ¢
b’ n.

The last equality follows from
<€q7 AeQ'>L2

A*e y/ = €,A€/ 2qI:
q( ) < q q >L <6q,6q/>

eq (y)7
which, on the other hand, holds since ¢’ = e, (y')/{eq, €4/) L2-

Then we can define from this the map Obs, = o*(A(Hy)) — A(Hg). The question now is
whether this is a quantization. It turns out that it is, under very strong assumptions that have to
do with the Bergman kernel.

Remark 7.2.12. Since Hy is finite dimensional, any A € Op(Hy) is generated by a rank 1-operators.
Given u,v € Hy, we can define As = (s,u)r2v, which has symbol

" (A)(z) = ((eg, w)v, eq) 12 <eq,u>m _ W (u,v)

(eqr€q) L2 B (eq:€q) B ‘Q|2<eqv€q>.

Define the Rawnsley function pF(z) := |q|*(eq,eq). Take an orthonormal basis {s;} and write
eq =>_;A;j8j. Then

la*(eq. €q) = lal? ZI%F Z|8J|hk

The right hand side is the density of states of the Bergman kernel on L*.
The following theorem gives conditions on p* that the quantization procedure make sense.

Theorem 7.2.13. If for all k, p* is a constant depending on k, then |Jy—, 0" (A(Hg)) C C>°(M)
is a dense subalgebra of C*°(M).

Remark 7.2.14. The very strong condition on the p* being constants is related to the Kéhler metric
being balanced.
Note that we need L* to be generated by global sections to make sense of the condition.
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7.2.4 Berezin—Toeplitz quantization

To avoid the restriction on the p; above and still make the set of quantizable observables large,
we turn to Berezin—Toeplitz quantization. The idea is to relax the axiom Q3) to some asymptotic
expression, formally

—ih
(@1, Q4] = 5= Qgrg +O().

Consider the L2—projecLh)11 Ik . C=(X,L*) — Hy = H°(X, L*). Recall that the Bergman kernel
K(z,y) € C®(X x X, L* X L*) is the kernel of integration for IT*, i.e.

T(5)(0) = [ (sto) Ko ) 20

Given f € C*(M), define for s € Hy, the Toeplitz operator on Hj, by

wn

Ths =1(79) = [ 1K o) = [ 7B

nl’

where B¥ = (-, K),» € C°((L*)* X L*). Remark that if {s;} is an orthonormal basis, we have

B (,2) = 3 Jsy (o).

The assignment f +—> T]’f defines a quantization in the following sense:

Theorem 7.2.15 (Bordemann—Meinrenken—Schlichenmaier, | ). We have
. k o
lim [TE] = | .
. , k _ -1
tim [KilTy. T,] — Ty | = O(k™)

. kpk k| _ -1
éggﬂj}jg'_jygn_'o(k )

We saw that the second of these had to do with relaxing property Q3) of quantization. The
last equality has to do with deformation quantization, which we will not discuss. A new proof of
this theorem, using Bergman kernel asymptotics, is given in | , Theorem 4.1.1]. The idea is
to use an off-diagonal expansion of the density B* and compute explicitly the first order terms of
this expansions.

7.3 Proof of the Kodaira embedding theorem
7.3.1 Bergman kernel asymptotics

Let (E, H) — X be a holomorphic hermitian vector bundle of rank r over X compact, and assume
that X has a positive line bundle L — X, i.e. there is a hermitian metric h on L such that iFj, = w
is a Kahler form on X. Write g = w(-, J-).

Note that H and g induce metrics on the smooth bundles E; = (T*X()®! ® E for all [, and the
Chern connection Dy of H and the Levi-Civita connection V of g induce connections D; on Ej.
Define a norm on C*(X, E;) by

l
IBller = sup| D 1(Dj—a(-++ (DoB) )],
=1 reX

where one the right hand side we use the point-wise norm on F; induced by H and h.

Remark 7.3.1. Starting with a connection D on some bundle F, we can extend it to D : QF(F) —
QF+L(F). That is not what we do in the above definition of ||-||c:.
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Recall that in a given orthonormal basis {s;} of H°(X,E ® L*), the density of states of
the Bergman kernel B(z) = > =1 5(@)(, 85(2)) e, where Hy = H ® h*. Recall that B* €
C>(End(E ® L*)) = C>*(End(E)).

Theorem 7.3.2 (Catlin—Zelditch et. al., Theorem 4.1.1 of | ). Let n = dim¢ X. There
exists a C*>-expansion of B¥ as k — oo,

(2n)"B* = Bok"™ + Byk" 7t -+,

where B; € C*(End(F)), depending on the metrics h and H, and By = Id. More precisely, for
any I, N >0, there exists a constant C = C(l,n,h, H) such that

N
I(2m)" By, = > Bjk" ||t < C(I,N, h, H)k" N~
j=0

Remark 7.3.3. If we have a family of metrics, (h¢, H;), with bounded derivatives of order less than
or equal to 2n + 2k 4+ 1 + 6 in the C'-norm defined as above, and the w, are bounded from below,
then C' is independent of ¢ (in | ] it is shown only that C' is independent of w).

In the theorem,

By = n(Fy Aw" ™ + 22 nwn 1) o,
where p,, is the Ricci form. This is what related Bergman kernels to the Hermite—Einstein condition.

7.3.2 Outline of the proof
We break the proof of this Kodaira’s embedding theorem into 3 steps:
1. There is a holomorphic map ¢ : X — G,.(CN*), where N = dim H°(X, ELF).
2. ¢ is a local embedding (i.e. dy # 0).
3. ¢ is injective.
From these three points it follows that ¢ is a holomorphic embedding. When E = X x C, this
implies that if L is positive, then L is ample.
7.3.3 Step1

Lemma 7.3.4. If E is holomorphic, L positive and X compact, the bundle E ® L* is generated
by global sections for k> 0.

Proof. 1f E = X x C and {s;} an orthonormal basis of H°(X, L*), then B* = " [s;|*>. Applying
the Catlin—Zelditch theorem with [ =0, N =0, we get
12m)™ Y Isil* = k"|lco < C - k",
J

and so

sup
reX

‘ (2m)"
i

Bk—1'<0’-k‘1

for every k. Then for k > 0, we have Y_|s;|> = B¥ > 0 for all z € X. This implies that for k > 0
for all # € X there exists d; such that s;(z) # 0, and we can write z — [s1(z) : -+ : sy, (2)]. In

general, B* = > 5i(",8j) Henx- By the same argument,

< C"/E,
EndE

sup

2 n
Cm)" g 1q
rxeX km
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and taking determinants,

<C" [k,

2 n
sup’( ™) det B¥ — 1
EndFE

zeX k™

so for k> 0, B is invertible for all z € X. Therefore,

s' () = B¥(x)(s"(x)) = Y s;(s", 8)) noons (),
J
which implies that E, is generated by {s;}, so E is generated by global sections. O

25th lecture, December 5th 2011

Last time we saw that whenever we had a holomorphic vector bundle £ — X over a compact
complex manifold, and a positive line bundle L — X, then for all k£ > 0, the bundle E ® L¥ is
generated by global sections. The important thing for us is that this implies that we can construct
maps ¢x : X — G,(CN*), where N}, = dim H°(X, E ® L*), and r = tk E. The second step in
the proof of Kodaira’s embedding theorem is to see that ¢y is locally injective, and the final step,
which is going to be a bit more involved, is to see that ¢y is globally injective.

7.3.4 Step 2

To see the second step, let h be a hermitian metric on L, such that w = ¢F}, is Kahler. Recall that
to construct ¢y, we fix a basis {sf}jvz’fl of HY(X,E ® L*). Given z € X, we fix a trivialization
around z, F|y 2 U x C" and put

(@) = [(s7(2), ..., sk, (2))] € GL(C")\Myxn, (C),

where the s¥(x) are column vectors in the trivialization. Recall that without choosing a basis, we
can construct ¢y (r) : H(X, E® LF) - E® LF|, which gives maps ¢ : X — G,.(H°(X, E® LF)).

We need to compare ¢ hrs in GT((CN *) with respect to the standard hermitian metric on CN*
with the metric H@h* on E®L*, where H is a hermitian metric on E, and k¥ a hermitian metric on
L*. To do so, note that epUr = E® L*. We want to this in order to compare 4 tr Forhps = @rwrs,
where wrg is a Kéhler form on G,.(CM) with the Kéhler form w.

Recall that hps([v1], [va])|(a] = V27 A*(AA*) "' Avy, where [A] € GL(C")\M,xn, (C) and [v;] €
CNr /ker A. For 51,80 € E® L*|,, we have

orhrs(s1,52) = hrs(Prst, Prs2),

where pp : E® LF|, — Urljw(z)) is the natural map given by the isomorphism E ® Lk > U,
covering . This is given explicitly by @i (s1) = [A] 7! (51) € Uy |[py(a)], Where A = gy (x) : CVe —
C" induces [A] : CN* / ker A 5 € and considering s; as s; € E® LF|, = C". Thus,
SE—
Gihrs(s1,52) = (AT Ts3)| A*(AAT) T A(JA] L) = 557 (A7) LA7(44") 144 s,
= ?QT(AA*)_lsl.

We want to relate (AA*)~! with By, the density of states of the Bergman kernel. Assume now
that {sf} is an orthonormal basis with respect to the L? metric on H°(X, F ® L) coming from
H, h, and w. We find that, locally,

B*(x) =Y si(-, s, = AAHy,
J
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where H, = H®h" is the r X r-matrix of the hermitian metric, and A = (s (z), ..., s%, (z)). Recall
for this that for any hermitian metric H, we use the notation (vi,ve)y = 2! Hvy. Therefore, we
have the local expression

Orhrs(s1,82) =527 (AA*) sy = 53t Hi(AA*Hy) sy = ((B¥) 7 tsy, 82)m,.,

where the last equality gives a global expression; recall here that B¥ € C*(EndE ® LF). To
summarize, assuming that {s;} is L?-orthonormal, then B* measures the “difference” between Hj,
and the pullback metric.

The next step is to compare the pullback of the Fubini-Study metric on G, (C"*) with w on
X. Let wps € Q?(G,.(CMx)) be the Fubini-Study metric (or Kihler form) on G,.(CM*), defined by
Wrs = i Faet hps, Where det hpg is the hermitian metric on w"U, — G,.(C™*) induced by hgg on U,..

Recall that A"U" — G,.(CMk) is an ample line bundle over G,.(C"*) and hence positive, and
wrg is precisely the Kihler form arising from the pull-back by the embedding G,.(CN*) — P(CM).
Locally, we have

Prwrs = QriFact hps = 1Fpr det hes = 1Faet o7 his
= 00 log det @} hps = 100 log det Hy(B*)™!
= i0dlog det Hy, — i00log det B* = ikF}, +itr Fyy — i tr(9p(B*)"1p(BY))
= kw +itr Fy —itrOp((B*)"'0g(B")),

where g = Dp° : C®(EndE) — QYY(EndE), and similarly dz = D%' : QV0(EndE) —
QLY (EndE). We will now use Bergman kernel asymptotics to see that the ¢y tend to an isometry
as k grows.

Now, we compare %sﬁths with w}, :==w + %itr Fy.

Claim 7.3.5. The form wj, is Kdhler for k> 0 (since X is compact).

Proof of Claim. For all k> 0 and all 0 # v € T Xy, we have to show that wj (v, Jv) > 0. If this is
not the case, there exist {vs, }3%;, p(vs,) = @k such that w(vy,, Jvg,) < L tr Fy(vg,, Jug, ), and
we can assume that v, have norm 1. Since X is compact, there is a limit vo, With w(vee, JUs0) < 0
which contradicts that ||vs| = 1. O

Given [ > 0, we compare 1 @jwrs with wj, in C'-norm and find

1, 1, = _
Iz rwrs = willer = £ l1tr Ip((BY) " 0pB") |-

We claim that this is less than C"’/k? for some C"" = C"'(I, H,h) € R independent of k. Taking
N =0 and [ > 0 in the Catlin—Zelditch theorem, we find that
I (2m)"
kn

B* —1d||c: < C(h,H, 1)k~ .
We will only check the claim for [ = 0. Here

I[tr O ((B*)"'0B")|lco < [0p(B*) 0 B*|lco < ||(B*)'0pB" |
2m)"
< (B9 er 0B e < "0 2 Byt

— c"||aE((2kL)Bk —Id)|ct < C’”||%Bk — Id|| =

n

<C"C(H,h,2) k1,

which proves the claim. Here, in the third to last inequality, we use that we know that || %B =10 —
1 for k — oo.

71



Then as 1 @jwrs — w in [|-||co as k — oo, we have — locally — that

1 *
= (prwrs)" — w"

1 n
Z det(dyy)wpg = .

in ||-||co for & — oo, and since w is non-degenerate, this implies that det(dyy) # 0 for all k& > 0.
Hence dyy # 0 for k > 0, so ¢y is a local embedding for all £ > 0, which completes the second
part of the proof of the Kodaira theorem.

7.3.5 Step 3

The tool we need to work out the global injectivity of the ¢y is an asymptotic expansion outside
the diagonal. Recall that B*¥ = B*(z,y) € C®(X x X, E® (L*)* X E ® L*). So far we have only
used B(z,z) = s;(z)(-, sj(x))m,. We will not state the full theorem concerning this asymptotic
expansion but only give the key steps that make it work.

26th lecture, December 6th 2011

Remark 7.3.6. Before going on with step 3, we begin with some comments about the calculation
of ¢ hrs. We will do this base free; i.e. consider the map ¢y : X — G,.(H°(X, ELF)) given by

@k(l‘) = [HO(X7EL’“) — E|g s+ S\g;] = [A}
Recall then that
Uplp(z) = H*(X, EL") [ ker A.

We considered the map ¢ : £ ® LF =~ opU, — U,. We never wrote down the isomorphism
explicitly. We can do that as i (sx) = f1f2(s|e), where s, € ELF|,,x € X, fo : ELF — orU,
5o > (2, [A] 7 sly), and f1: @fUr = Uyt (2,00, (2)) 7> Uy (2)- Picking now an orthornormal basis
{s;} of H'(X, ELF) = CNr. Also C" & E|,, and we have the formula from the previous lecture,

¢rhrs(s1,52) = hrs(prst, prs2) = [ATAT T s5(AA™) M [A][A] sy,

We return now to the proof of the Kodaira theorem concerning the global injectivity of ¢,
which is the most involved part, and which we only sketch. The proof relies on the following key
fact:

V(z,y) € X x X \ Diag, Jko > 0: Vk > ko @r(x) # @k (y). (5)

Figure 5: Peak sections of a trivial line bundle over U C X localizing around a point xg € U C X
as k grows.
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To prove (5), we need so-called peak sections which as k — oo peaks at a point zg € X
(see Fig. 5). Let o € X and take e € E,,, v € L|g,, both with with unit norm. Consider
e®vk € EL¥|,,. Consider s**F € HO(X, EL*) defined by

s%0F () = B¥(z, z0)e @ vF = Z s;’“(x)(e ® v*, 5i(x0)) e,
J

given an orthonormal basis {s;}. Recall here that B*(z,y) € C*°(X x X,E ® (L*)* X E ® LF).
Assume that {s¥} is such that {s},...,sF} is a basis of ker gy (z0)* and {s,11,...,sn, } a basis of
ker g (z9). Then

T
§%0d = Zsj(e ® vk, 55),
=1

so this section concentrates some information of sections not vanishing at z.
Claim 7.3.7. Rescaling s** so they have unit L?-norm, we have
n
w
. xg,k 2 —
lim 570k ()3, < (2) = 1,
°° J B(z0,pr)

where B(xo,pr) are geodesic balls centered at xo with radius py, and {py}3>, is a sequence such
that limy_e0 pre = 0 and limy_, o0 ppVk = 00.

The idea is the following: For E = X x C, note that
|s70* (o) 37, = B" (w0, o)

because the s7°* have norm 1 and s%°*(zo) # 0. The other thing we are going to use is that we
can write

1

zo,k _
i (x) B Bk(x07$0)

B (x, 20)s"" (o).

We find that

k g w" k g w" k g w"
= [l @ S = [ s, S [ 570k (@),
X n: B(z,py) n. X\B(z0,px) n:

f/ |Bk(:17733’0)|2 wn+/ |Bk($,f£0)‘2 w"
B X

(mo,pk) ‘BCL’OVIO)P F \B(xﬂvpk) |Bk($07$0)|2 F

for some 2/ € B(xg,pr). We are now going to apply the off-diagonal asymptotics of the Bergman
kernel.

Theorem 7.3.8. For every l and every € > 0, there exists C; . > 0 such that for every k > 1, we
have

1B oo midtaay>ep) < Ceak™
That is, if x,z' are points with d(z,z') > ¢, we have
\Bk(x, £L'/)|H,C < Clvskil.

This proves the claim. To see (5), assume that it does not hold. Then there exist = # y
and {k,}32, with k, — oo as n — oo with ¢y, (y) = ¢k, (z). Take peak sections {s®*}2°
on z. By construction, s** depend only on ¢ (z) because s is just a unitary element in
ok, ()1 = ¢r, (y)*, and for large enough k,,,

n n
L=l > [ S [ ks,
B(z,pk,,) n B(Y:Pkn) :
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as n — oo, which is a contradiction.
Take (z9,y0) € X x X \ Diag, and let ko = ko(zo, y0) given by (5). For k > ko, define

Ap = {(z,y) € X x X | px(z) = 91 (y)}.

Our goal is to see that this set tends to the diagonal for large enough k. By (5), there are points
(z0,y0) ¢ Ag. We want to construct an increasing sequence {k,}°>; C N, k,, > ko, such that

L N,>1 Ak, = diag(X x X), and

2. A C Ay, for all n.

n+1

Given such a sequence, we apply the following Lemma

Lemma 7.3.9 (Noetherian property). Every descending sequence of analytic sets on a compact
complex manifold is stationary.

Here, an analytic set is a set cut out locally by zeros of holomorphic functions. By construction
of ¢y, the sets Ay are analytic by construction. Thus from 1. and 2. above it follows that

ﬂA%:MW:M%MxXL

n>1

and Ay, = Ay, for all n > ng, which implies that the ¢y, are globally injective, completing the
proof of the Kodaira theorem.

To see the existence of the sequence, note that by (5), 1. holds independently of the specific
{kn}: If (z,y) ¢ Diag there exists kj > 0 such that for all k¥ > k), we have px(x) # @r(y), so
(2.9) ¢ Ar.

To construct {k,} satisfying 2., we consider two cases. First, if £ = X x C, we let k,, = k™.
We have to prove that Agn C Agn+1. For (z,y) & Agn, prn () # @rn(y). Then there exist sections
51,80 € HY(X,L*") separating = and y in the sense that si(z) # 0, s1(y) = 0, sa(y) # 0, and
s2(x) = 0. For this, consider @gn : X — P(CVn*), and we can find two sections of O(1) — P(CVnr)
seperating = and y in the above sense for ¢pn(2) and @i (y), and pulling back such sections to
LF" — X, we get sections with the desired property. Then s;“ € H(X, Lknﬂ) will have the same
property, separating x and y, and just by definition of the ¢y, we find that (x,y) € Agn+1.

In the case of arbitrary E, by the previous case there exists [y > 0 such that L' is very ample
and we define k,, = lon + ko. Again, if (z,y) ¢ Ajnik, there exist si,s0 € HO(X, E ® Llontko)
such that si(x) # 0, s1(y) = 0, s2(y) # 0, and sz(x) = 0. The argument is the same as before,
using the Grassmannian instead of projective space. Since L' is very ample, we also have s/, s}, €
HY(X,E ® L") separating z and y. Then s; ® s}, 50 ® sh, € H*(X, E @ Llo(»+1+ko) separating =
and y. So (x,y) ¢ A(n+1)lo+k0‘

7.4 Summary
Summarizing, we have proved the following two theorems.

Theorem 7.4.1. If E — X is a holomorphic vector bundle over a compact complexr manifold X
and L — X a positive line bundle, then there exists k > 0 such that

1. E® L* is generated by global sections, and
2. o X = G.(H°(X,E ® L¥)) is an embedding.

Theorem 7.4.2. A compact complex manifold is projective if and only if it can be endowed with
a positive line bundle. Moreover, a line bundle over X is positive if and only if it is ample.

By Chow’s theorem, we obtain the following corollary, bridging the worlds of complex geometry
and algebraic geometry:

Corollary 7.4.3. A compact complex manifold is algebraic if and only if it can be endowed with
a positive line bundle.
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7.5 Differential operators

We turn now to the question whether or not the spaces H°(X,E ® LF) are actually finite-
dimensional, which we used in our above proof of the Kodaira theorem.

27th lecture, December 12th 2011

The goal for the last two lectures will be to prove that if £ — X is a holomorphic vector bundle over
a compact complex manifold X, and L — X a positive line bundle, then dim¢ H°(X, E® LF) < oo.
If E— M, F — M are smooth compelx vector bundles over a smooth manifold M.

Definition 7.5.1. A C-linear map L : C*°(E) — C*°(F) is called a differential operator of order
k if for every local coordinate patch U C M, so that E|y = U xC", F|y 2 U xC? and s € C*(E),
we have a local expression

Ls|ly = ((Ls)1, ..., (Ls)q),

where for i =1,...,q,
s
(Ls); = ZCI/Z‘ZDQS]')
Jj=1

where |a| <k, a¥ € C®(U)®C, s = (s1,...,s,), and D* = (—=i)l*lD*1 . D%  where DJ = %j,
a=(ag,...,ap) €EC", n=dim M, and |o| = «;.

Example 7.5.2. If E = M xC, F = T*M ® C, then d : C*®°(M,C) — Q'(M) ® C mapping
[ Z?zl a%j( f)dz; is a differential operator.

Example 7.5.3. If X is a complex manifold, consider £ = X x C and F = (T*Xlo’1 the operator
9 : C®(M,C) — Q% (X) mapping f ~ Of is a differential operator. Here, ker 9 consists of the
holomorphic functions on X.

Example 7.5.4. The kind of differential operators we will be interested in are the following: If
FE — X is a smooth complex vector bundle over a complex manifold, and D a connection on F,
consider dp : C®°(E) — Q%'(E) mapping s — dps = (Ds)>!. If Fy*> = 0, then dp induces a
holomorphic structure on E. We want to compute dimker(dp) = dim H°(X; E). As an aside,
note that in local holomorphic coordinates for the holomorphic bundle (E,dp), we have dp = 0.

We want to compute L~1(0) for a differential operator L. The idea is that given L, we want
to associate to L a symbol o, which will be a homomorphism which is invertible, when L satisfies
a ellipticity operator. Then from o~!, we can associate an operator L(c~!) which in some sense
is “close” to inverting the operator L.

7.5.1 Symbols of differential operators

If M is a differential manifold, write T7"M = T*M \ zero section with projection p : 7'M — m.
Given bundles E — M, F — M, we can consider bundles p*E — T'M, p*F — T'M. Given k € Z,
we define the space of k-symbols,

Smbly(E, F) = {o € Hom(p*E,p*F) | c(\) = Na(v), A € Rug,v € T'M}.

Let Diff(E, F) denote the space of differential operators from E to F of order k. We construct a
map

Diffk(E,F) — Smblk(E,F)
L~ O'k(L>,

(0]



where o (L) is the k’th symbol of L, given by

ik

()6 = L (Jyto - ata)s) |

for (v,e) € p*E, x = p(v), and g € C°°(M) satisfies dg|, = v € TyM, and s € C(M) satisfies
sz =e.

Example 7.5.5. Let £ — X be a smooth complex vector bundle over a complex manifold with

connection D. We want to compute the symbol of dp. We find(?)
i i*

ik
2 = m(g — g())* 199 @ sl + -7 (9 — 9(2)) Dpsl.

0,(dp)(v,e) = p (;,(9 - g(x))k5> k!

xT
o il ®e, k=1,
1 _

= (9 —g(x) g @sl. =<0, k> 1,

(k=1 )
ill-defined, & < 1.

Remark 7.5.6. This example generalizes to an exact sequence
0 — Diffy_(FE, F) — Diff,,(E, F) 7% Smbly(E, F) — 0.

Namely, given an abritrary L, with k£ > ord(L), the order of L, then o1 (L) becomes something like
(9 — g(z))L(")|z. On the other hand, of k < ordL, then oy (L) is ill-defined.
We note that, locally, L € Diffi(E, F') can be written
L= Y A,D*
|| <K
where A® € C™(U, M, x4(C)). Then
op(L)(v) = Y Agv®,
|| =k
where v € "M, v = (v1,...,0p), V& = 0] -+ 03",
Proposition 7.5.7. If L1 € Diffy(E,F), Ly € Diff,,(F,G), then Loo € Diffy4,,(E,G), and
Oktm (Lo o Ly) = 0 (La) - ox(L1).

7.5.2 Elliptic operators

We want to define a class of “good” operators that have “good” symbols.

Definition 7.5.8. An element o € Smbly(E, F) is called elliptic if for allv € T'M, o(v) : E|y) —
F|p(y is invertible.

Definition 7.5.9. A differential operator L € Diff(F, F') is called an elliptic operator if o (L) is
elliptic.

The following example shows that we are on the right way.

Example 7.5.10. If L € Diffo(E, F), then Xo(L) = p*L, and if p*L is invertible, then L is
invertible.

The following example shows that the ellipticity condition fails for the case we are interested
in.

Example 7.5.11. If ¥ — X is a smooth complex vector bundle over a complex manifold, then
Op : C*(E) — Q¥(E), then 61(0p)(v,e) = "' @ e. Now if dim¢ X > 1, then dim E|,,) <
dimT* X% ® E|,(v), so o1 is not elliptic in this case.

We need something slightly more general, which is the notion of elliptic complexes.
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7.5.3 Elliptic complexes
Example 7.5.12. We have the deRham complex
0— C®(M,C) S Q' (M)eC 3 RA(M)eCS ... 4 an M) ®C.

This is a complex since d?> = 0. Consider as before p : 7'M — M. The above sequence induces a
sequence

p'MxC) " M) Y (AT M e C)

In this case, for v € 01(d), e € AT M|,y ® C, we have o1(d)(v)e = iv Ae.

Example 7.5.13. Consider again F — X a smooth complex vector bundle over X complex with
connection D. We have complexes

Qp,O(E) 53 Qp,l(E) 5@ 53 QP»Q(E) 8£ cee

using the skew-symmetric extension of dp. We are interested in the case p = 0. To have a complex,

=2
we need that 0, = 0. This is equivalent to having F %2 = 0, which we again recall is the condition
for d to determine a holomorphic structure on £ — X.

Remark 7.5.14. If FJ(:)),z = 0, then F is a complex manifold and it is indeed a holomorphic vector
bundle over X

Suppose that £ — X is a holomorphic vector bundle over X a complex manifold. Then without
any choice of connection, the local d-operator on holomorphic trivializations determines a complex

s ra(E) B Qrat(E)
The associated sequence of symbols is
0= = p (AT X ® B) 787 pr (At i X 9 B) (6)
where, for v € T'M,
01(0p)(v)e = " Ae.

Ezercise 7.5.15. (6) is an exact sequence of bundles.

Definition 7.5.16. Let Eg, F1, ..., En be smooth complex vector bundles over M and Lo, Ly,...,Lx_1

be differential operators mapping
C(Eg) B8 0= (B) B e (By) B .. "5 0(By).
This is called a complex if LjoL;_; =0forall j=1,...,N —1.
Associated with a complex (E®, L*®), we have a sequence of symbols

Okp_q (LN=1)

* ko (Lo) * *
0—=p'Ey — p'EL—--- — p*En — 0,
where k; = ordL;. Note that this is always a complex.

Definition 7.5.17. A complex (E*, L®) is called elliptic if the associated sequence of symbols is
exact.

Example 7.5.18. The complexes arising from the operators d and dg are both elliptic.
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Remark 7.5.19. We will work as in [ | with k& = k; fixed for all j but this is not necessary. A
reference for the more general case is Atiyah’s collected works.

Given such a complex, we have a cohomology

g ey Ker(Lg : C°(Ey) = C%°(Eg41))
H (E ) o Im(Lq,1 : COO(qul) — Coo(-‘rE‘q))

Recall that we are interested in

)

B C®(E) 25 00 (E) — - "8 avamy .

which corresponds to HY(X, E), but we will obtain much more information than that, namely a
family HP9(FE). These are invariants of the holomorphic structure of E.

We want to prove that if X is compact, then H4(E*®) ar efinite dimensional for arbitrary elliptic
complexes. For that we need Sobolev spaces.

7.5.4 Sobolev spaces

The idea is to include the spaces C*°(E;) in Banach spaces W; and apply the machinery of func-
tional analysis.

28th+29th lecture, December 13th 2011

—The last lectures were on Sobolev spaces. I lazied up a bit and missed this part, but those
interested in the topic should see the notes on the course “Introduction to Gauge Theory” which
dealt with this topic in detail. In essence, the lectures covered all of | , Ch. IV]. /Sgren
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Kx, 59

Ly, 15

Ry, 15

Ag, 44

Opn—l (m), 11
I-llcr, 68
O-isomorphism, 4
O-morphism, 4
h-compatible, 51
h-unitary, 51
1-form, 24

action, 16, 17

action functional, 61

adapted coordinates, 53
almost complex manifold, 32
almost complex structure, 32
almost hermitian manifold, 56
ample, 22

analytic set, 74

anti-canonical bundle, 59

balanced metric, 67

base space, 7

Berezin construction, 66
Berezin covariant symbol, 66
Bergman kernel, 60

Bianchi identity, 50
biholomorphism, 4

canonical bundle, 59

canonical complex structure, 32
Catlin—Zelditch, 69

character, 22

Chern connection, 52

Chow’s theorem, 3

closed form, 59

coherent state, 66

coherent vector, 66

complex, 77

complex flow, 42

complex structure, vector space, 32
complex vector bundle, 7
complexification, 34
connection, 44

connection matrix, 45
contraction, 26

curvature, 47, 48

Darboux Theorem, 63
deformation quantization, 68
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degree of a form, 26

density of states, 60

determinant bundle, 23
differentiable vector bundle, 24
differential, 26

differential form, 26

differential operator of order k, 75
Dolbeault operator, 52

Einstein metric, 59

elliptic complex, 77

elliptic operator, 76
embedding, 5
Euler-Lagrange equation, 61
exponential map, 16
exterior differential, 26

flat manifold, 59
flow, 25
frame, 38

free action, 17
Fubini-Study, 43

Geometric Invariant Theory, 13
ggs, 9

GIT, 13

GIT quotient, 19

GIT quotient for linearized actions, 22

Grassmannian, 5

Hamilton’s equations, 63
Hamiltonian, 62

hamiltonian vector field, 63
hermitian inner product, 54
hermitian manifold, 56
hermitian metric, 43

hermitian Riemannian metric, 56
hermitian vector bundle, 43
holomorphic distribution, 42
holomorphic Frobenius Theorem, 41
holomorphic map, 4

holomorphic morphism, 12
holomorphic section, 8
holomorphic structure, 4
holomorphic vector bundle, 7
homogeneous, 11

homomorphism of holomorphic bundles, 7

horizontal lift, 44, 45
hyperplane sections, 13

integrable, 34
integrable distribution, 42



integral, 31

integration of distribution, 42
involutive, 42

isomorphism, 8

isotropy group, 16

Ké&hler manifold, 56

Kéahler metric, 58
Kéahler—Einstein, 59
Kaéhler—Einstein equation, 59
kernel of integration, 60
Killing vector field, 65

Lagrangian, 61

leaf of a distribution, 42
left-invariant vector fields, 15
Legendre condition, 62
Legendre transform, 62
Leibniz rule, 44

Lie algebra of G, 15

Lie bracket of vector fields, 26
Lie derivative, 26

Lie group, 15

Lie subgroup, 16
linearization, 22

Liouville 1-form, 63

locus of semistable points, 21

Newland—Niremberg theorem, 34
Nijenhuis tensor, 34

Noetherian, 21

Noetherian property, 74
Nonsqueezing theorem, 64

observable, 64

orbit, 16

orientable, 29

orientation preserving, 30
orientation, manifold, 30
orientation, vector space, 29

parallel along a curve, 44
parallel section, 44
parallel transport, 44
Plucker embedding, 13
Poisson bracket, 64
polarized manifold, 54
positive line bundle, 59
potential, 62

principal bundle, 47
projective, 6

projective algebraic, 6
proper, 18

pull-back, 25
push-forward, 25
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Rawnsley function, 67
reductive, 18
representation, 18
Ricci form, 58

Ricci tensor, 58
Riemann surface, 23

section along a curve, 44
semistable bundle, 23
space of k-symbols, 75
space of states, 64
splitting, 47

subbundle, 9
submanifold, 5

symbol, 76

symplectic camel, 63
symplectic form, 56
symplectic manifold, 56, 63
symplectic structure, 63
symplectomorphism, 63

tangent bundle, 7
tensor, 24

Toeplitz operator, 68
topological group, 15
topological quotient, 16
torsion, 57

torsion free, 57

total space, 7
transition functions, 7

universal bundle over G,(C"), 10
universal quotient bundle, 10

vector bundle valued differential form, 44

vertical bundle, 46
very ample, 22
volume form, 30
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