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Disclaimer

These are notes from a course given by Brendan McLellan during the fall of 2011.! They have
been written and TeX’ed during the lecture and some parts have not been completely proofread,
so there’s bound to be a number of typos and mistakes that should be attributed to me rather
than the lecturer. Also, I've made these notes primarily to be able to look back on what happened
with more ease, and to get experience with TeX’ing live. That being said, feel very free to send
any comments and or corrections to fuglede®@imf .au.dk.

The most recent version of these notes is available at http://home.imf .au.dk/pred.

1st lecture, August 26th 2011

The main goal of the course is to understand | ] and | ].

1 Introduction to path integrals

1.1 The double slit experiment
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Figure 1: Interference patterns for the double slit experiment.

In the first lecture, we begin with physics motivation. Consider the double slit experiment
(Fig. 1) where electrons pass through two slits to a detector screen. Closing either slit we obtain
two probability distributions P; and P,. Having both slits open looks one obtains a probability
distribution Pjo as in Fig. 1. Keeping both slits open but attaching detectors at the slits, the
probability becomes P, = P; + Ps.

From this one concludes that in the first experiments, the electrons behave as particles, whereas
in the latter ones, the electron behaves like an electron or a wave, depending on whether it is being
observed or not.

Note that in the picture, Pj5 measures the intensity of waves at the detector screen D. We

recall some basics of wave interference patterns. Waves can be represented as “phasors”, @1, 2 :
RxR — C,

P (:L‘7 t) = h‘j (x)ei(wjt+6j)ﬂ

IThe course homepage is located at http://aula.au.dk/courses/QGME11TKG/ — that probably won’t be true
forever though.
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where h; : R = R, j = 1,2, and w; is a constant frequency. Assyme that w; = ws. Now
dj(x) : R — R is called the phase. Physically, ¢;(z,t) is the wave amplitude at time ¢ at position
z on D. So, Pj(x) = |pj(x,t)]* = h3(x).

The question is, what is Pjo in terms of ¢ and ¢5? It should be

Piy = |p1 + @2]® = |1]* + [2|* + 2¢/| 01| 2] cos 8,

where § = (51 — 52.

In summary, the probability distribution for waves is described by wave amplitudes ¢ : R? — C,
such that the probability amplitude is P = |p|?, and Pis = |1 + 2], In an experiment like the
last one, P = ¢1|>+ |p2|%. Note also that the experiments are independent of the firing rate of the
electron source. So what we can possibly conclude is that electrons interfere with themselves, i.e.
they are somehow going through both slits.

1.2 The path integral

Consider the following experiment: If there are N slits, the probability amplitude without slit
detectors becomes

a 2
P12~~N: |Zg0_l‘ .
Jj=1

A possible nice conclusion from this is that unobserved electrons take all possible paths. Taking
the limit N — oo, corresponding to removing the slit wall entirely, should recover an electron in
free space, and one obtains the probability distribution by summing over all paths.

Recall that the classical path can be obtained from the Fuler-Lagrange equation(s) . Le., for a
path z(t) : [a,b] — M (where M is a space, manifold, ...), and a Lagrangian L : TM — R (where
L =T -V, T is kinetic energy, and V is the potential), we define the action functional

b
Slz(t)] = / Lz, #)dt.

Then physical paths are given by stationary points ‘;—f = 0. This is called Hamilton’s principle .

Here, by definition, ‘;—i = 0, if and only if d%S(ac + en) = 0 for all smooth paths 7 : [a,b] = TM,
with n(a) = n(b) = 0 so that z(a) = (x + en)(a), x(b) = (z +en)(b).

To see this, we claim that that %2 = 0 if and only if

OL 0 0L _
ox Ot o' ’
where (z,v) are local coordinates on TM. To see this, let & = = + en, so that
d b . ba :
LS+ en) = / L(7,3) dt = / L) dr

_/b 67[/@4_87[/@ dt
), \ 0z 0 Ov Oe

— b@ﬁﬁjdt_% |b_ biai dt
) oot T g T | a0
SO
d 9L 9 oL
I@S(x+5n) = . % — a%ndt =0.
By the “fundamental lemma of calculus of variations “,
oL _ooL_
ox  Otov



Ezercise 1.2.1. Make this fundamental lemma rigorous.

We return now to the experiment with the free electron. As noted, the probability distribution
is given by the sum over all possible amplitudes of paths. So the question is: What are the
amplitudes of these paths? A partial answer is the following: In quantum mechanics, the plane
wave solution of the Schrédinger equation is

P(T, 1) = A(t)e P R/R

where A(t) : R — C, E is the energy, ¢ is time, p = mv is momentum, Z is position, and f is
Planck’s constant. Let 6 = —(Et — - T)/h be the phase angle. The “wave/particle” speed is

dé R
o= —(E—-p-v)/h,
where E =T +V (and here, T = im/||t||?, and V = 0). Also

which implies that

and so

Putting all of this together,
W(z,t) = A(t)et Jo L/mdt — A(4)eiS/h

and the probability amplitude is P = [i(z,t)|> = |A(#)|?>. This will be our motivation for the
definition of the path integral.
In Feynman’s paper, | ], there are two postulates :

L. If an “ideal” measurement is performed to determine if a “wave/particle” is in a region of
space-time R, then the probability of an affirmative answer is absolute square of the sum of
complex contributions, one from each path in R.

II. The paths contribute equally in magnitude, and the phase contribution is the classical action
S/h = / Lat/h.

The two postulates say that the partition function , which is what one obtains by summing over
the complex amplitudes, is given by

43 ” 15 [ R l S - dxl
Z(R)*= 213}) (H/R) exp [h Z S($l+1,l‘l)] A

l=—00 l=—0o0

Here, we picture space-time as being sliced into slices tg,t1, ..., zg,Z1,..., where z; is the coor-

dinate on the time slice ¢;, and ¢ = ;41 — ¢;, and the action is given by classical paths between

x141, @ (see Fig. 2), so S(z41,2;) is to be thought of as the linear path between x;4; and z; at

times t;41 and ;. Also, A is the “normalization factor”, which we will describe in an example later.
We introduce some more notation. Let

Z(R) :%P(R) exp <Z§> [Dz],

where P(R) is the “space of paths on R”. There may not be a measure on this space, making
sense of Dz, and we will occasionally remove in from the integral, instead letting it be part of the
notation .



Figure 2: Slicing space-time and a particular path therein.

1.3 From the path integral to the Schrodinger equation

Example 1.3.1 (Simple harmonic oscillator, SHO). We will heuristically derive equivalence of
the path integral with the Schréodinger equation in the example of the 1-dimensional harmonic
oscillator. Consider Z(R) = Z(R,R"), where R = R’ U R” splitting space-time into past and
future at some time ¢. Let

.11
1 d$j+1 d(Ej
P(xy,t —811_r>r(1)||// ) exp 7 E S(xjp1,2j)| - R

j=—o0

. 00
dl’j+1 d{ﬂj
X fEl; —EII_%H/” eXp ﬁz ijrl,xj TT’
and so by “definition”,

Z(R) = /X*(m,t)w(:r,t) dx.

To get the Schrodinger equation, we need to understand the behaviour of ¢ (or x*). From now
on, we ignore x* and look at 1 instead. We want to understand how 1 develops in time; i.e. we
want to understand ¢ (z;11,t + €) for e small. Note that

Pz, t+e) = /RGXP {;S(Il+1yl‘l)] 7//(931725)%.

For the SHO (or more generally, other 1-dimensional potentials),

2
S(ml_H,fEZ) e [T;l <M> _ V(Il+1)] .

3

2nd lecture, August 29th 2011

Last time, we went through path integrals, the double slit experiment, and the “many paths”
interpretation. The classical path is given by the Euler-Lagrange equation. The quantum path
should have phase ¢ = "/ where S = [ Ldt, L =T —V. We discussed the path integral Z(R),
and we left off showing that the path integral gives the Schrodinger equation for actions quadratic
in @(t) (including the simple harmonic oscillator).

Note also from last time that we discussed % = 0 if and only if d%(a;—ksr]) = 0 for all variations.
Here, more precisely, for a variation Z : [a, b] X (—6,0) — M, > 0, let Z4(e) = &(t,€) : (—6,0) = M,
and we put n(t) = (f 7+(0) : [a,b] = T'M, and the requirement from last time that n(a) = n(b) =0
becomes x(t) = Z(¢,0). Note also that the proof that the Euler-Lagrange equations follow from
Hamilton’s principle that we gave last time assumed that T'M was trivial.



Ezercise 1.3.2. Extend the result to general M, under certain regularity conditions (compactness,
functions having compact support, ...).

We continue discussing the example from last time.

Example 1.3.3 (Heuristic derivation of Schrodinger equation for L quadratic in Z.). One such L

could be L = imi? — V(z), which for V(z) = mw?2? is the simple harmonic oscillator. Recall

from last time that the quantum mechanical wave function was defined heuristically as
;= =1
J
blan,t) = limy (H/> x| 2 Stns) 11 1
j=—o0 j=—o00

and x*(z;,t) was defined analogously with indices j =1,...,00. We also define

7 dx;
Sj =exp {hS(IjHan)} 717

« 1 dz; 1
S5 =exp {hs(xj-&-laxj)} Xr ,

and use the notation #f;, for lim._,o(]] [5;). With this notation

w1 s~ 11 sods)

J=—00 J=—00

Formally, write

Note that S(z;11,2;) is a local action and is a function of €, and R, being a bit more careful than
last time, is thought of as R = lim._,o(R’ U R"). Now,

By definition, ¢ (x;,t) = £, ( oo Sj), and x*(z1,t) = $,., (H] ZS*) 4. Roughly,

fomom ] (T (H///)’

and

/7[1'[5 % 115 | da
: P

J=—00

= /w(m, Hx*(z,t) de



Note that one main problem with the path integral involves the limit lim._,o. In other words, what
should lim._,o mean rigorously? Also, note that ¢ depends only on R’, so to determine the future
behaviour, it suffices to describe the evolution of .

Consider now

1/)($l+1,t+5)5/m %,ﬁ Sil S

j=—o00
= /ml exp {;S(WHJO] w(wl,t)%~

For our model, we assume that the time-slice x; = R, i.e. that we consider a 1-dimensional spatial
problem. Also, the local action is given classically by

S(aiir, ) =€ [’; <M>2 - V(xl+1)] .

3

Using this, we obtain the more familiar expression

_ e [m (x4 — 2 2 v dx;
1/’(37l+17t+5)—/ReXP % 2<€> = V(zi41) zb(xl,t)j.

Substituting ;41 = x; — &, 141 = x, so 7 = x + £, we obtain

exp {Z;Zﬁ exp [“2@] W(z + §,t)d—j. (1)

Y(x,t+¢€) :/

R

We now claim the following: For ¢ < 1, the integral in (1), receives main contributions from
regions of R, where the oscilations of exp(im&?/(2he)) are not rapid, i.e. if || < \/he/m. The
main contributions come from near £ = 0 (or d%gz = 0). We want to show that way from d%f 2 =0,

that (1) is of order O(e) for any N € N.
Let U = {U,}aco is an open cover of R and A = {\,}aco is a partition of unity subordinate
to U. We write (1) as

vat+e) = [ Qa5

acO

Let U, C R such that 0 ¢ U,, and let uy(£) = Ay - ¥ on U,. We claim that for all N € N,

/Rua@c-»f] < Cue

for some Cy € R. We need the following lemma:

Lemma 1.3.4 (Principle of non-stationary phase). Let

Luse) = [ u(@e O+,
R
where m € R is constant, u € C(R™), and § € C°(R"), such that V§ # 0 on supp(u). Then,
|Iu,5(€)| S CN,u,55N

forall N € N,e > 0,Cpn s €R.



Proof. Observe that

€ Vé
i [V4|?

v(ei(é/s—i-ms)) — ei(5/5+m6)’

from which it follows that
e Vo -
— < i(6/e+me)

Using integration by parts, this becomes

Ve ] .
(i€) / v [u(g)W} el0/e+me) ge

Write uq(§) =V {u(f) |VV56|2} € C°(R™),supp(u1) C supp(u), so the above becomes

(i) [ wn()e g
= (iE)Iu1,5(5) = (iE)NIuNﬁ(E)v

where the last equality follows from repeatedly using integration by parts. We obtain that

Luso] <€V / fun (€))de,
supp u

so letting Cn w5 = |. |un (€)|dE, we obtain the Lemma. O

supp u

Now, Taylor expand around £ = 0 in (1). We then obtain

z’mgQ]eXp{—z‘sV(x)H oy . 0%

de
e YTt T e

2 .. —
£+ 1

Y(x,t+¢) :/

exp {
R

So we need to compute

/exp [zmgz} d¢ = (2mhei/m)'/?
R

e2h
imé?
/Rexp[wh}fdgzo
/Rexp {“:25;} €2d¢ = (hei/m)(2mehi/m)'/?,

and so on. These formulas follow from “analytic continuation”. Note though, that the integrals
are oscillatory over all of R, and do not converge as integrals as written. To justify the equalities
above, we consider integrals of the form

[ expl-xer /e ag
R

more carefully.

Theorem 1.3.5. Let I,(\) = fR exp[—\E2/2]p(€) d¢ for p € R[€] a polynomial, X € C. Then this
I,(A\) converges, and it is holomorphic for Re(X) > 0, and is continuous in A for Re(A) >0, A # 0.

Proof. We prove only the first statement on convergence and leave the rest as an exercise. Consider
first po(€) = 1, p1(€) = € We have

Iy(\) = /R expl-AE? /2] dt.



By the Cauchy criterion, this converges, if

B
lim \/ exp[—A2/2]dé| =0, B> A>0,B — cc.
A—o0 A

Consider,

T oaepe
+ e ?df .

A

l/Bd IBVER| ’ 1. ye2pnlip
—= —(e 2)= de| < |—=[e7 /22
The first summand goes to 0 as A — oo, and the second one is less than |%|§, A > 1, which

converges to 0 as A — oco. Note that this proof works for Re(A) = 0 as well.
For p1, we need to show that

B
lim |/ exp[—AE2/2)€dé| =0, B> A>0.
A—o0 A

We write

B
A L

B
<o A2
‘ [ explorg e o




Theorem 1.3.6. If I,()\) = fR exp[—AE2/2]p(€)dE, where p € RE], A € C,Re()\) > 0, then
1. I,(X\) converges.
2. I,(\) is holomorphic and limy_, y;: I,(\) exists for t € R>Y.

We proved convergence last time, left holomorphicity as an exercise, and we will see that the
last part follows from analytic continuation. Recall the following theorem from complex analysis.

Theorem 1.3.7. If f,g : D — C, D C C open, are holomorphic (and hence analytic), and
f(zn) = g(2,) for some sequence {z,} of complex numbers, converging to zo € D, then f = g in
D.

Consider the function

~ (2%)1/2 (’r;\n/l2 , N Z 2 even
Iy, (\) =10, n odd
’ )\ 1/2

(T) ) n=20

for A # 0. Here, if A\ = me®®, 0 € [0, 27), \F)\ = Vmei® = \/me'?/?; i.e. we define the branch cut to
be the positive real axis. Then, clearly, I, (\) is holomorphic. Also, I, (z) = I, (z) for x € R>?,
and by Theorem 1.3.7, I, (\) = I, ()\) for all A € C, Re(A > 0). We extend I, (\) to A € (C,
Re(A) > 0, and we use limy_; I, (A) to define

/exp[it§2]d§3= @:szem/{
R t t

sercie - P (1Y _ [2E (1Y o
AWWM%~ th-tQ% .

This matches the formulas of [ ]
Note that for other powers of &,

o[ a0,

We are only interested in keeping terms to first order in . Expanding the left hand sign of (2) in
€ and the right hand side in £, using the above calculations, we obtain

o ieV (2rhei /m)'/? hei 9%
Vet “{;114W+az+
Equating powers of ¢ we find the following:
0) The Oth power gives A = (27hei/m)'/?)
1) The 1st power gives
hov h? 9w
= + V(x)¥,

i ot 2m da?

which is exactly the Schrodinger equation for a wave/particle in a 1-dimensional potential.

1.4 Solving the Schrodinger equation with a quadratic potential

Example 1.4.1. Let V(z) = 2mw 222 for w € R>Y be an angular frequency, and m € R0 a
mass. For example, this is the potential for the simple harmonic oscillator. We want to solve the

10



Schrédinger equation for this potential by using separation of variables. I.e., we assume that our
solution splits as ¥(z,t) = ¢(x) f(¢). Then we obtain from the Schrédinger equation two equations

IO V=B, BeR ®

2m 02
f(t) = et (4)

Here, the equation (3) is called the time independent Schrodinger equation.

To motivate this a bit more, recall that the Hamiltonian by definition is H (z,p) = % + V(x),
where p = mwv. In quantum mechanics it is standard to do canonical quantization. That is, we
replace the variable p with the operator p := 2 8’1 on L?(R). Similarly, z gets replaced by the
operator & which is just multiplication by x. Pluggmg these into H, the Hamiltonian becomes

Note that (3) then becomes ﬁl/) = F, where F gets identified as the energy of the state 1.
It is a general fact, that every solution to the time-dependent Schrédinger equation is of the
form

i 71E,L t)/h

We will see this after solving (3).
We can actually solve (3) and letting n = |/";x, we find that

mw)1/4 1

Yi(n) = (E NGl

The H; are the Hermite polynomials. We give now the derivation. Write H Y = EY as

L l(h d> +(mwx)2] = E.

2m i dx

l
Hie "2 i) = (-1 (5 ) e
n

Define the ladder operators

o= L (hd Hmwx)
= 7
a= 1 h d — imwx
= V2m \idz
Here, a' is called the raising operator, and a the lowering operator. Then (aa! — %hw)w = FE1,
and [a,a'] = hw, and so (a'a + $hw)y) = Ep. We claim now that if ¢ solves (3) with energy F,

then af1) solves the equation with energy F + hAw and a1) with E — hw. This is easy to see: One
considers

1
(afa+ hw)a'y = - = (B + hw)aly.
Note that we can not have ¥ with energy F < Vi, since

d21/J 2m

would otherwise imply that fR|¢|2 dz is divergent (this is left as an exercise).

11



We are now in a position to describe the solutions. Let ¥y be a state with a1y = 0. This means
that

or in other words

which we solve to find ¢g(z) = Age™ 25" . Also (a'a + $hw)yo = Eoy, which implies that the
energy is Fy = %hw Now, let

that have energies E, = (n + %)hw. The constants A, can be calculated using [;|¢|*dz = 1 to
find

= (5" i

2 The principle of stationary phase

2.1 Preliminaries and motivation

Summarizing the introduction, we are interested in computing path integrals
Zp =7[ e/ Dy]
D(R)

This should correspond to the probability of finding a wave/particle in a region R of spacetime.
Formally, as A — 0, Zr should receive its main contributions from paths that satisfy the Euler—
Lagrange equations g—s = 0. That is, Zr should “localize” to classical paths as i — 0. The limit
h — 0 is called the semi-classical limit .

We now consider finite-dimensional integrals of the same form as the path integral and consider

how the semi-classical limit works out in this case. Define

I,s5(h) = / e/ he R pe To(M,|A'M),
M

where § : M — R is some function, and T'.(M,|A|' M) denotes the space of compactly supported
densities on M (see below). We want to discuss when such integrals converge, and what their
general form will be.

Definition 2.1.1. Given a manifold M (smooth, dim M = n), the bundle of a-densities on M
, denoted |A|%, for a € R, is the associated bundle to the principal frame bundle GL(M) (of the
tangent bundle) for the character representation p : GL(n,F) — F (for F either R or C) defined by

p(A) = |det A|7“.
Le. IN*M = GL(M) x, F.

An element of the fibre ¢ € |A|*M may be viewed as a map ¢ : A"T, M \ {0} — R such that
Y(Ax) = [A\|*Y(z) for all X € F*.

Example 2.1.2. For M = R", the standard a-density is |dz|* € |A|*R"™ defined by

|[dz|*(O1 AN Op) =1

12



Ezercise 2.1.3. Prove that |A|*M is a trivial line bundle.
Definition 2.1.4. Let I'.(M,|A|* M) denote the space of compactly supported sections of |A|* M.
Proposition 2.1.5 (1.23 of Berline-Vergne). Let M be a manifold of dimension N. There is a

unique linear form, called the integral, denoted by

/ :To(M, IN'M) — R,
M

such that on a chart U 2 R™ on M,

/Uf|d$|=/Rnfdx1~-~dxn.

Definition 2.1.6. Any real bilinear form @ on a real vector space W (with dim W = n) induces
a 1-density on W, denoted ||Q|| : A"W — R by

QN (vr A+ Awy) = |det<Qvi,vj>\1/2.

Note that we abuse notation slightly here, and let Q denote the map W — W™ associated to
Q, so Qu; € V*.

Definition 2.1.7. For @ a real non-degenerate bilinear form on W, and v € |A|'W, define
|det, Q| € R>? by the relation

[det, Q["*v = [ Q-
Example 2.1.8. Let Q € GL(n,R), and let e = (ey,...,e,) be the standard basis for R”. Then
|det 140 Q| ?|d] = [|Q)].
Here, ||Q|/(e) = |det(Qe;, e;)|'/? = |det Q|'/2. Also, if |dz|(e) = 1, then |det) gz Q|'/? = |det Q|/2.

Before we study the general integrals I, 5.y, we study the case of R, letting

L.s(h) = / /M| dx],

where u € C(R",C), § € C>°(R",R), and we look at the behaviour of this integral as i — 0.
Recall the principle of non-stationary phase in case:

Lemma 2.1.9. Let I, 5(h) be as above and assume that dd # 0 on supp(u), i.e. all points on
supp(u) are non-stationary. Then I, s(h) = O(h*), when h — 0, i.e. |I,5(h)| < Cn.ush™ when
h > 0 for some constants Cn 4.5 € R=29.

The lesson to learn from this is that the main contribution for the integral should come from
stationary points of the function 4.

4th lecture, September 5th 2011
We are in the process of studying integrals of the form
I,s(h) = / /My,
M

where M is a (smooth) manifold, v € T.(JA|* M), § € C°(M,R), and h € R>Y. In particular, we
want to study the limit iz — 0. First, we look at the subcase,

Lus(h) = / i/ da,

where u € C°(R",C), § € C*(R™,R), and h € R>?, and |dz| denotes the standard density on
R™.
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Claim 2.1.10. The integrals I,, s(k) “localize” to Crit(d) in a “nice way” as i — 0. If Crit(5) are
“non-degenerate” points, then § has a quadratic expression near these critical points.

Definition 2.1.11. Given a (smooth) function 6 : M — R, the Hessian of § at a point p € Crit(J),
i.e. ds, =0, denoted H,d € Sym” Ty M, is defined by

Hpd(X,Y) := X (Y(9))lp = Y (X(9),
for any X,Y € T(TM).

Note that H,d only depends on X,,,Y, (which is an easy exercise). Also, [X,Y](d)], =
do([X,Y])|, = 0 since p € Crit(S), so H,d is well-defined.

Definition 2.1.12. A point p € Crit(d) is called non-degenerate , when H,d is non-degenecrate.
In this case, the Hessian defines an isomorphism H,0 : T,M — T, M.

Definition 2.1.13. Let M, N be smooth manifolds. A function f : M — N is called an embedding
(and M is called an (embedded) submanifold of N) , if f is smooth, rank(f) = m = dim M (i.e.
f is an immersion ), and f is a homeomorphism onto its image f(M) C N with the subspace
topology.

Ezercise 2.1.14. Let f : M — R be a smooth function, and df € I'(M,T*M), then df : M — T*M
is an embedding.

Taking f: M — R to be constant (say f(M) = 0), then df : M — T*M is just the zero section
z: M — T*M given by z(p) = (p,0).

Definition 2.1.15. Let f : M; — N, g : My — N be smooth functions. We say that f is
transverse to g at a point © € f(Mp) N g(Mz) if when f(p) = g(¢) = =z, then df,(T,M1) +
dge(TyMs) = T,N. We write f M, g. We say that f is transverse to g and write f g, if fh, g
for all x € f(My) N g(Ma).

Note that if f(My) N g(Ms) = 0, then f M g vacuously.

Definition 2.1.16. A Morse function f € C*°(M,R) is a function such that all critical points
are non-degenerate.

Example 2.1.17. Let f4 : R™ — R defined by fa(x) = (z, Az), where (-, -) is the standard inner
product on R™, and A € GL(n,R) is symmetric. Then f4 is Morse with Crit(f4) = {0}.

Proposition 2.1.18. Let z : M — T*M be the zero section of T*M. Then 6 € C®(M,R) is
Morse if and only if z th dé.

Proof. Let My =Imdé C T*M and let My =Imz CT*M. Then clearly z € My N M, if and only
if z = (p,0) for p € Crit(d). By definition, z i, dé if and only if T{;, 0y Ms + T(p,0) Mo = T(p,0)T* M.
Let I : T(p,0)T*M — T, M ©T; M be the natural isomorphism, where locally 7" M|y = U x (R™)*,
SO

Tpo)T*M = T,U ® Toy(RM)* 2 T,M & T; M.
Use local coordinates to see that under I,
T*6M =T 0y Ms = {v© Hyo(v) € T,M @ T, M | v eT,M},

where H,6 is the Hessian of 6 at p. Also, define TOM := T, ) = T,M @ {0} under I. Thus
z th, dé if and only if T°M +TOM = T,M @®T; M, which is true if and only if H,6 : T,M — T; M
is surjective. This is equivalent to H,d is an isomorphism, which again is equivalent to p being
non-degenerate which finally tells us that z M dé if and only if ¢ is Morse. O
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Theorem 2.1.19. Let My, My, N be smooth manifolds of dimensions m1,msa,n respectively, and
let f: My — N be a smooth function and g : M,, — N an embedding. If f h g, then f~1(f(My) N
g(My)) is an embedded submanifold of M,y of dimension my + mg — n.

Proof. Let x € f(My) N g(Ms). By the immersion theorem, there is a chart around z € U C N,
¥ : U — R™ such that ¢(g(M2) NU) = R™ x {0} C R". Identifying dyp(T,N) = ToR™ &
ToR™»™ ™2 =2 TyR", let w : R™ =2 R™2 x R*™™2 — R"™ ™2 bhe the projection onto the second
factor. Then the condition that f m, implies dm o dyp o df (T, M) = TyR"~™2, i.e. the map is a
surjection, and in particular 0 is a regular value of woto f. The regular value theorem implies that
(oo f)~1({0}) is an embedded submanifold of M; of dimension m; — (n —mz) = my +mg — n.
Since (m o1 o f)~1({0}) is a local description of f=1(f(M;) N g(Ms)), we are done. O

Proposition 2.1.20. If § € C*°(M,R) is Morse, then Crit(d) consists of isolated points. In
particular, if M is compact, there are finitely many critical points.

Proof. By the previous theorem, ¢ is Morse if and only if z h dd. As before, let My =Imz C T« M,
Ms =Imdé CT*M. Then dim My = dim Ms = dim M =: m. The previous theorem implies that
dim[z 7! (2(M) N d§(M))] = dim[z~1 (My N Ms)] = dim My + dim M; — dim T* M

=m+m—2m=0.
So Crit(d) is a 0-dimensional embedded submanifold of M. Given p € Crit(d) there exists a chart
U, C Crit(d) such that U, = {0}. That U, is open implies that there is an open set U, C M such

that [71, = U, N Crit(d) by definition of the subspace topology. Then U, N Crit(d) = {p} and so p
is isolated in M. O

Theorem 2.1.21 (The Morse lemma). Let § € C(U,R) be a Morse function on a neighbourhood
of 0 € W, where W is some vector space, and let 0 € Crit(d). Then there exists a neighbourhood
V of 0 and a diffeomorphism v : V. — (V) C U with ¥(0) = 0 and ¥*6(T) = LHgd(Z,T).
Diagonalizing £ Hyd(Z,T) (in the case dim W < 00), we can write

Note that the following proof, from | ], works for any & : C'*2(U, R), where U is a neigh-
bourhood of 0 in a Banach space W yielding a diffeomorphism 1 € CY(V, U).
The integer u is called the Morse index of ¢ at 0.

Proof of Theorem. Let Q = %Haé = d*&5, the second derivative of § at 0, and define
§'(7) = Q(T,7) + t(6(x) - Q(T. 7))

for t € [0,1]. Then 6! =4, 6° = Q, and L6* =4t =6 — Q.
The goal is to find a 1-paramter family of diffeomorphisms ¢! : V — U, where V,U C W are
open such that

()" =Q, telo1]. ()

Then ' satisfies (/')*d = @ and will be the 1 in the statement of the Theorem. Let X' be
the vector field generated by the flow of (so far non-existing) ¢! so that £u'(z) = X'('(Z)).
Differentiating (5) we see that

(h)* (Cg + Xf5f> —0.

In particular, if we can find X* € T'(M), t € [0,1] such that %t + X" = 0, then we can integrate
X (using the Picard-Llindelf theorem from ordinary differential equations) to find ¢ in (5). So
we want X! such that 6 — Q + X!8* = 0 or, rewriting this, X* such that

st (X" = Q — 4.
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For any T near 0 and w € W we have

dst. = /1 448t - (w))ds
xT 0 ds ST )

since dc% = 0. This follows from integration by parts. Thus

dég:/ d(dét ds-/d2 T,0
0

Therefore, defining the quadratic form BL(v,w) := fol d?6¢ _(v,w)ds, then since §' = Q+t(5 — Q),
we obtain

B = By0t(Bg — By),

where B% = 2Q is independent of Z. Thus, at T = 0, since B% = 2@ is non-degenerate for
all t € [0,1], we have BL is non-degenerate for all Z in a small enough neighbourhood of 0 for
all t € [0,1]. Write BL(Z, X*) = ddéL(X") = @ — d. To obtain X" satisfying this, observe that
(6% —6)(0) = 0, and (d6® — dé')(0) = 0. So if g = §° — 67, we have

1y 1 1ol
g:/ —g(sf)ds:/ dgsg(f)ds:/ / d? g,z (5T, T) dr ds.
o ds 0 0o Jo

We use this to define a quadratic form Cz by

1ol
Cz(w, ) = / / d?g,..z(s1,7) dr ds
o Jo

satisfying ¢(7) = C5(Z,T). Since BL is non-degenerate, we can solve for X’ to be unique solution
to the equation

BL(u, X") = Cz(u,7)

for all @ € V some open set. It is easy to see that X is smooth, and )gt(ﬁ) = 0) by definition,
and the Picard-Lindeldf theorem there is a small enough open set V C V C U and a solution ¢
to Lopt = X*(t) for all ¢ € [0,1]. O

5th lecture, September 9th 2011

Last time we saw the Morse lemma for subsets of Euclidean space, and we begin today’s lecture
by extending this result to manifolds.

Theorem 2.1.22 (Morse Lemma; Global version). Let 6 € C°°(M;R) be a Morse function for
M a smooth manifold, and let p € Crit(§). Then there exists a non-degenerate quadratic form
Q € Sym*(R™)*, and an embedding ) : U C R™ — M, where 0 € U, and 1(0) = p such that

Pro(T) = d(p) + Q(T)-

Proof. Let ¢ : Uy — R™ be a chart around p, ¢(p) = 0 and let Uy := @(Up) € R™. Let 6 : Uy — R
be a map satisfying 0(Z) = (¢~1)*6(Z) — 6(p). Then §(0) = 0 and 0 € Crit(4). Then we can apply
the (local) Morse lemma which tells us that there exists a map ¢ : U — 4(U) C Uy such that
Y(0)=0and Q = H(Ssatlsﬁesw*é—Q Let ¢ := ¢ 1o : U — M. Then (0) = p and

“3(z) = (¢71)*0(4(@)) = 6(p) + 0(4(T))

H*§
= 6(p)¥"3(z) = 6(p) + Q(T).
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Recall that we are studying I, 5(h) = [, e/"v for § € C=(M,R) a Morse function, h €
R>? and v € T.(|A|'M) for M smooth. Since v € T'.(JA|l'!M) has compact support, we have
|Crit é Nsupp v| < co. Let 6 denote the indexing for Crit & Nsuppv, and let p; € Crité N suppv,
l €6, and let L := |§| Let p; € Uy, let | € 6 be open sets in M given as v (U)) =: U, from the
Morse lemma for maps ¢; : (U; C R™) — M. Let U = {Uy, 04 }aco containing {01’%_1}1667@97
such that for any U, € U where o ¢ 0, we have p; ¢ U, for any I € § (which can be constructed
taking closed K; C U; and M\ (| K;) open). Let ¢ = {¢4 }aco be a partition of unity subordinate

to U. Then
I,s(h) = / ei0/hy — Z/ LAY
M aco’ M

N D S L)
1e6 ' M acoNg” M

Here the last term is O(h°°) by the principle of non-stationary phase, so we are really interested
in expressions like fM e/hp.

On U; = ¢y(U;) write ofv = d|dz| for some @ : (U; € R™) — C. Let §(z) = ¢;d(z) =
0(p1) + Q(T) (by the Morse lemma), and we define u(T) = (¢, 0 ¥;)(T) - @(T). Then

/ eié/h@lV:/ eié/hu‘dx‘ :ez‘é(p)/h/ eiQ/fLu|dm|’
M UCR™ "

where the last equality follows from the fact that suppu C U;. Thus, we end up studying
Ig.(h) = / ey da|,
]Rm,

for Q € Sym?(R™)* some non-degenerate form, v € C=(R™, C).
First, we need to understand

To(h) = / Mg (6)

Note that we need to be somewhat careful here, since this integral is analagous to the integrals
Iz eite? d¢ = ,/27”6”/4.
We will do something slightly more general and consider

IA(h)E/ e~ AT /R g,

where A € Sym?(R™)* @ C is non-degenerate, and ((Re A)z,z) > 0 for z € R™. Note that
Sym?(R™)* ®g C = Sym(m, C), where Sym(m,F) = {A € M(m,F) | A = AT}. Note also, that
Re A makes sense, since we can always write A = Re A + ¢ Im A. Note that A € Sym(m,C) is not
necessarily diagonalizable. For instance
2t 1
=1

is not. and we obtain the special case (6) by letting A = Q.
If A € Sym(m,R) is positive-definite then A is diagonalizable by a orthogonal matrix O, i.e.
A =0TD0O, with D = diag{\1,..., A} with \; > 0 for 1 < j < m. Let y = 6x. Then

Lam) =T] (/ e‘“yf/hdw)
j=1 VR

m

/
=11 <T)1 : = (hm)™/?(det A)~1/2.

Jj=1
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We conclude that for A € Sym(m,R) we have I4(k) = (fir)™/?(det A)~1/2. This is the basic result
we will use to extend this to complex matrices. Let

H = {A € Sym(m,C) | (Re Az,z) > 0 Vz € R™}.
For A € H we have det A # 0, sinec if Az = 0 for some x € C™, then
0 = Re(Ax,T) = (Re Az, T)
which implies that z = 0. The second equality follows from the fact that AT = A.

Claim 2.1.23. There is a unique analytic branch of F : H — C defined by F(A) = (det A)'/?
such that (det A)Y/? >0 for A € ReH (by which we mean that A is real-valued).

We will use this claim without proof; it can be proved using that H is convex in the space of
complex matrices.
Since I4(h) = [zm e~ {Az@) /P dx| for A € H, since this integral agrees with

Ta(B) = (hr)™/?(det A)~1/2

for A € Re(h), and since they are both analytic on H, then I4(h) = Ia(h) for all A € H. We
define I4(h) for A € H, the closure of H, by continuity of I (h)|z.

We focus now on A = iB, for B € Sym(m,R) non-singular, so A € H. We can assume that
B is diagonal, since transformations A — ©7 A0 leave (det A)'/? unchanged for A € Sym(m,R).

By analytic continuation and continuity, we can assume that the same holds for B. Write B =
diag{by,...,by} for by #0, 1 <1 < m. Then

m

det(iB + 1) = [ [ (e + b)),
=1

and, using the principal branch cut of the square root, we find

1 m
Arg\/det(iB +¢€l1) = 3 Z Arg(e +iby).

=1

When ¢ — 0,

- I~
Arg+/det(iB +¢l1) — 5 ; 5 sgn(by),

where sgnb; = b;/|by.

Definition 2.1.24. The signature of B € Sym(m,R) is

sgn(B) = Z sgn(by).
=1

In conclusion, by the continuity definition, we obtain

(detiB)'/? = |det B|'/? exp(wisgn(B)/4).

2.2 Basics of Fourier transforms

We recall some basics on Fourier transforms, that will be useful.
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Definition 2.2.1. For a = (a1,...,am), 8= (B1,...,0m) € Ng)™, z € R™, define

O‘E A1 pQm aBE _ _ .
oo (ax> (am)

For p € C*°(R™,C), define a semi-norm by
lellas = sup [2%07 ().

Definition 2.2.2. The Schwartz space (of rapidly decreasing functions) on V.=R"™ or V = (R™)*,
is the function space

S(V)=8={p e C*V,C) | #llap < ooVa, 5 € (No)™}.

Example 2.2.3. Any smooth function ¢ € C2°(R™, C) with compact support is in S.
Any function of the form ¢(z) = p(z)e~1*I", for p € R[], is in S.

Definition 2.2.4. Given v € S(R™), i > 0, then the asymptotic Fourier transform (AFT ) of u
is the function Fru : (R™)* — C defined by

(Fru)(€) = (27rh)_m/2/ e @8/ My () da,
where (-, -) is the dual pairing on R™ x (R™)*. If w € S((R™)*), then the inverse AFT of w is the
map f{lw : R™ — C defined by

(Fr 'w)(w) = (2mh) ="/ / e!eS (&) de.
( ’"L)*
Note that the topology on S defined by the semi-norms (i.e. the coarsest topology such that
the semi-norms are continuous) make S a “Fréchet space”. We leave the following result as an
exercise.

Theorem 2.2.5 (| |, 7.1.3). The asymptotic Fourier transform maps S(R™) — S((R™)*)
and does so continuously, and if D; = —ih0;, then

fh(Dlu) = 5;]-"511, }";-L(xlu) = —leﬁu.
Lemma 2.2.6 ([ |, 7.1.5). The asymptotic Fourier transform Fp : S(R™) — S((R™)*) is an
isomorphism with inverse .7-',;1 defined above. I.e. Fp o ]—'{1 = ls(®rm)*); .7-'{1 o Fp = lsmm)-
Theorem 2.2.7 ([ |, 7.1.6). If u,v € S(R™), then we have the asymptotic Parseval formula
(APF )

/ u@dm:/ Frnu - FrodE,
m ( m,)*

and if p € S(R™)*), p € S(R™), then
/ (Fr ") () da = / (Fnep) dé.
m ( m,)*

Definition 2.2.8. A continuous linear form 7 : S(V) — C on S(V), (V =R™ or V = (R™)*) is
called a tempered distribution . The set of all tempered distributions is denoted by S’(V).

Note that given f € CY(V,C), we identify f with the tempered distribution 7; € &’ defined by

Ti(p) = /V fodv,

where dv denotes the appropriate measure on V. The map 7 is injective (we will se why this should
be the case later).
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Definition 2.2.9. Given 7 € 8’ the asymptotic Fourier transform is defined by

(Far) () = 7(Fy o)

for 7 € S'(R™), p € S((R™)*), and we define the inverse asymptotic Fourier transform is

(Fr '7) (@) = 7(Fnp)
for 7 € S'((R™)*), p € S(R™).

Theorem 2.2.10 (] |, 7.1.10). The asymptotic Fourier transform of tempered distributions
Fy, is an isomorphism S'(R™) — S'((R™)*) with inverse Fy, ' : S'(R™)*) — S'(R™).

6th lecture, September 12th 2011

Definition 2.2.11. Let 7 € §'(V), D; = i0,, f € C>(V,C), where f - € S for all p € S. Define
the following:

1. The derivative of a tempered distribution is D;7(¢) = —7(D;p).
2. Define a new tempered distribution (f - 7)(¢) = 7(f - ).
The following is left as an exercise.
Proposition 2.2.12. Let 7 € §’. Then
1. Frn(Dy1) = &(FnT),
2. Fu(xim) = —Di(FnT).

2.3 The principle of stationary phase

Theorem 2.3.1. Let W be a vector space, whose topology is induced by a family of semi-norms
{patacs (i.e. the coarsest topology such that the semi-norms are continuous), and let Y be a
normed linear space. If L : W — Y is linear, then L is continuous if and only if there is an
NEN, v,....,v8 € J, and K € R>Y such that

N

ILw|| < K- oy (w)

1=1
forallw e W.

The proof is left as an exercise. The main point of stating this theorem is the following corollary
of it.

Corollary 2.3.2. Let fa(x) = exp(—(Az,x)/h), and let T4 := 77, : S = C be the linear functional
defined by

malp) = | fa@)e(n) de.
Then 74 € 8" if and only if (Re A)x,z) > 0 for all x € R™.

Proof. We prove one half of this statement and leave the other as an exercise. By Theorem 2.3.1,
since 74 : § — C is linear by definition, 74 is continuous if and only if

N
<KDY l9llas
=1

ol | [ Iaoyplo)ds
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for some K € R>? and N € N. We will show that this condition implies that ((Re A)z,x) > 0 for
all . Assume that ((Re A)z,z) < 0 for some x and let us show that |74 ()| is unbounded in ¢. Let
() = exp(—(B.x,x)/h), where B, =el—ilm A, and 0 < ¢ < —)\g, where Ao = max(spec(Re A))
is negative, since ((Re A)z,z) < 0. Then ||¢|lq.ps < oo for all a, 5 € (Ng)™, since by construction
((Re Be)x,x) > 0 for all z € R™. We have

TAQ = fa(z)pz dx :/ exp(—((Re A +¢el)x,x)/h) dx.
R™ m

Diagonalizing Re A 4+ €1 by © and changing variables to x = Oy, we can write this as

TA@:/ exp —Zx\jy?/h dyy « - - dym,
R™ =

where for some j, A; < 0, and this integral diverges. O

Fact 2.3.3. For f,g € S we have f =g if and only if Ty =15 € S’

Proof. This follows from the fundamental theorem of calculus of variations. O
The following result will help us derive stationary phase.

Theorem 2.3.4 (| ], 7.6.1). Let A € Sym(m,C) be a non-singular, and (Re Az, z) > 0 for
all x € R™.

(A) If ReA#0, let B= A", and define

g5(€) = 27"/%(det B)'/? exp(— (B¢, £) /4h).

(B) In the special case Re A =0, so A= —iAq for Ag € Sym(m,R) non-singular, let B= At =
iAal and

i<A51£,5>> exp (m‘ SgnAo) '

E27m/2 A —-1/2
95(§) |det Ag| ™" /< exp i 4

Let T4 be the tempered distribution

mae) = [ expl(~do.a)/W)p(a) da,
and define ug € S’ by

pate) = [ as(@el9)dc

Then
Frta = uB

Proof. Consider Dy74 = 2i(Ax);74 for 1 <1 < m. Taking the asymptotic Fourier transform on
both sides, we obtain

& Fnta = —2i(AD) Fr7a.
Multiplying by B = A~! on both sides,

(Bf)l(]:hTA) = —2iDl(thA).
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Defining up = Fp71a, we find

Dipp = %(BS)ZMB- (7)
Let gp(§) = exp((BE, &) /4h). Then if fip(¢) = pg, (@) = [ Gre. Then we observe that

Dijip = ;(Bf)ll[B- (8)

Note that given up, fip € 8" of the form up = pg,, fip = g3, we can define

(4 - fis) = / 95(6) 5 (€)(€) dE = prgns-

Observe that the product rule Di(upfip) = (Dipp)iip + ppDifip holds. Then by (7) and (8) we
conclude Dj(upfip) = 0. We claim that in general, if Dy = 0, then f = ¢ for some constant c.
Thus,

g5 = C (1> — Cexp(~(BE,€)/4h)

gB

for some C that we need to find. Clearly gp(0) =1 so

C = g5(0) = Fnfa0) = (21h)~™/2 / exp(—(Az, z)/h) da.

m

Thus, in the case (A), if Re A # 0, then by the previous result,
C =2""/2(det A)~Y/?
In the case (B), if Re A = 0, then taking A — A + €1 and letting ¢ — 0, we find

misgn Ag >

CQm/2|detAo|1/2exp( A

Lemma 2.3.5. If Q = H/2 € Sym*(R™)* is non-degenerate, then for each N € N,

Ig.u(h) = / e Hom) 2| do| = (2mh)™/?

imsgn H/4 N

e Z (q]"(un)(O)hQ> +O(hN+1+m/2),

= @2rh)™/? ————
(27h) [dotyge H]1/? p

_ i -1.0 08
where D = 5 Zj)k H.y Do Bar

Proof. By the previous theorem,

Fudole) = [ e ey

m

— 2_’”/2\det Q‘_1/2 exp (_Z<Q4_hl§7§>> exp (ﬂ-isinQ> 7

where here

|det Q|/2 = |det |4, Q" = |det gz H/2|"/?
= 2_m/2|det \dz\H|1/2
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under the identification Sym?(R™)* 2 Sym(m, R). Substituting Q' = 2H !, we find

Tisgn H)

P\ T —i(H "¢,
Frfq(§) = |det<dx ;I|1/2 exp( i = >> .

We can then write

Igu(h) = / '@/ | da|
i sgn H/4

= — <xp(—1i —1 -
o T . T O T

by the asymptotic Parseval formula. It is easy to show that F,u(§) = Fru(—¢), and the transfor-
mation & — —¢ leaves Ig ., (h) unchanged. Thus we are left with

eiﬂsgnH/é‘L —Z'<H_1§ €>
Q, ( ) |det\da¢\ H|1/2 /(Rm)* exp ( on ) ]:hu(f)| f‘

Let H*(¢) = (H~1¢,€) and use the Taylor series for exp(—i(H*/(2h)) to rewrite the integral above
as

y L (;ﬁ) /(RWL)}H*(f))qfhu(e)da.

q=0 q!

The integral in this last expression, Z say, is the inverse Fourier transform of a function evaluated
at 0. That is,

Z = (2rh)™ 2 F H(H* (€)1 Fnu)(0),

where H*(§) = ik H y klgjgk. By the previous result regarding multiplying Fourier transforms by
polynomials, we obtain

Fi ((H* ()" Fru) = Fy H (Fr(Dju))(0) = (Djju)(0),

where here

Putting this together, we find

ei‘n'sgnH/éL N (27Th)m/2 —i q N
Igu=—5 (>, —F— (5] (=h)*(D%)(0 O(pN*1+m/2

=
N

(2mh)™/? (Z ) +ONTIm2),
q=0

-1 0 0
where D = ZZ]k kTT O

Recall that we were considering

/ zﬁ/ﬁy _ ZIQZ,UI + O hoo)

leh

Iguw = ei‘s(pl)/h/ e’Ql/hul|dx|,
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where p; € Critd Nsuppv, for w(z)|dz| = ¥} (¢ - v) and Qi(x) = Ho(y]0)/2.
By previous results,

ié(p;,)/heiﬂ'sgnHl/él N 1

a q N+1+m/2
|det| g, H|'/2 (D) (0)h* + O(h ).

m/2€
I, = (27h) /2 ol
=0 ¢

q

Notice that the term g = 0 is simply u;(0).
Claim 2.3.6. We have the following:

1. |dety, |gz) Ho(70)|M/? = (wi(0))~"|detjan Ho(v76)['/2,

2. |dety, |4z Ho (v} 8)[1/? = |det, H,6['/2.

We leave this as an exercise. It follows that

u;(0)|det |dI|Hl|_1/2 = |det , H,6|~1/2.

Writing only the contributions from ¢ = 0, we obtain:

Theorem 2.3.7 (Principle of stationary phase). Let M be a smooth m-manifold, v € T.(|A|* M),
0 € C®(M,R) a Morse function, p; € Crité Nsuppv, 1 <1< L. Then

I,s5(h) = /M /My

L ins(p))/hisgn Hp, §/4
_ m/2 € € . 14+m/2
= (27h) Z_E 1 [det, H,, o172 +O(h ).

7th lecture, September 16th 2011

3 The Duistermaat—Heckman theorem

3.1 Motivation

Recall from last the time the following theorem.

Theorem 3.1.1 (Principle of stationary phase). Let M be a (smooth) m-manifold, v € T.(|A|* M),
0 € C®(M,R) a Morse function, p; € d Nsuppv, 1 <1 < L. Then

IW;(h)E/ e/hy
M

L ixs(p))/hisgn Hp, §/4
= /2§ :e € ' 14+m/2
= (2xh)™ et Hp,6|1/2 + O(hR ™%,
=1 v :

Our next goal is to study special triples (§,v) € C°°(M) x T.(|A|* M), where the remainder
term from the stationary phase formula truncates, i.e.

L
I,5(h) = Zeiﬁ(m)/ﬁFl(fL)
=1

where F; € C[h]. We follow inspired analysis of | ]. In order to do so, we need to develop
some terminology. In fact, our case (i.e. the Duistermaat—Heckman case) implies that

L
Is(h) = e®P/RE(h), Fy € C[h], deg Fy =m/2, 1 <1< L,
=1

so in particular for this to make sense, dim M = m will have to be even, m = 2n. We try to
motivate the theorem by the following instructive example (even if it doesn’t quite do the theorem
justice).
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Figure 3: The height function of Example 3.1.2.

Example 3.1.2. Consider M = S? = {p € R? | ||p|| = 1} and v = df A dz on (0,2) € (0,27) x
(—1,1), where (6,2) are the usual cylindrical coordinates on R* = {(z,y, 2)}. Let §(x,y,2) = 2,
i.e. the height function on the sphere (see Fig. 3). Then we want to consider the integral

2 1
L,y(;(h):/ eié/%:/ / e dg dz
S2 0 1

2rh ¢, :
L' (ez/h - efz/h) )
2

Notice first of all that the right hand side looks like a sum over the critical points of the integrand,
since clearly d§d = dz = 0 at z = +1. In other words, we can write

Is(h) = Z eié(pl)/hﬂ(h)7
p€Crit §
where Fj(h) = (27/i)h has degree 1 = 2/2.

Note that in this example we get an exact stationary phase result (i.e. deg Fj(h) = m/2), and
clearly 6 was Morse. Furthermore, v was a volume form on S? and also a symplectic form (of
course, all volume forms on 2-manifolds are symplectic), so we can look at the Hamiltonian vector
field associated to 4, i.e. the vector field Vs given by do = vy, v, or in other words dé(w) = v(Vs, w)
for all w € T'(T'S?).

For §(x,y,z) = z, we can take V5 = %, and observe that Vs has periodic flow in this case. This
is the key property we will need for the Duistermaat—Heckman theorem.

3.2 The theorem

Theorem 3.2.1 (Duistermaat—Heckman, version 1). Let M be a compact, smooth manifold of
even dimension dim M = m = 2n with a symplectic form w € Q*(M,R) (see below) and Liouville
form B =w™/nl, and let 6 € C>°(M,R) be a Morse function such that the Hamiltonian vector field
Vs has periodic flow. Then for any h € R>9,

5 /h eisgané/4
W/hg = (2h)" =
Juera= e 3 i

p€Crit §

Definition 3.2.2. A symplectic manifold is a pair (M,w), where M is a (smooth) manifold, and
w € Q2(M,R) is closed and non-degenerate form.

Note that the existence of a non-degenerate form w € Q2(M,R) implies that dim M is even.

Definition 3.2.3. Let (M,w) be a symplectic manifold with an Lie group action G & M. Let
p: M — g* (where g* is the dual Lie algebra of G) such that

1. dpY = 1ysw for all Y € g, where p¥ (p) = (u(p),Y), and Y¥(p) = &|,_o(exp(t-Y) - p), and

2. g* i = Adj op, where g*u(x) = (g - ).
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Then the action G O M is called a Hamiltonian group action , p is called a moment map , and
(M,w, G, ) is called a Hamiltonian G-space .

We would now like to state, without proof, a general Duistermaat—-Heckman theorem. In
particular, we are interested in looking at § = ¥ : M — R for some particular choice Y € g.

Exercise 3.2.4. Show that (M,w,G,u) = (5?,ws,U(1),6) from Example 3.1.2 is a Hamiltonian
G-space.

Notice that in this example,
) =0T (p)=6p).Y)=Y "z

and we used the particular case Y = 1. In general, the integral would have been

/ eiéy(p)/ﬁﬂ — / ei(Y-z)/rL/B-
M M

Also, Crit §¥ = Crit § for Y # 0. In general, we will be interested in
Crit ¥ = MY := {pe M | Y*(p) = 0},
where the equality follows from the facts that du¥ = ty:w, and that w is non-degenerate.

Definition 3.2.5. A vector field Y € g is called an elliptic element of g when the closure of the
one-parameter subgroup generated by Y, i.e. Ty = (exp(RY)) is a compact torus.

Exercise 3.2.6. Given an elliptic element Y € g, we have Crit u¥ = M™Y .= {pe M | Ty - p = p}.

Of course, if G is compact, then all Y € g will be elliptic. Since we are interested in fM ei“y/h@
and since the result (i.e. the right-hand side of the eventual Duistermaat-Heckman theorem) will
depend on CrituY, we may assume that G = T is a torus.

An important ingredient in our study connects the Hessian of x4 to the group action Ty O M;
This is the isotropy representation L,(Y) : T,M — T, M, i.e. a linear map for p € Crit ¥, defined
as follows.

Definition 3.2.7. Let G © M be a Lie group action on a (smooth) manifold M, let Y € g,
and let p € MY := {p € M | Y¥(p) = 0}. The isotropy representation of Y at p is the map
L,(Y):T,M — T,M defined by

Ly(Y)(vp) = (Lyrv)yp
for v € T'(T'M). Here £ denotes the Lie derivative.

One can check that the above definition depends only on v in the point p.

Let hg € Sym®T*M be a G-invariant Riemannian metric on M (we can assume that G is
either compact, a torus, or semi-simple). Then Y* € T'(T M) is a Killing vector field for hg, i.e.
£Yﬁ hG = 0

Let 7,w € T'(T M) be two vector fields on M. Then using a property of the Lie derivative,

Ly: (ha@,W)) = (Ly:he) (@, W) + ha(Ly:0,W) + ha (0, Ly:W).
Since Ly+hg = 0, the equation above implies that
Y¥(ha(v,w)) = ha([Y*,7],@) + ha (3, [YF, @),
and at a point p € MY, we have
ha (Lyp(Y)(0p), Wp) = —ha (Up, Lp(Y)(Wp))-

In other words, L,(Y) is skew-symmetric with respect to the metric hg. For now, we will focus
on the case of isolated points. We prove the following proposition later.

26



Proposition 3.2.8. Let exp, : T,M — M be the Riemannian exponential map defined by he.
Then v, € ker(L,(Y)) if and only if exp,(v,) € MY . In particular, p € MY is isolated, if and
only if L,(Y) is invertible.

Assuming now that p € MY is isolated, then since L,(Y) is skew-symmetric, there exists an
oriented hg-orthonormal basis e = {eq, ..., e2,} of T, M such that

0 X\
(_)\1 0) 0
0 A
0 (_)\n O)

for \; € R7Y 1 <i < n. Recall that the Pfaffian of the skew-symmetric matrix L,(Y) is

ha(Lp(Y)ei,e;) =

Theorem 3.2.9 (Duistermaat—Heckman, version 2). Let (M,w, T, 1) be a compact, smooth Hamil-
tonian T-space of dimension dim M = m = 2n with Liouville form = w™/n!, and let Y € LieT,
such that MY consists of isolated points. Then for any h € R>9,

h

¥ /hg — (opp) i
/M” =00 X o)

pEMY

We want to prove this theorem directly from stationary phase; there are other ways to do it that
do not use stationary phase approximation at all. Our proof will show explicitly the conditions of
a Hamiltonian G-action coming into play. Later, we will see a proof using equivariant differential
forms when we prove a more general statement.

Looking at the formulas, we have one the one hand

2Ry Z emisgn Hyp' /4 in” (p)/h
v |det g H,uY |1/2
and on the other
. inetn” (p)/h
)" 3 BHGT)
Claim 3.2.10. We have
eTisgn HyuY /4 in

|det g Hpp'[1/2 -~ PE(L,(Y))

This claim follows from the following fact.
Ezercise 3.2.11. For all v,,w, € T,M,

HPHY(”pawp) = —w(Lp(Y)vp, wp).
Proof of Claim. By definition

|det s Hpp" |28 (e) = |det(Hpp¥ e, e5)[ '/
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for some orthonormal basis e which we can choose to satisfy 5(e) = 1. In this basis

0 N
(0%~ o

ha(Ly(Y)e;, e;) =

We find that
|det g Hpp |2 = |det(HpuY e, e;)|*2,
and by the exercise, one can show that
Hpu (e;,e5) = diag( A1, M,y Az, Ay s Any An)-
Let #(); ) denote the number of negative eigenvalues. The signature of H,uY then becomes
sgn Hp,uy =2n —4#(\;),

and so

mi(2n—4a#(A)) _
Y i
eﬂsgan,u /4 e i _ ,L"( 1)#()\l )

On the other hand, the Pfaffian becomes
PE(Ly(Y)) = [PE(L,(V))|(-)#*) =T N,
i=1

which proves the claim. O

8th lecture, September 19th 2011

Recall from last time the following theorem.

Theorem 3.2.12 (Duistermaat—Heckman, version 2). Let (M,w,T,u) be a compact, smooth
Hamiltonian T-space (T a compact torus) of dimension dim M = m = 2n with Liouville form
B=w"/n!, and let Y € LieT, such that MY consists of isolated points. Then for any h € R>Y,

v in¥ (p)/h
¢’ /hg — (2ph)n L —
/, el 3 )

pIEMY

We want to derive this, following the original approach by Duistermaat and Heckman. This
method shows how one would go about doing so “from the beginning”, and it shows where in the
process higher order terms vanish.

4 Proof of the theorem

Recall that since MY is isolated, the isotropy representation L,(Y') is invertible. Hence H,uY is
non-degenerate. Recall here that HpuY (u,,v,) = —w(L,(Y)uy, v,). Thus we are in the same situ-
ation as in our stationary phase result, i.e. u¥ is Morse, the volume form satisfies 3 € T'.(|A|1 M),
since M is compact. The stationary phase theorem, applied to this situation, tells us that

. inY
etk /h

prz, vy O

Iy v (h) = /M et Mg = (2mh)" S

peEMY
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Recall that this was derived using the Morse Lemma to give coordinates where Y is quadratic
near critical points p € Crit u¥ =: MY. That is, there exists a local diffeomorphism ¢*uY (z) =
1 (p) + Q(z) for p € M.

The key idea of Duistermaat and Heckman is to use the symplectic structure of the Hamiltonian
T-space M together with the symmetry of the T-action to construct “Morse coordinates” naturally.
These coordinates are related to the Darboux coordinates (see below) for which the higher order
terms will vanish, since the volume form corresponds to the standard one on Euclidean space. Recall
the following theorem which tells us that in symplectic geometry there are no local invariants:

Theorem 4.0.13 (Darboux’s theorem). Let (M,w) be a symplectic manifold of dimension dim M =
2n, and let p € M. There exist coordinates (U, z1,...,Tn,Y1,.-.,Yn) around p such that

wly = Zdzj A dy;.

j=1

This theorem is not quite what we need, since it does not tell us anything about the structure
of the moment map p¥ near p.

Theorem 4.0.14 (Darboux—Weinstein, | ] Thm. 22.1). Let N be an embedded submanifold of
M, and let wo,w; € Q2(M) be symplectic forms on M such that wo|y = wi|n. Then there exists a
neighbourhood U of N and a map ¢ : U — M, diffeomorphic onto its image, such that |y = 1x
and Y*w; = wy.

If G is a compact group acting on M with wy and wy invariant under the action, and if N is
invariant under the action, then we can take ¢ to be G-equivariant, i.e. ¥(g-p) = g - ¥(p) for all
pelU.

Note that in particular, if N = {p} is a point, then the Darboux—Weinstein theorem says that
if wo|p = wip, then up to a diffeomorphism, they agree on some neighbourhood of that point.

Choosing exp,, : T,M — M for some Riemannian metric on M, identify a neighbourhood of
0 € T,M with a neighbourhood of p € M. Also, recall that any two symplectic forms on a vector
space are linearly symplectomorphic, i.e. for symplectic vector spaces (Vp,wp), (V1,w1) of the same
dimension, there is an isomorphism 1 : V5 — V; such that ¢*w; = wp.

The Darboux—Weinstein also says that if wg,w; are any symplectic forms defined near p in M,
there exists a map ¢ : U — M near p such that ¢(p) = 0, such that ¢ is diffeomorphism onto its
image, and such that ¢*w; = wp. To see this, one uses the fact that (d expp)o is the sum of idr, »s
and the linear symplectomorphism above.

If a compact Lie group G acts on M with fixed point p, we can choose a G-invariant Riemannian
metric and a G-equivariant linear symplectomorphism (which is not obvious, but we will see a
special case) to have 1) be G-equivariant. These observations together with the Darboux—Weinstein
theorem give the following.

Theorem 4.0.15 (Equivariant Darboux theorem, | | Thm. 22.2). Let G O M be the action of
a compact group, and let p € M be a fized point of the action. Let wy,w; € Q2(M) be G-invariant
symplectic forms on M. Then there exists a G-invariant neighbourhood U of p and a G-equivariant
map ¥ : U — M, diffeomorphic onto its image, such that 1(p) = p and Y*w; = wy.

From now on, assume that G = T' is a compact torus.

Example 4.0.16. The following example is the model, we will use locally for Hamiltonian 7-
spaces. Let T = (U(1))¢ act on C" via

2oy, ()

exp(n)(z1,...,2n) = (eQWial(")zl,...,e Zn)s

where «; : LieT — R, 1 < i < n are linear, i.e. a; € (LieT)* such that if A C LieT denotes the
integral lattice, then o; € A*; i.e. a; maps A — Z.
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Let wg € Q2(C™) be the standard symplectic form, i.e.

wo = %Zdzj/\cﬁj :Zda:j/\dyj.
j=1 j=1

Let p: C™ — (LieT)* be defined as

n

Qo i ™
w21, 2m) = §Z|Zj|204j D) Z(w? +y32-)aj'
j=1

Jj=1

We claim that (C",wq, (U(1))%, 1) is a Hamiltonian T-space. Note that the moment map u is
unique up to a choice of constant, since du¥ = tysw for all Y € (LieT). We leave these claims as
an exercise (use polar coordinates w = Y r;dr; A db;).

Recall that any unitary T-representation V spllits into a sum of 1-dimensional representations,
ie.

ve@C.,
j=1

where a; € (LieT)* are called the weights of the representation (this follows from Schur’s Lemma
and the fact that T is abelian).

Given a symplectic vector space V' with a symplectic T-representation, one chooses an invariant
complex structure J : V — V, ie. J? = 1, which makes V into a unitary T-representation, i.e.

Y(g)v(g)" = v(g)*d(g) = 1.

Fact 4.0.17. The weights «; are independent of the choice of complex structure J, since any two
complex structures are deformation equivalent.

Thus, o; € (LieT)* are called the weights of the symplectic T-representation V.

Given T O (M, w), let p € M be a fixed point of the action. We want to construct coordinates
around p such that the moment map pY is quadratic. By the equivariant Darboux theorem, we
find p € U C M that is identified with a neighbourhood of 0 € T),M, with a linear T-action on
T,M (which we can think of as the isotropy representation on T,M). Since the moment map is
unique on T, M =V, we get the following theorem:

Theorem 4.0.18. Let (M,w,T,u) be a Hamiltonian T-space with a fived point p € MT. Then
there exists a chart (U,x1,...,Tn,Y1,-..,Yn) centered at p such that

n
wlo =) dz; Ady;
j=1

and such that
T n
1 u(z) = p¥ (p) + 3 Z%‘(Y)(x? +y3)
=1

where the oy, ; € (LieT)* are the weights of the associated T -action on T,M.

Note that the associated T-action on T}, M is exactly the isotropy representation L, (Y") : T,M —
T,M. One can show, similarly to what we did last time, that

imsgn Hyp” /4 n

e i
[det g Hpp [V2 TT7_y ap(Y)
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In fact, oy ;(Y) = A, are identified as in

with the particular choice of basis made in the previous lecture.
Our goal is to prove the following from [ |:

Theorem 4.0.19 (Duistermaat—Heckman, version 3, | ] Thm. 4.1). Let (M,w,T,pn) be a
compact, smooth Hamiltonian T-space of dimension dim M = 2n, let 8 = w"/n!, and letY € LieT,
such that MY consists of isolated points. Then

B
/ ¢imY g — (2 3 et @/
M pEMY Hg 1Y)
Note that in | ], this is proved for non-isolated points; we assume that points are isolated for

simplicity and indicate generalizations later. Before going into the proof, we make some simplifying
observations.

First observe that if Y € Lie(T) such that TY := (exp(RY)) # T, we may replace T by TY .
Define Fr : LieT — R by Fr(Z) := [[j_, ;(Z). This is clearly continuous since a; € (LieT)*.
There exists a neighourhood UY C LieT around Y such that Fr|yy # 0 since Fr(Y) # 0.

Claim 4.0.20. The set of all Z € UY such that (exp(RZ)) = U(1) is dense in UY .

Sketch of proof. This follows from the fact that if we write LieT = R?, for T = (U(1))¢, then
(exp(RZ)) = U(1) if and only if Z € Q%. O

Now consider the stationary phase formula. Let
inein’ (p)/h
H?:l Qpy,j (Y) ’

Writing the stationary phase approximation more carefully, we can write

FY(p) = p € MY,

Iuy’ﬁ(h):/Mei“Y/hﬂ k)" S FY (p)(1+ O(R) + O(h™),

pEMY

where the O(h*) term come from non-stationary contributions. The O(h) term we found to be
proportional to

where w;|dz| = ¥; (@15), ¢1 :— [0,1] a partition of unity, and

i o 0
D=-) H} —
2Z Jik Ox; axk

Jik

In our case where (M,w, T, 1) is a Hamiltonian T-space, the diffeomorphism ; was chosen such
that ¥ (¢18) = w{, the standard symplectic volume. By definition, this implies that w(z) is
constant. Overall, (D%u;)(0) =0 for all 1 <[ < L.
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9th lecture, September 23th 2011

Recall the following theorem

Theorem 4.0.21 ([ | Thm 4.1, Version 3). Let (M,w, T, u) be a compact smooth Hamiltonian
T-space of dimension dim M = 2n, let B = w™/n!, Y € LieT such that MY is isolated. Then

/h

in¥
i /h (2wh)" e
/ Z Hz 10‘1%]( )

peMY
We want to derive
Ly 5(h) = / e /B = (2nh)" Z FY (p))(1 4+ O(h)) + O(1™)
M pLEMY
from the principle of stationary phase, where here
inein” () /h
H?:1 ap, (V)

Last time we saw that O(h) = 0; more precisely we saw that w;|dz| = ] (¢ 8)) for partition of
unity-type functions ;. A subtlety here is that our proof D’7u;(0) = 0 depends on the ¢;, so the
equality really follows from the existence of so-called G-invariant partions of unity. We will not go
into more detail with this.

We consider now the O(h*°) terms. We change variables to t = 1/h and define

Los = [ e = (2) 5 R+ e, o)

pEMY

FY (p) =

where sy (t) is O(t~°°), and
inein’ (m)t
H?:l ap, (V)

We want to argue that sy (t) = 0. To see this, we make a series of simplifying remarks. Let U;/ C

LieT be open such that for Z € U)" we have GT( ) =1I1]=1 pi(Z2) #0. Let UY = ,cpv Uy
Let

Fl(p) =

Uy ={ZeU" | T? := (expRZ) = U(1)}.

We saw last time that U} C UY is dense. Since both sides of (9) are smooth in Y (check) and
since U(éf C UY is dense, it is sufficient to show that sz(t) = 0 for Z € U6~ We want to show that

it 27T>
/M ng = (t pg;tuwl)’

where since 7% = U(1), we abuse notation and write u? = p and FZ(p;) = Fy(p;). There is a
subtlety here: Critical points of x#Z and p¥ may not coincide. In fact, the set of Z € U@g with

Crit p? = Crit p¥ = MY is dense in Ug{ , as the following proposition shows, and so we assume
that Crit u? = Crit uY .

Proposition 4.0.22. Write g = LieT. Let M? := {p € M | Z*(p) = 0} and let
MY =M" ={pe M|Y*p)=0}.
Then the set
Yi={Zeg| M =M"}NUY

is dense in Uéf
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Proof. This follows from the slice theorem below. O

Let G O M be a smooth, proper (which is automatic when M is compact, but the following
holds generally) action, and let G, = Stabg(p). For g € Gp, the map g : M — M defined by
9(q) =g -¢, g € M, has differential dg, : T,M — T,M, and we call dg, the isotropy action of G,
on T, M. Since the action is proper, G}, is compact, and we get a Gp-invariant decomposition

T,M = T,0, & N, (10)

where N is normal to the orbit (and can be taken to be the orthogonal complement of 7,0, with
respect to a Gp-invariant metric, which can be chosen by averaging since Gy, is compact).

Definition 4.0.23. The space T,M/T,0, is called the normal to the orbit at p and has a natural
Gp-action induced by the isotropy action on T,M (i.e. given by the identification T, M/T,0, = N
from (10)).

Let G xg, N be the associated bundle over G /G, and let @) be some small disc around 0 € N
with respect to some Gp-invariant metric. Now the slice theorem, which we will not prove, says a
tubular neighbourhood of an orbit of the action can be modelled in a concrete way.

Theorem 4.0.24 (Slice theorem, | |, Thm. 23.5). There exists a G-equivariant diffeomor-
phism from the disc bundle G xg, Q onto a neighbourhood of the orbit O, in M with restriction
to the zero section G xg, {0} = G/G,, given by the map G /G, — M mapping [g- G,| — g - p.

We can assume that G acts on M effectively in general, i.e. that Ty, = ﬂpeM Gp = {e} (if
not, replace G by G/Tys), and we also assume that M is connected. We now need the following
technical lemma.

Lemma 4.0.25 (| ], Lemma 3.1). Let (M,w, T, ) be a Hamiltonian T-space. Then if M is
connected, and T O M effectively, then the set M on which T acts freely, is the complement of a
locally finite union of closed symplectic submanifolds of codimension > 2 (locally finite in the sense
that at every point, there is a neighbourhood intersecting only finitely many of the submanifolds).
In particular, M is open, connected, dense and M \ M has (Lebesgue) measure 0. Also, du is
surjective for any p € M.

Proof. For any closed subspace S C T, one can show that MS C M is a closed symplectic
submanifold of M (this is a slightly involved exercise using the equivariant Darboux theorem).
Using the slice theorem, take all M*° not open to get a locally finite collection of submanifolds of
codimension > 2 with complement M. If M* is open, then since it is also closed, and since M
is connected, we get that M = M. Thus S = {e} since MNperr Gp = {e}. That dy, is surjective
follows from the next lemma. O

Lemma 4.0.26. Let (M,w, G, 1) be a Hamiltonian G-space for a general group G. For anyp € M,
the kernel and image of the map duy, : T, — T,(,)8" are given by

ker(du,) = (1,0,)” == {w € T,M | wp(v, w)Vw € T,0,}

im(dpy) = ann(gy),
where g, = Lie(G,), and O, = G - p is the orbit through p.
Proof. By the moment map condition, tyty:w = t,duY : At p we have

W(YH(p),vp) = tod{p, Y)|p = 1o (dp, Y = (dpap(vp), Y). (11)
From this we see that v, € ker dp,, if and only if w,(Y*(p),v,) = 0 for all Y’ € g. This implies that

kerdu, = {Y¥(p) € T,0, | Y € g}* = (T,0,).
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Secondly, by (11), for Y € Lie(Gp) = g, we have (du,(vp),Y) = 0 for all v, since Y € g, if and
only if Y¥(p) = 0. Thus, imdu, C ann(g,). The second claim of the Lemma now follows from the
following dimension count:

dim imdy, = dim M — dimker dy, = dim M — dim(7,0,)*
=dim 7,0, =dimG — dim G, = dimg — dim g,
= dim(anng,),
where we used the rank-nullity theorem, the first result, the non-degeneracy of w, the orbit-

stabilizer theorem, and definitions respectively. O

Thus, if G acts freely at p, then dim g, = 0, and so dimimdyu, = dim(anng,) = dim g*, so dy,
is onto.
Consider again the integral

I.p(t) :/M e"tp = (2;)” Z Fy(pr) + s(t).

p1€Crit,

Since we are assuming that Crit u consists of isolated points, we focus on the regular values for p
(i.e. those where dpu, # 0) and the behaviour of the integral I,, 5(t) for such values. Let

€0 € (LieU(1))oe = {§ € (LieU(L)" | 171 (€) € Mreg} =t Ry,

where Myeg = {p € M | dp, # 0}. We want to relate the integral I, 5(t) to the integral over an
open subset Ug, C R}, containing &, instead of one over 1~ (Ug,). In order to do so, we need to
construct a new measure on (Lie U(1))*, but first we recall some definitions from measure theory.
Definition 4.0.27. A o-algebra of sets on a topological space X # 0 is a nonempty collection C

of subsets of X such that > ., F; € C for E; € C, and if E € C, then E¢ = X \ E € C.

Definition 4.0.28. The o-algebra Bx generated by the family of open subsets of a topological
space is called the Borel o-algebra on X.

JEZ

Definition 4.0.29. Given a symplectic manifold (M,w), the Liouville measure of a Borel set
U € By is

w’I’L

ﬁw(U> = v F
Here, we implicitly restrict to measurable sets, as 3, might be infinite.

Definition 4.0.30. Let (M,w, G, ) be a Hamiltonian G-space, such that p : M — g* is proper.
The Duistermaat—Heckman measure mpy on g* is the pushforward of the Liouville measure g,
by u, i.e.

wn

mpu(U) := (ufu)(U) ::/ —
p-t)
for any subset U C g* such that x~1(U) is measurable.

In this definition, properness is assumed to assure that compact sets are measurable. We write
mDH(U) = fU deH.
Definition 4.0.31. For h € C°(g*), define

/g* hdmpn = /M(h o p)B.

Let d¢ denote the usual Lebesgue (or Euclidean) measure on g*.

Definition 4.0.32. A measure v : C — RZ° for a g-algebra (X, C) is called a o-finite measure , if
X =U,ez Ej for Ej € C with v(Ej;) < oo for all j € Z.

Definition 4.0.33. If v, U are measures on a g-algebra (X, C), we say that v is absolutely continuous
with respect to 7 and write v < ¥ if (F) = 0 implies that v(E) = 0 for E € C.
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10th lecture, September 26th 2011

Definition 4.0.34. Let X # () be a set and C a o-algebra on X. Then (X, C) is called a measurable
space . If vis a measure on (X,C), then (X,C,v) is called a measure space .

Definition 4.0.35. If (X,C), (X,C) are measurable spaces, then a function f: X — X is called
a measurable function if f~1(E) e C for all E € C.

Definition 4.0.36. Let (X, C) be a measurable space, and consider the measurable space (C, Bc)
consisting of the Borel g-algebra on C. Then a measurable function ¢ : X — C is called a simple
function if o(X) C C is finite, say p(X) = {z1,...,2,}. Let

)1, zek
X0, zepe

be the characteristic function on E C X. Then the standard representation of a simple function
p: X =C,o(X)={z1,...,2,} is

n
Y= Z 2§ XFj»
j=1

where F; := ¢~ 1(z;) C X.

Definition 4.0.37. Let (X,C,v) be a measure space, and ¢ : X — RZ% a simple function. The
integral of ¢ with respect to v on A C X is

/ pdv = Zaju(Fj NA).
A

j=1
For any measurable function f: X — RZ% we define
/ fdv:= sup{/ edv |0 << fon A, ¢ simple},
A A

where we write ¢ < f on A, when p(z) < f(z) for all z € A.

We extend integration to f : X — R by writing f = f+ — f~ for f*: X — RZ? and let

/Afdy::/Aﬁdy—/Af—dy.

Further, we extend to functions f : X — C by writing f = Re f+iIm f, where Re f,Im f : X — R,

and we let
/fdz/::/Refdu—i—i/Imde.
A A A

Definition 4.0.38. Given (X,C,v) be a measure space, a function f : X — C is called v-integrable
on Aif [, Re fdv and [, Im f dv are finite.

Theorem 4.0.39 (Lebesgue-Radon—Nikodym, [ |, Thm. 3.8). If v,0 are o-finite measures
on (X,C) such that v < U, then there exists f : X — R a v-integrable function such that

v [ sao

forU eC.
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Definition 4.0.40. The function f in the Lebesgue-Radon—Nikodym theorem is called the Radon—
Nikodym derivative of v with respect to ©, and we write
dv _
f= Fra {g: X - R|g=f, v-almost everywhere }.
Recall here that we say that g = f D-almost everywhere if g(x) = f(z) for all x € X \ E for some
E € C such that o(E) = 0.

Proposition 4.0.41 ([ |, Prop. 3.9). If v and U are o-finite measures on (X,C), such that

v L U and g is v-integrable on X, then g (%) is D-integrable on X, and

o ()
U U dv

Theorem 4.0.42 (The Duistermaat—Heckman theorem, version 4, | ], 3.3). Let (M,w, T, )
be a Hamiltonian T -space with effective action, dim M = 2n, dimT = d. The Radon—Nikodym
derivative of mpy with respect to the Lebesgue measure d§ on (Lie T)*,

for allU €C.

dmpu

f_ dg )

is a polynomial of degree less than or equal to n — d on each connected component of gy, = ngg
of .

We now see that the degree n — d is actually non-negative.

Proposition 4.0.43. Let (M,w,T,u) be a Hamiltonian T-space, dim M = 2n, with effective
action, then n > d, where d = dimT'.

Proof. One uses the fact that for an effective action, there exists at least orbit O, with dim O, = d.
See | ] O

Example 4.0.44. Consider the height function example (S2,wgs, U(1),x). Then f(£) = a by
Theorem 4.0.42 for some a € R on R¥,. Also

reg*

B::4w:1/ deH:i/ j©de= [ ade,
S2 (-1,1) (-1,1) (-1,1)

so a = 2, and thus

deH

—9
e i

on (—1,1). This implies that

[ s=-oen
w=t(e,d)

for —1 < ¢ < d < 1 so the spherical area between two horizontal circles (see Fig. 4) depends only
on the vertical distance between them. This result was known to Archimedes around 230 BC.

Our next goal is to prove Thm. 4.0.42. In order to do so, we need to understand how the
symplectic form w changes as § € gy, varies, i.e. since we are interested in

/ s={ fee,
p=1(Ugg) Ueq
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Figure 4: The area between two horizontal circles on a sphere.

given § € g;o,, how does w depend on ut(€) for € € Ug, C greg- This leads to the whole new
subject of symplectic reduction, which we will state in the most general sense.

Observe that if € g/, then w1 (€) := Z¢ C M is a submanifold of dimension dim M — dim G
(which essentially boils down to the implicit function theorem). Let i¢ : Z¢ < M be the inclusion
map. We want to look at i*w on Z¢. This will tell us how the symplectic form will vary with &.
Clearly, T,Z¢ = kerdpu,. Also, from a previous theorem, ker du, = (T,0,)“. If T,0, C kerdpu,,
we could restrict w to the quotient (7,0,)*/T,0, and get a symplectic form on Z¢/G|,.

Definition 4.0.45. Given a symplectic vector space (V,w), a subspace @ C V is called
1. symplectic if w|g is non-degenerate,
2. isotropic if Q C Q¥ (which implies that dim @ < %dim V),
3. coisotropic if Q¥ C @ (which implies that dim Q > %dim V), or
4. Lagrangian if @ is isotropic dim @ = %dimV (or we could say @ coisotropic and @ = Q%).

Lemma 4.0.46. Let (V,w) be a symplectic vector space and I C V' an isotropic subspace of V
(i.e. I CI¥). Then w induces a canonical symplectic form & on I*/1.

Proof. Let u,v € I* and [u], [v] € I¥/I. Define @([u], [v]) := w(u,v). This is well-defined since by
definition of I*, for all 4, j € I we have

wu+i,v+7) =wlu,v) +wu,j) +w(v) +w(i,j) =wluy,v).

The form & is non-degenerate since if u € I such that w(u,v) = 0 for all v € I*, then u € (I¥)*
I, which implies that [u] =0 € I¥/I.

o

Note that 7,0, C kerdpu, if and only if O, C Z,. But this is the same as having ¢*pu(p) =
Adg pu(p) = € for all g € G. At this point, there are several ways to proceed: We could restrict to
€€ (g7 ={¢ € g | Ady& = ¢} which would then solve our problem; i.e. we could take £ = 0.
We could also assume that G is abelian (which we will eventually do anyway), or we could replace
G by Ge :=={g € G| Ady & = &}. We will do the last thing, since it is the most general.

Definition 4.0.47. Let (M,w) be a symplectic manifold and i : Z — M an embedded subman-
ifold. Then Z is called a constant rank submanifold , if the dimension of the kernel of (i*w)|, is
independent of z € Z.

Ezercise 4.0.48. Come up with some examples of submanifolds that are not constant rank.

Definition 4.0.49. A submersion is a smooth map f : M — B such that df, is surjective for all
peM.
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Recall that inverse images of points in B under a submersion are embedded submanifolds in
M.

Definition 4.0.50. Let 7 : M — B be a submersion. Define the space of vertical vector fields by
Xyert (M) :={v e T'(TM) | v, € kerdm, Vp € M},
the space of horizontal forms by
Qnor(M) :={a € QM) | tya =0 Yv € Xyert (M)},
and the space of basic forms by
Qpasic(M) :={a € QM) | Lya=0,t,a =0VYv € Xyt (M)}

Definition 4.0.51. A submersion f : M — B is called a fibration if it is surjective and there exists
a manifold F' (called a standard fibre) such that for all p € M, there exists an open neighbourhood
U > p and a diffeomorphism ¢ : U — f(U) x F such that the following diagram commutes:

Ugﬁf(U)xF

1
f(U) —— f(U)
Here 7, is the projection onto the first factor.

Recall that for any fibration 7 : M — B, the pullback defines an isomorphism
7T* : QT(B) - ansic(M)’
One way to see this is to verify it in bundle charts 7 : U x F — U.

Definition 4.0.52. A vector subbundle D C T'M of rank r is called a distribution on M of rank
r. An embedded submanifold i : Z < M is called an integral submanifold for D it TZ = D|z. A
distribution D of rank r is called integrable if for all p € M there exists and r-dimensional integral
submanifold of D through p. Integrable distributions are also called foliations .

One can show that D C TM is integrable if very p € M has a neighbourhood U and a
submersion f, : U — R™~" such that D|y = ker(df).

Definition 4.0.53. Given a rank r foliation D on M, the r-dimensional submanifold at p is called
the leaf of D through p .

Note that the leaves of a foliation form a partition of M into disjoint submanifolds. Observe
also that if a distribution D is integrable, then for any vy, vy € I'(D), the Lie bracket [v1,vs] is also
in I'(D). The converse is also true:

Theorem 4.0.54 (Frobenius). A distribution D C T M is integrable if and only if for all vi,ve €
(D), the Lie bracket [v1,vs] is also in T'(D).

Proposition 4.0.55. Let Z be a manifold, and o € Q%(Z) a closed form of constant rank. Then
ker(o) C TZ is integrable.

Proof. By Frobenius’ theorem, if Wy, Wy € I'(T'Z) such that 1,0 = 0, then since do = 0, we have
,CWjO' = dLVVjJ + LWde =0,
and hence, using that in general [Lyw,, tw,]o = ¢, w,), we find

L[thz]o’ = £W1 lw,0 — LWQ,CWlO' = 0
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Definition 4.0.56. Given a manifold Z, and o € Q%(Z) closed of constant rank, call ker(c) the
null foliation of (Z,0).

Definition 4.0.57. We say that the null foliation of (Z,0) is fibrating , if there exists a fibration
7 : Z — B such that ker(o) = ker(d).

Proposition 4.0.58. If the null foliation of (Z,0) is fibrating with m : Z — B a fibration, then
there exists a non-degenerate form wg € Q%(B) such that T*wp = 0.

11th lecture, September 30th 2011

4.1 Background on orbifolds

Definition 4.1.1. Let |B| be a paracompact Hausdorff space. An orbifold chart (also called a
local uniformizing system ) on |B| is a triple (U, T, @) where U C R is a connected open subset,
T is a finite group acting on U and ¢ : U — U a continuous map onto an open set U C |B| such
that ¢ oy = ¢ for all v € I" and the induced natural map of U /T — U is a homeomorphism. An
injection or embedding between charts (U,T,¢), (U’,I”,¢') is a smooth (or holomorphic in the
complex category) embedding A : U — U’ such that ¢/ o A = ¢. An orbifold atlas on |B| is a
family U = {U;,T;,¢;}jer of orbifold charts such that:

(i) [Bl = Ujes %5 (05),

(ii) Given (U;, Ty, ;) and (Uj71"j,g0j)~in U with U; = ¢;(U;),U; = cpj;(Uj) and p € U; NUj, there
exists U; 3 p open, and a chart (Up, '}, ¢;) with injections Ay : (U;, T't, 1) — (Us, Ty, ;) and
it (Ui Ty, o) = (U, Ty 05).

Definition 4.1.2. An orbifold atlas U is called a refinement of an atlas V if there exists an
injection of every chart of U/ into some chart of V.
Two orbifold atlases are called equivalent if they have a common refinement.

Definition 4.1.3. A smooth (resp. complex) orbifold (also called a V-manifold ) is a paracompact
Hausdorfl space |B| with an equivalence class of smooth (resp. holomorphic) orbifold atlases, and
we write B = (|B|,U).

Remark 4.1.4. A number of different definitions or orbifolds exist in different contexts. One reason
is that if we were to consider category of orbifolds, even if the objects make sense, morphisms
will not, and one can prove that the notion of a 2-category becomes necessary. This will not be
important for our purpose.

Definition 4.1.5. The finite groups I'; are called local uniformizing groups for an orbifold B =

(1Bl.U)
Note that we do not necessarily require that the I'; act effectively although some people will.

Example 4.1.6. Let (M,w, T, ) be a Hamiltonian T-space, dim M = m = 2n, dim T = d, with
effective action, and write G = T'. For any £ € gy, the level set p~L(€) is preserved b y the action,
and dp, is surjective for all p € p=1(£). Recall that this is equivalent to g, = 0 for all p € u=1(¢),
which again is equivalent to |G,| < co. Write I'), = G.

We will identify T',, as local uniformizing groups for p~'(€)/G for some open sets U C RP.
To do this we use the slice theorem which says that there exists a G-equivariant diffeomorphism
YV = Gg,Q for some open set V' C p=1(€) such that O, C V. Thus, we can identify
pl()/G = (G xr, Q)/G = QJTy.

Let Up C @ be some I'p-invariant open subset and ¢, : Up — Up/Fp =: U, be the quotient
map. We claim that U = {(Up, T, 9p)}pepu—1(e) forms an orbifold atlas on |B| := p~1(£)/G and
taking the equivalence class of U, (u=1(€)/G,U) is a smooth orbifold (this is an exercise).
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Example 4.1.7. Let U(1) act on C? by (21, 22) = (€921, e"%25) for 2 < s, € N. Assume
(s,t) = 1. Then if

Sy = {(21,22) eC ‘ 29 = 0},
Sy 1= {(2’1,22) ceC ‘ 21 = 0},
S:=C2\ (51U Sy).

Then Staby ) S1 = Zs, Staby(1) S2 = Z¢, and Stabyq) S = {e}.
Let 1 : C? — R be the unique moment map with (0) = 0 for this action, i.e.

1
(21, 22) == 5(s|z1\2 + t]2]?).

Then for any 0 < ¢ € Lie(U(1))* is a regular value, and the reduced space p=1(¢)/U(1) called the
football orbifold . Tt has two orbifold points, where T'; # {e}, and are exactly the Zg, Z; as above.

Theorem 4.1.8 (] D). B = (|B|,U) is an orbifold with effective action if and only if |M|/G
for some manifold M and some compact Lie group G with a locally free effective action on M.

We can work with orbifold just as if they were manifolds: By | ], all usual notions of
differential geometry on smooth manifolds are well defined for smooth orbifolds, i.e. (co-)tangent
bundles, forms, general bundles, connections, curvature, integration, Riemannian metrics, etc.. We
assume this throughout and make implicit orbifold notation when working with locally free actions.

Example 4.1.9. Let B = (|B|,U) be an orbifold. Define o € Q) (B,R) to be a collection

orb
of forms &; € Q!(U;,R) such that &; are I';-invariant and Afwj = @y for all injections Ajy :

(U, Try o) — (U;,Tj,9;). Let (v;) be a partition of unity subordinate to {U;} and define
integration of a € Q% , (B, R) on b-dimensional B by

RS Sy

Note that exterior differentiation also makes sense on orbifolds.

Definition 4.1.10. A symplectic orbifold is a pair (B,w) where w € Q2 (B;R) is closed and
non-degenerate on B = (|B|,U).

4.2 Symplectic reduction

In our definition of fibrating null foliation for a pair (Z,0) where o € Q%(Z) is closed. We will
allow the foliation to be a submersion 7 : Z — B, where B = (| B|,U) is an orbifold. We will take
Z to be a manifold.

Theorem 4.2.1 (Reduction on constant rank submanifolds). If the null foliation of (Z,0) is
fibrating with fibration m : Z — B, then there exists a closed non-degenerate form wg € Q2 (B)
such that m*wp = o.

Proof. Let V € Xyert(Z2) relative to the fibration 7. By the definition of “fibrating”, ker o = ker d,
so since V € kerdm, we have V € kero, and so tyo = 0. Also since do = 0, we have Lyo =
diyo + tydo = 0. So overall, o € Q2. . (Z). Since n* : Q2 (B) — Q2,...(2) is an isomorphism,
there exists wp € 02, (B) such that 7*wp = 0. All we need to check is that wp is closed and
non-degenerate. Since dn*wp = n*dwp = do = 0, so dwg = 0, and finally non-degeneracy follows

from the condition that ker o = ker dm (we leave this as an exercise). O

Definition 4.2.2. Assume (Z, o) is fibrating. Then the symplectic orbifold (B,wg) in the fibration
7 Z — B is called the symplectic reduction of (Z,0).

In our applications, i : Z < (M,w) will be a constant rank submanifold, and ¢ = i*w on Z.
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Theorem 4.2.3. Let (M,w,G,u) be a Hamiltonian G-space with (proper and effective) group
action. Then § € g}, if and only if G, is discrete for all p € u (). Also, p=1(€) € M is a
constant rank submanifold, and the leaf of the null foliation through p € u=*(&) is the orbit

Ocp =Ge-p={g9-peM|gec G}

Proof. Since § € g}, by definition dj, is onto. By a previous result, Im du,, = ann(g,) = g*. Thus
gp = {0}. Thus, G, C G¢ is discrete. Let Z¢ := p~'(£) and let i¢ : Z¢ — M be the inclusion.
Then since T,,Z¢ = ker du,, ker du, = (T,0p)*, we find

ker 22w|p = TI,Z£ n (TPZ§)w = TpZ§ N TpOp = ker d,up n TpOp
= Tp(oim)-

In the last equality, we have used that
Tp(Ocp) = {Y € T,M | Y € Lie Ge}.
This proves the theorem. O

Theorem 4.2.4 (Marsden—Weinstein—Mayer). Let (M,w,G,u) be a Hamiltonian G-space, and
assume that the foliation of p=(€) by Ge-orbits is a fibration (e.g. this is guaranteed if G is
compact), and let w¢ : Zg — Z¢ [Ge =: M be the quotient map onto the orbit space Mg, where Zg
is as in the proof of the previous Theorem. Then there exists a unique symplectic form we on Mg
such that i{w = miwe.

Proof. Apply Theorem 4.2.1 to the null foliation of (Z¢, ifw). O

Recall that the reason we went through all of this was to see how ifw varies in Us C g, for
0 € g, In order to see this, we would like to observe that our problem can be addressed with
6 € g* replaced by 0 for a “shifted” moment map, using the coadjoint orbit O5 := G - 6 C g*.

Theorem 4.2.5 (Kirillov-Kostant—Sorian). Let O5 C g* be an orbit for the coadjoint action of G
on g*. There exists a unique symplectic structure on Og, denoted (Os,wkks) such that G O Oy is
Hamiltonian and the moment map puxxs =1 : Os — g* is the inclusion.

Recall that

UJKKS|£(77§>77§) = _<§’ [7717n2]>a

where 71,72 € g generate 77?, ng at £ via the coadjoint action of G on g*.

12th lecture, October 3rd 2011

The reduced space at 0 is denoted My =: M /G := u~1(0)/G for a Hamiltonian G-space (M, w, G, ).
Recall the following Lemma

Lemma 4.2.6 (Product Hamiltonian structure). Let (M;,w;, G, u;), j = 1,2 be two Hamiltonian
G-spaces. Let G act on My x My diagonally and let & = pri wi + pryw*2 be a symplectic form on
My x Ma, where pr; : My X My — Mj be the projections. Define fi: My x My — g* by

f(p1,p2) = p1(p1) + p2(p2)-

Then (My x My, &, G, i) is a Hamiltonian G-space.
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The proof is left as an exercise.

Let Oy denote (Os, —wkks,G, —pikks). Then the above lemma tells us that M x Oy is
a Hamiltonian G-space (for (M,w, G, ) a Hamiltonian G-space) with moment map i = f; :
M x Oy — g* defined by

a(p, &) = pu(p) — €.

The reason for considering Oy is to obtain the minus sign in this equation, as we are going to
consider the pre-image of 0 under this moment map. Let @ = @s denote the symplectic form on

M x Oy .

Theorem 4.2.7 (Shift trick). Let (M, w, G, 1) be a Hamiltonian G-space with proper group action.
Let § € greg for p, and O = Oy the coadjoint orbit through 6, let O~ be the corresponding KKS-
space, and let i be as above. Let j : p=1(8) — i=1(0) be the map j(p) = (p,d), and let

J:Ms:=pu1(6)/Gs = (M x O7) G := i~ *(0)/G
be the map induced by the following commutative diagram:

p () ——— a~H(0)

Ms —L (M x07))G

Then J is a symplectomorphism, so Ms = (M x O7)/G. Also the Gs-action on p=1(8) is
(locally) free if and only if the G-action on ji=1(0) is locally free.

Proof. As a first technical observation, note that smoothness of j implies smoothness of J by a
standard argument.

The map J is injective: Let [p1], [p2] € M. Then by definition, J([p1]) = #(j(p1)) for any
p1 € 7 H([p]). Now 7(j(p1)) = 7(p1,9) = [p1,0]. Now if J([p1]) = [p1,0] = [p2, 0] = J([p2]) then
there exists g € G such that (gp1, Ady d) = (p2,9) (where here as always Ad, denotes the coadjoint
action). This implies that g - p; = p2 for g € G5 so [p1] = [p2] € Ms.

The map J is surjective: Let [p1,&] € i~1(0)/G. Then there exists an element h € G such that
Adp ¢ =6dand [p, & =[h-p,d]. let p=h-pso

1(p) = p(h - p) = Adp p(p) = Adp € = 6.

Thus pp~"(8) and J([p]) = [p,&]-

The map J is symplectic: We want to show that J*© = ws. Since 7* : Q*(M;s) — Q(u=1(5)) is
an isomorphism, it suffices to show that 7*J*@& = 7n*ws. Since Jom = 7oy, we find 7* J*© = j*7*@.
If i : i=%(0) < M x O~ is the inclusion map, then by definition of the symplectic form from the
Marsden—Weinstein-Mayer theorem, we have

70 = " (pr] w — prj WKKs)-
Let I :=io0j:u"%(86) — M x O~ be the map I(p) = (p,d). We get
7" J @ = j%i* (pr] w — pri wkks) = [ pr] w — I pri wkks,
where pry ol =1,-1(5y, and pryol = ¢ is constant. So
I priw = wl,-1(5) = 5w,
I pry wkks = 0.
Hence m*J*@ = i§ = m*ws.

Also, G5 is (locally) free on p=1(d) if and only if G is (locally) free on i=1(0) since j is G-
equivariant and J is surjective. O
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We consider now a slight generalization of Lemma 4.0.46:

Lemma 4.2.8. Let (V,w) be a symplectic vector space and Q C 'V any subspace (not necessarily
isotropic). Then w induces canonical forms @ on both Q% /(Q¥ N Q) and on Q/(Q* N Q). In both
cases, the forms are defined by @([u], [v]) = w(u,v) for [u], [v] € Q/Q¥NQ or [u],[v] € Q/Q“NQ.

Proof. The proof is exactly analogous to that of Lemma 4.0.46. O
A vector bundle is called symplectic if every fibre is a symplectic vector space.

Definition 4.2.9. For any constant submanifold i : Z < M for (M, w) symplectic, the symplectic
normal bundle is the symplectic vector bundle

N(Z):=TZ%/(TZNTZ*).

For a coisotropic submanifold Z (i.e. one with T2« C T'Z), the symplectic normal bundle is
0. For an isotropic submanifold (i.e. one with TZ C T Z*w) of dimension [, the symplectic normal
bundle has rank 2(n — 1), where dim M = m = 2n.

The following theorem is due to Marle and extends earlier results of Weinstein (who studied
the case Z Lagrangian or symplectic) and Gotay (who studied Z coisotropic).

Theorem 4.2.10 (Constant Rank Embedding Theorem). Let (M;,w;), j = 1,2, be symplec-
tic manifolds. Suppose I; : Z — Mj, 7 = 1,2, are constant rank embeddings with isomorphic
symplectic normal bundles

Ny(Z2) =TZ )(TZ* N TZ) = No(Z) = TZ** |(TZ** N TZ),

such that Ifwy = I5ws. Then there exist open sets Uy O I1(Z), Uz 2 I2(Z), and a diffeomorphism
¥ Uy — Us such that o Iy = Is and v owy = wy.

If G acts properly on Z and M;, preserves wj, and I; are G-equivariant, then U; can be chosen
G-invariant and 1 can be chosen G-equivariant.

Furthermore, if (M;,w;,Gj, 1), 7 = 1,2, are Hamiltonian and pi0ly = pooly, then pooth = py.

Proof. First, let v :=TZNTZ¥ E :=TZ/v, F :=TZ%/v, G = v ®v*. We claim that as a
symplectic vector bundle,

TM|; 2 E®FaQG.

Here, the symplectic form on G = v & v* is the one given by

Wy (w+ U@+ 1%) := 1" (@) — 1" (u),

where u,@ € v, and I*,[* € v} for z € Z. This claim establishes the first part of the theorem
by the Darboux—Weinstein theorem: Indeed, writing v;, E;, F;, G in the notation above, if I :
Z < (M3,w2) is another constant rank embedding with Ijws = Ifw; and Fy; = F5. Observe that
vy = vy CTZ since IJwy = Ifw; and thus G; = G2 and E; = Fy. From this it follows that

TMl‘ZgEl@Fl@GQgEQ@FQ@GQgTMQ‘Z.

Now the Darboux—Weinstein theorem says that a neighbourhood of a submanifold Z in a symplec-
tic manifold (M, w) is symplectically determined by the symplectic vector bundle TM|z. Thus
TM;|z = TMs|z implies our theorem.

To prove the symplectic bundle isomorphism TM|z; X E® F & G, let J : TM — TM be an
almost complex structure, i.e. J?> = —1, adapted to the symplectic form w, i.e. w(J-, J-) = w(, "),
and let g(-,-) := w(-, J-) be a positive definite metric. Such almost complex structures always exist.

We start by looking at T'Z/v inside T'Z, i.e. TZ Nv* is a symplectic subspace of TZ, and

vVENTZ S TZ/v, a— [d]
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is a symplectomorphism. Here + denotes orthogonal complement with respect to g, i.e. TZNv+ :=
{a € TZ | g(a,b) = 0Vb € v}. Clearly, also TZ = (v* NTZ) @ v, and w(a*,b) = 0 for any
at evtTZ,bew.

We want to extend T'Z by a subspace W so that v@& W is symplectic and also W C (vt NTZ)>.
Observe that w(a*, Jb) = g(a’,b) = 0 for any a* € v* NTZ and b € v. Thus Jv C (vt NTZ)~.
Also Jv Nv = {0} since

gla, Jb) = w(a, J(Jb)) =w(a,—b) =0

since a,b € v = TZNTZ%. This implies that Jv C TZ~+ and that TZ+ Nv = {0}. Finally, v & Jv
is a symplectic subspace since w(a, Jb) = g(a,b) is non-degenerate.
Let v = v* via a — ¢(a,-) =: a* € v*. Notice that

w(a, Jb) = g(a,b) = a*(b) = b*(a) = wygu-(b*, a).

If o : Jv — v* is the map Jb+ b* then 1 X ¢ : v & Jv — v @ v* is a symplectomorphism. Hence
TZ®Jv=Edvov:.

Since TZ @ J¥ is a symplectic subbundle of T'M |z, then also its complement (T'Z & Jv)¥ is a
symplectic subbundle, and by properties of symplectic subbundles,

TM|z=TMa& Jv)s (TZa Jv)~.

Since v C TZ, then vN(TZ & Jv)* = {0}. Also, that v C TZ% implies that (TZ®Jv)*®dv C TZY.
We claim that (T'Z @ Jv)¥ @ v =TZ“. We give a proof based on dimensions: We have

dm((TZ & Jv)¥ =dimM —dim(TZ @ Jv) = dim M — dim Z — dimv
=dim7TZ% — dimv.

Hence, dim(TZ & Jv)* + dimv = dim T'Z*. Taking quotients by v, we get an identification
(TZe Jv)* =2TZ%/v=:F.

Notice that all isomorphisms above have been symplectomorphisms, and overall we have TM|y =
E @ F @ G, symplectically.

If (the group) G acts properly on M, we can the isomorphism TMz = E & F & G equivariant
by choosing a G-invariant almost complex structure J. The rest of the claim follows from the
G-equivariant part of the Darboux—Weinstein theorem.

Finally, if (M;,w;,G,;), j = 1,2 are Hamiltonian and pq o Iy = pg o Iy, where I; : Z — M,
are constant rank embeddings, then ¥ *us = p1. This follows from the next lemma. O

13th lecture, October 7th 2011

Lemma 4.2.11 (Uniqueness of moment maps). If py, ps : M — g* are two moment maps for the
same group action G O M, and assume that M is connected, then py = ps +& for some € € (g*)¢,
where as always G acts on g* by the coadjoint action.

Proof. Since duY = 1y:w = dud, we have d(u) — ud) = 0. Since M is connected, this implies
that u) — pd = cy for a constant cy for each Y € g. But pd — pud = (g — po, Y), s0 cy is linear
in Y. Thus there exists a £ € g* such that ¢y = (£,Y). Since u, us are G-equivariant, we have
€€ (a9 O

Proof of the last part of the Constant Rank Embedding Theorem. By the Lemma, ¥*us = p1 + &€
for some & € (g*)¢. Using that py o I; = g o I and that 1 o I; = I, we conclude that £ = 0, so

V* e = 1. O
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Using the shift trick, we may always assume that 0 € g;., for a given Hamiltonian G-space
(M,w,G, ). We want to see how Mg for § € Uy C greg, 0 € Up are related to Mo.

Assume that G is compact, let Z = p=1(0), let i : Z < M be the inclusion, and let 7 : Z —
Z|/G =: My be the quotient map. By a previous theorem (since G acts (locally) freely and is
compact), 7 : Z — Z/G is a principal bundle over Z/G.

So there exists a connection 1-form o € Q'(Z,g) , on Z, i.e. « satisfies

g'a=Adg1,, iga=¢,
for all g € G, ¢ € g. Note here that ¢¥ € ['(T'Z) is the vector field generated by ¢ € g,

d
& = Zili=o(p - exp(t6)),

and we assume that G O M is a right action to be in line with what is usually done when working
with principal bundles. Also, the adjoint action is

Adg=d(LgoRy1):0— g

is a left action, which is compatible with the pullback acting as a left action.

Recall that in the orbifold case, we can construct o € Q'(Z, g) as follows: Let I, : Z x g —TZ
be the embedding I4(p,Y) = Y;}i. Let V = I,(Z x g) C TZ be what will turn out to be the
vertical subbundle of TZ. Choose a G-invariatn Riemannian metric on Z, and let 7+ : TZ — V
be the orthogonal projection with respect to this metric, and let pry, : Z x g — g be the standard
projection. For v, € T),Z, define a,(v,) by
(

ap(vp) :=pry0 Ig_1 om(vp).

Then H := ker « defines a G-invariant subbundle of T'Z that is complimentary to V soTZ = V®H.

We are working towards expressing the symplectic space near ¢~ 1(0) € M in terms of something
easier to understand. This behaviour will be modellen in by the space Z x g*. Let pr; and pry be
projections from Z x g* onto the first and second factors respectively. Define o € Q?(Z x g*,R) by

o = prj T wy — d(pry Apri a),
where w € 02, (Mo, R) is the MWM reduced symplectic form, so m*wp = i*w, and pry Aprja €
OYNZ x g*, 9" ® g) is composed with the dual pairing (-,-) : g* ® g — R to give (pry Apria) €
O Z x g*,R).

Let G O Z x g* be the diagonal action using the coadjoint action on g*, so

(pa 5) “g = (pg7AdZ—1 f)

Theorem 4.2.12 (Local normal form). The form o € Q?(Z x g*,R) is non-degenerate (hence
symplectic) on some neighbourhood of Z x {0} in Z x g* and satisfies the moment map condition

ty:0 = d{pry,Y)

Jor all'Y € g, i.e. pry is the moment map, and there exists an equivariant symplectomorphism v
between open neighbourhoods U, Uy so that Z C U C M, and Z x {0} C Uy C Z X g* such that

Y* pry = p.
Proof. Recall that 1 := pr} m*wy — d(pry A pri ). Clearly do = 0 since dwy = 0 and d? = 0. Let
¢ = prj mwy — (dpry Apri a)

so that o = & — (pry Adprj ). Notice that (pr Adprj o vanishes on Z x {0}, since pry [zx {0} = 0.
If we can show that & is non-degenerate on Z x {0}, since non-degeneracy is an open condition, it
follows that o is non-degenerate on a neighbourhood of Z x {0} in Z x g*. Given (p,0) € Z x g*, we
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can identify T(,, 0)(Z x g*) =V, ©® H, © g* where V,,, H,, are the vertical and horizontal subspaces
for « respectively.
Let w := ypﬁ +h+neV,®H,®g, such that 1,6 = 0 and let us show that w = 0. We have

w0 (+) = tw(pri ™ wo — (dpry Apri a))(-)
=7"wo(h,-) — (n,pry a(-)) + (dpry(-),Y).

Since each term depends on h, 7 and Y independently, then 7,6 = 0 implies that all three
terms vanish individually. But 7*wy is non-degenerate on H,,, so m*wg(h,) = 0, so h = 0. Also
(n, pr a(-) = 0) means that

0= (n,prja(¥;)) = (n,Y)
for all Y € g, so = 0. Finally, (dpry(-),Y) = 0 implies that

{dpry(7),Y) = (7,Y) =0

for all 77 € g*, so Y = 0. We conclude that w = 0. Hence, & is non-degenerate on Z x {0}, and so
o is non-degenerate on an open set in Z x g* containing Z x {0}.

Next, we show that ty:0)d(pry, Y). Plugging in the definitions, and using that Y* € ker dr, we
find that

Lyi0 =Ly (pr] m*wo — d(pry Apri a))
= Ly pry mwo — Lygd<p1‘2 Apri a)
= —LY£d<pI‘2 A DIy a).
Observe that (pro Apry ) is invariant under the natural induced G-action: To see this, let Ylf +

h+ne € Tipey(Z x g*) £V, ® Hy, ®Teg*. Then since g*a = Ad,—1 a and since ap(Ypﬁ) =Y, we

can write

*

(9" P12 (p.e), 97 X gy (Y + T+ 1g))

= (Ad} . ¢, Ad “1op (V)
= (Ad}-1 £,Ad, 1Y)

= (£,Y) = (pry Apr} o) (p.e) (VF + h+1m¢),

g (pro Apri o) ey (Y + h+1m¢) =

which proves that (pr, Aprj «) is G-invariant. Therefore,

0= Ly (pro Apri @) = (vyed + diys)({pra Apry)),

and we find that

Ly:0 = —Lygd<pr2 Apri o)

= diy (pry Apry ) = d(pry, Y).

Hence, pr, satisfies the moment map condition for o near Z x {0} in Z x g*, i.e. on an open set
Uy. To be a moment map, it also has to satisfy the Hamiltonian condition. Since o is G-invariant,
we may choose Uy to be G-invariant. Thus, (Uy, 0, G, pry) is a Hamiltonian G-space.

Let ip : Z — Z x g* be the embedding p — (p,0) which is constant rank since iz(Z) =
Z x {0} = pry*(0), and 0 € Oreg fOr pry. Also (1,2)7 = (kerdpry)? = T,0, C T,,Z since O, C Z.
Thus, Z is a coisotropic subspace of Uy C Z x g*, and N,(Z) = TZ°/(TZ° NTZ) = 0. Also,
i:Z < M is a coisotropic constant rank embedding for p for similar reasons, where (M,w, G, u)
is the original Hamiltonian G-space. The orbit O, is contained in Z in this case as well. Thus,
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N,(Z2)=Tz%/(TZ°NTZ) = 0= N,(Z). Since G acts (properly) on Z, M, Uy, since it preserves
w, o, and since 1,79 are G-equivariant, the constant rank embedding theorem implies that there
exists G-invariant open sets U, Uy, such that i(Z) CU C M, inZ) C Uy C Uy C Z x g*, and
a G-equivariant diffeomorphism ¢ : U — Uy, such that ¢ o i = iy and ¥*¢ = w. Finally, since
[L © & = pry 0lg, we have ©¥* pry = p. O

This result is important and will give a nice local description of M near 0 € gy, but we need
some more background before we can use it. This background will not be necessary for abelian
groups, but we try to be as general as possible.

14th lecture, October 28th 2011

Recall Theorem 4.2.12 which gave us a Hamiltonian G-space (Up, o, G,pry) with an equivariant
symplectomorphism from U C M to Uy C Z x g, v:U— Uy such that ¢* pry = [.

We want to use this to get a nice local description of ;1 ~1(€)/G =: Mg for £ € Oreg Close to 0
(the last thing we can always assume by the shift trick).

4.3 Cotangent bundles

Definition 4.3.1. Let @ be a manifold, M = T*Q. Let g : M = T*Q — @ be the bundle
projection and dmg : TM — T'Q the tangent map. Define the canonical 1-form on T*(Q, denoted
0 € QY(M,R), by

Op(Wp) = (p, dmglp(Wp)),
where W, € T,M, p T:Q(p)Q, and (, ) is the usual pairing between TQ and T*Q.

Proposition 4.3.2. The canonical 1-form 6 is the unique 1-form such that for any 7 € QY(Q),
we have T = 70, where on the right hand side, we view T as a section 7 : Q — T*Q.

Proof. Clearly, mg om =1¢g : Q — @ and thus, for any v € T,Q,
drQlr(q) 0 dry(v) = v.

Consider,

(770)q(v) = b7(q) (d74(v)) = (7(q), dmQl7(q) © dTg(v))
= (7(q),v) = 74(v),
which establishes the first claim. Uniqueness follows by observing that any non-vertical vector in

w e TyM =T,T*Q (i.e. w ¢ kerdmg), we can write w = dry(v) for some 7 € Q'(Q), and v € T,Q
where 7(¢) = p. Assume 6 also satisfies the property of the Proposition. Then

Op(w) = éT(q) (drg(v)) = 14(v) = Op(w).
Since non-vertical vectors span T, M, we are done. O

It is also useful to work in coordinates. Recall that on T*Q|y = T*U there exist local coordi-
nates, called local cotangent coordinates qi,...,qn,P1,--.,Pn, where T*Q|y = U x R™, and ¢; are
coordinates on U, p; on R™.

Lemma 4.3.3. In local cotangent coordinates qi,...,qn,P1,---,Pn on T*U, the canonical 1-form
0 is

0

U= pjdg;.
J
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Proof. Let T = Zj 7;7jdg; be a 1-form on U. Then 7*p; = 7; and 7*¢; = ¢; (viewing p;,q; as
functions T*Q|y — R). Then, T*(Zj pidg;) = Zj Tjdg; = T, i.e. 70 = 7 on T*U so by the
uniqueness part of Proposition 4.3.2, 0|7y = Zj p;idg;. O

Theorem 4.3.4. Let M = T*Q with canonical 1-form 0 € QY(T*Q,R), then w = —df is a
symplectic form.

Proof. In local coordinates,

w= quj Adp;.

J
O

Let @1, @2 be manifolds, and consider f : @1 — Q2. We call the induced map df : TQ, — TQ>
the tangent lift of f and write df = Tf. We do this in order to introduce the cotangent lift of f,
T*f:T*Qa — T*Q1, given by (T fa)(v) = a(T fv) for a € T;Qa2, v € Ty Q1.

Proposition 4.3.5. Let T*f : T*Qqo — T* Q1 be the cotangent lift of a diffeomorphism f: Q1 —
Q2. Then (T*f)*61 = 02 for the canonical 1-forms 01,02, and hence T* f is a symplectomorphism,
(T*f) w1 = wa.

We leave the proof as an easy exercise.

Proposition 4.3.6. If (M, w) is a symplectic manifold with an exact symplectic form, w = —d0,
then any G-action on M preserving 6 is a Hamiltonian with moment map p: M — g* given by

1Y = 1y,

Proof. Since 0 is G-invariant, Ly:6 = 0. We calculate and find
dpY = diyi0 = —1y:df + Ly:60 = 1yrw.
To see G-equivariance, compute
9 (1Y) = g*1ye0, = g 10(YH)],
= epg(ypﬁg)
Observe that Yt = g.(Ad, Y)%. Then
Opg(Yig) = Op.g(9:(Adg Y)E) = (970),((Ad, Y)})
= 0p((Ady Y)}) = taq, yi0p = (11, Ady V).
Thus g* (i, Y) = (p, Ad, Y). O

We move now to the case of the cotangent bundle of a Lie group. Let G be a (compact) Lie
group. Then we consider (T*G, 1, G, —df) Hamiltonian structures coming from natural left/right
group actions on G.

Definition 4.3.7. The left/right invariant vector fields on G are vector fields Y, Y € T(TG)
invariant under tangent lifts of the left/right multiplication maps Ly, Ry : G — G, i.e.

TLY* =dL,Y" =YY" TR,)Y® =dR,Y' =Y",

for Y € g (identifying Yl = Y =Y.
Similarly, left/right invariant 1-forms on G are & ¢F € T(T*G) invariant under cotangent
lifts of Ly, Ry, i.e.

(T*Lg)e" = €5, (T"Ry)e™ = €™,

viewing as before £ as an element of g*.
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Note that we write YgL = dL,Y, YgR = dR,Y for Y € g. Also, we have §gL(YgL) = £(Y),
ﬁf(YgR) =¢(Y) for £ € g*. These are the main properties that we need.

Definition 4.3.8. The maps ¢, ¥r : G x g — TG mapping (g,Y) — YgL, YgR respectively, and

Ur,Ur : G x G* = T*G by (g,€) — fé,fff are called the left/right trivializations of the tangent
and cotangent bundles.

We will mainly work in the left trivialization of the tangent and cotangent bundles. Note that
the maps ¥, ¥gr, ¥, ¥r are vector bundle isomorphisms.

Claim 4.3.9. The invariant vector fields and 1-forms satisfy
Y =(Ad,Y)), Y= (AdgY))
& = (Adg O, & = (Adg Oy

Consider for example the first one. We want to write YgL = ngY = YQR for some Y € g and
show that ¥ = Ad, Y. Observe that

Y} =dL,Y = dRy(dRy-1dL,Y) = dRy(AdyY) = (Ad, Y)"g.
FExercise 4.3.10. Prove the three other identities.

Proposition 4.3.11. IfTL,, TR, : G x g — G x g are tangent lifts of Ly, Ry with respect to the
left trivialization of TG, then

TLy(h,Y) = (gh,Y), TRy(h,Y)= (hg,Ad,—1Y).

Also, if T*Lg, T*"Ry : G x g* — G x g* are the induced cotangent lifts with respect to the left
trivialization, then

T*Lg(h7 5) = (gh>£)ﬂ TRg<ha€> = (hgaAdZ*l 5)

Proof. We prove that T* Ry(h,§) = (hg, Ad; -1 §). To see this, we want to write T*R,(h,§) = é,f.g
for some € € g* (i.e. € = Ady-1§). As before, fﬁ(YgL) = £(Y). We consider
(T*Rg) (€)n(Yi") = €1y (ARgY)") = €5 4(dLn(dRyY )
= &g (dLn(Ady Y)g) = £5((Ady Y)g) = €(Ady Y) = (Adg- §)(Y)
= (Ady €)17.o (Yiy)-
Overall this implies that 7" Ry (h, ) = (hg, Ad,-: £). We leave the others as an exercise.

15th lecture, October 31st 2011

We take for the left action on G the vector field generated by the flow exp(—tY’) - g. For the right
action on G the on generated by the flow g - exp(tY).

Since the generating vector field for the left action on G is right invariant and also has value
—~Y at e, we conclude it must be —Y* € I'(T'G). Also, the generating vector field for the right
action is YL € I(TG).

For the cotangent lift of the left /right actions on T*@G, use the fact that there is a unique vector
field V € T(TT*G) for each V € T'(T'G) such that the flow of V is the cotangent lift of the flow of
V. Locally, if V =3 Vj% using cotangent coordinates, then

- 0 ov; 0
V=SV - p 2 =
2 Vi~ 25 o
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Call the map I'(TG) — I'(TT*G) given by V = V the cotangent lift of a vector field . Note that

if 7¢ : T*G — G is the standard projection map, then V projects to V under 7g, i.e. drg(V) =
V. Recall that 6 € Q'(T*G) denotes the canonical 1-form, and recall that (T*G, —df = w.) is
symplectic.

We would like to observe that the cotangent lifts of the left/right actions on G to T*G are
Hamiltonian with respect to some moment maps ur, ugr : T"G — g* respectively.

Lemma 4.3.12. Given any V € I'(TG), the cotangent lift V € T(TT*G) is a Hamiltonian vector
field for w. with Hamiltonian function H = 1,0.

Proof. Recall that cotangent lifts of functions G — G automatically preserve ¢. In particular, the
flow of V' preserves 0, i.e. L0 = 0. Thus, to check the Hamiltonian condition, we compute

dH = dL(/Q = 7L‘7d9 + E‘*/Q = 7L‘7d9 = LyWe.-
O

Recall that since (T*G, w,) is an exact symplectic manifold , i.e. that w,. is exact, any G-action
preserving # on T*G is Hamiltonian with moment map p¥ := 1y+6 for Y € g.

For the group actions given by the cotangent lifts of the left/right group actions, this is the
Hamiltonian structure we consider. Let u”, uft : T*G — g* be moment maps for the left/right
actions respectively. Recall that the vector field generated by the left action is —Y®, and the one
by the right action is YX, on G. Let —Y®, YL € I'(TT*G) denote the cotangent lifts.

Then, the moments map are puY := ¢ _yrf, pf = ty.0. We can actually compute these
moment maps explicitly: Let (¢g,€) € G x g* = T*G in the left trivializations, i.e. (g,&) — fgL
Then, since as we saw last time, Y, = (Adg-1 Y)L = (g,Ady-1Y), we find that

e = t_gnlge = 0o (-Vige)
= <(g’§)7dﬂ-G|(g:5)(_Y(§,§))> = <(gv§)7 (97 - ‘Adg*1 Y)>
= <§7 _lAdg’1 Y> = <_Ad; §7Y> = </”'L(g7€)vy>

Thus,

ne(g,§) = —Adg¢

(at least up to a constant, but we will assume it vanishes at 0). Similarly,

pr(g, &) =&

We will now consider what happens when we symplectically reduce with respect to these moment
maps. Note first that every £ € g* is a regular value for py,pur since the cotangent lifts of
the left /right actions are free. Thus we can symplectically reduce at any value, and we find the
following theorem.

Theorem 4.3.13. The symplectic reduction of T*G at £ € g* by the right action, which we write
T*G¢G := uz"' (€) /G, is a Hamiltonian G-space with G-action induced from the left G-action on
T*G via the quotient ul_%l({) — T*GJ¢G. In fact, T*GJ)$G is symplectomorphic to the co-adjoint
orbit G - (=¢) with the KKS Hamiltonian structure.

Proof. Clearly, uz'(€) = G x {¢} by definition of ug. Then

g (€)/Ge = (G/Ge) x {€}.

Clearly, py, descends to a map

i (G/Ge) x{§} = G- (=§) S g
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and is a moment map for the reduced symplectic form we on T*G// £G with left G-action, since it
was a moment map on T*G.

Define I : G - (=€) — (G/G¢) x {€} as [ = fi;*. Let @& := I"we. Then clearly T is a G-
equivariant symplectomorphism from (G - (=€), @¢) to (T*G G we). If i : G- (=€) — g* is
inclusion, then ¢ is a moment map for @¢ with respect to coadjoint action.

Thus, @ must be the KKS symplectic form, and (G - (=€), &¢, G, 1) is the KKS space. This
follows from the Proposition that wkkg is the unique symplectic structure on G - (—=¢) such that
the co-adjoint action is Hamiltonian for moment map the inclusion. O

Recall, that for (M,w, G, u) a Hamiltonian G-space we saw that M looks like a neighbourhood
of Z x {0} in Z x g* with Hamiltonian structure (Uy C Z x g*, 0, G, pry).
Observe that we may also view Z x g* as a quotient (Z x T*G)/G using the left trivialization

T* =2 G x g*, where G acts diagonally on the left. That is, ¢ : Z x T*G — Z x T*G defined by
(p,h,&) = (p- h,h,§) induces a diffeomorphism

Vi (ZxT*G))GS Z x g

since 1 takes the diagonal action of the left to the left action on the factor T*G in Z x T*G. Also,
the right action on T*G in Z x T*G goes to the diagonal action on the right in Z x g*. Hence,
1 is a G-equivariant diffeomorphism, and let us turn it into a symplectomorphism. Let 6 := ¢*o,
and define fig : (Z x T*G)/G — g* by [p, h,&] — £. Then by construction, if Uy C Z x g* denotes
the neighbourhood of Z x {0} from before such that (Up,o,G,pry) is Hamiltonian, then ¢ is a
symplectomorphism to (Up, &, G, fir), where Uy := 1)~ (Up) that also preserves the moment map
pry, i.e. pryoy) = fip (we leave this as an exercise).

After some checking, we can see that the reduced space M for £ € gy, close to 0 must be
symplectomorphic to

[Z x G- (=€)]/G.
This is the main theorem in the non-abelian case.
Theorem 4.3.14. The reduced space M¢ for & close to 0 fibers over My with fibers coadjoint orbits:

Me =2 [Z x G- (-¢)]/G.

4.4 Proof of the Duistermaat—Heckman theorem

The previous theorem was what we wanted to prove in the general non-abelian case. In the case
that G =T, a compact torus, we can say more. For G = T, the coadjoint action is trivial, and we
may identify the reduced spaces at ¢ near 0 as

M§ = Z/T X {—f} gMQ.

Recall that o € Q1(Z, 1), t = Lie(T), is a connection on a torus bundle

and so da is the curvature of this connection. Let F,, € Q?(Mjy,t) denote the curvature on My, so
m*F, = da. It is straightforward to identify the symplectic form we on Mg = Z/G x {—£} = M,
as

we = wop + <€7Fo¢>7
where we € Q?(Mp, R) under the identification Mg = My. One can see this using that

o = pry ™ wy — d(pry A pry a).
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Recall that our identification Mg with My depends upon a choice of diffeomorphism ®, : Uy C
Z x g* — U C M, which in turn depended upon the choice of connection o € Q'(Z,g). So,
we = wo + (€, Fo) is not canonical, e.g. compare the cases « flat to non-flat.

It turns out that any two such identifications ®,,®s for choices of «, 8 induce identifications
Mg = M, that are isotopic. Thus, although Q%(Mg,t) = Q2(Mp,t) is not canonical, the induced
isomorphism on cohomology H?(M¢,t) = H?(My,t) is canonical by isotopy invariance of induced
maps.

Hence we have the following

Theorem 4.4.1 (Duistermaat—Heckman, 1982). There exists a convex set U C g7, containing 0
such that for any € € U,

[we] = [wol + (& [c]),

where [c] € H?(Moy,t) is the first Chern class of the torus bundle p='(0) = Z 5 My, where we
have identified H*(Me,t) = H?(My,t) canonically as above.

Theorem 4.4.2 (Duistermaat—Heckman, 1982; 3.3). Let (M,w,T, ) be a Hamiltonian T-space
with effective action, dim M = 2n, dim T = d. The Radon—Nikodym derivative of mpy with respect

to the Lebesgue measure d§ on t*, which we write f = drngH, is a polynomial of degree less than

or equal to n —d on each connected component of t;., of p.

Proof. Assume without loss of generality that U C t7, is a neighbourhood of 0. Recall that f is
defined by the relation

[ o= s
/MU) o =/U</ZF(5)>ds

for some form F(€) using the isomorphism of Hamiltonian spaces p~1(U) = Z x U, where Z x U
has symplectic form

We will express

o = pr] mfwy — d{pry Apri ).

At this point, to simplify notation, and to get rid of the notational dependence on the projection
maps, we let £; be coordinates on U C g* and write

d
(prs Apra) = (€,a) = 3 gay,
j=1

for a; € QY(Z,R). Rewrite o as
o =r"wo — (& da) + > a;dé;,

dropping the notation pr;. Thus

w” o” 1
o o —(m*wo = (€, de) + ) a;d&;)"
/M‘l(U) n! /Z><U n! /Z><U n! 0 ; 7S5

:/z U ﬁh*wo — (& da)" Aoy A Aaa A
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By Fubini’s theorem, we can write this as

[ o= U, gt = e i = | sieyae

If we use orbifold integration, we can write

50 = [ Grgplen = (€ Foll"™ = Vol(a)

16th lecture, November 4th 2011

Theorem 4.4.3 (Duistermaat—Heckman, | ] Thm. 4.1). Let (M,w,T,u) be a Hamiltonian
T-space of dimension dim M = 2n, let f = w™/n!, and let Y € Lie(T) such that MY is isolated.
Then

) inein’ (p1)/h
Ly (h):/ e /B = (2nh)"
s M Z H

pLEMY 1apz,3( )

Proof. First make a change of variables h — 1/t. Let

inein’ (p)t
H;‘L:1 api(Y)

Recall that we made the following simplifying observations: We can reduce to the case where
Y € Lie(T) = t with TV = (exp(RY)) = U(1) and ap, j(Y) # 0 for all j = 1,...,n, p, € MY.
Here, recall that oy, ;(Y) are the weights of the isotropy representation on 7, M. Under the
identification TV =2 U(1), set Y = 1, so we can write u = p¥. We saw that by stationary phase
we could write

Fty(p) =

bty = [ s = (2) 8 R+ s,

p€Crit p

where s(t) = O(t*°) (meaning that it falls off faster than any polynomial) is Schwartz on R\ {0}.
Recall that s(t) came from contributions associated to the lemma of non-stationary phase. We
want to show that s(t) = 0.

Multiplication by t™ gives us

ORI R LD SR T
M pr €Crit p

so t"s(t) must be a smooth Schwartz function of ¢ on all of R. We will show that this is impossible
unless s(t) = 0, using the fact the Duistermaat—Heckman polynomial f(€) is a piecewise polynomial
of degree less than or equal to n — 1. Here, recall that for a given function h on g* that

[ romsi= [ n@mon = [ neserie

In our case, h = e and g* = R, and we get

/N EEE /R F()eted,
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() az e ap

Figure 5: One way of thinking of the Duistermaat-Heckman polynomial f.

where f(€) is the Duistermaat—Heckman polynomial. Using properties of the Fourier transform,

we find
n it go _ yn -1 = 1 ! -1 dnf)
o [ s@ede ) () F (din (t).

Now, as observed, f is a piecewise degree less than or equal to n — 1; see Figure 5 where a; =
,u(pl) € R. On the intervals away from a; we have & W = 0 since degf < n — 1. At the points

aj, d&’{ (a;) is identified as a distribution with a g;’th derivative (for ¢; < n — 1) of the Dirac delta
distribution

arf
d£n
For example, if u(p) = a € R and f is a Heavyside function at a, say

-1, £<a
f_{l, E>a’

B da 5(”
Codéa

(a

Then f’ = d(a) = §, and F~1f/(t) = €@, Recall that

15, L%
ol = @

for ¢ some test function. In general, F *1(%)@) is a linear combination of terms t%¢e?. So,
= Z cptdetat
l
for some constants ¢; € C. Clearly, the right hand side is not Schwarz unless it vanishes, so s(t) = 0
(since C is an integral domain 2). O
Note that we may extend to (LieT) ® C =t ® C = t* and write
ol
/ et“yﬂ _ <27r> Z 1Y (p)
M t peMyH] 1o (V)

where Y € €.

4.5 Applications

One often applies the Duistermaat—Heckman theorem to compute Liouville volumes of Hamiltonian
spaces (M,w, T, u).
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Example 4.5.1. Let (M,w,U(1), H) be a Hamiltonian U(1)-space with Hamiltonian H. Identify
Lie(U(1)) = R such that the integral lattice its dual are A = Z, A* = Z. Then the Duistermaat—

Heckman theorem says that
/ etHin — (27T>n Z (12)
M t H =1%,p

peCrit H

for isolated fixed points. In this example, since the left hand side is smooth in ¢, expanding e (?)
in t, the terms of order less than n must vanish, and we get a description of the symplectic volume
in terms of the weights.

More precisely, expanding

g k
tH(p) _ (H(P)" k
€ B Z k! &
k=0
we see, by observing that the left hand side of (12) is smooth in ¢, and noting that the right hand
side

pECrTt H Hj:l Qj,p
has singular contributions for k < n, that

2. H =0

peCrit H

for k < n. Also,

Vol(M) = =

o,
M peCrit H HJ 1%9p

An infinite dimensional analogue of this can be used to give formulas for volumes of moduli spaces,
such as the moduli space of flat connections in Chern—Simons theory.

5 The Berline—Vergne theorem

Next, following | |, we generalize the Duistermaat—Heckman theorem to a more general class
of integrands. So far, we have looked at
| s
M

where (M,w, T, ;1) is a Hamiltonian T-space, where 8 = w™/n!,dim M = 2n,Y € (C,p: M — t*.
We will try to generalize to manifolds M with just a G-action and drop the Hamiltonian condition
as much as possible. We will try to find special integrands that might replace e“yﬁ .

5.1 Equivariant cohomology

In other words, what other forms like e*’ 3 € Q27 (M, C) satisfy a localization principle?
Write e”yﬂ =en” “:T, and consider
2 n
eﬂy+w:6# (1_|_w_|_+ (.O)’
2! n!
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and we are led to understand ¥ + w. We have

Y Y
[ e [t
M M

since [,, @ = 0 if dega # 2n. The idea is to view the form as a map u+w : g = Q*(M),
where Q°*(M) := Q°*(M, C) is the algebra of smooth complex valued differential forms on M. This
motivates us to consider general forms a : g — QM. We look at properties of e+ to mimick —
in fact we look at p¥ + w, where we have the moment map condition relating the derivatives of
the two forms. Here, we have switched to the notation ° := Q* to avoid confusion later.

If we assume that G O M is a right action, then the formula for the moment map condition is

g u=Adg . p.
For (u+w)(Y) = p¥ +w € Q°(M) @ Q*(M), the moment map condition says that
g (4 w)(Y) = (1 +w)(Ady V).
That is, u +w : g — Q*(M) is G-equivariant. This is the first property we generalize.

Definition 5.1.1. A C*°-G-equivariant differential form on (M,G) is a C*°-map « : g — Q*(M)
which is G-equivariant with respect to the adjoint on g and the pullback action on Q°*(M), i.e.
galY)=a(Ad,Y) forallge G, Y € g.

Denote the space of C°°-G-equivariant differential forms on (M, G) as Q&*(M).

Define a wedge product of a, 8 : g — Q*(M) by
(a AB)(Y) = aY) AB(Y).
If a, 8 are G-equivariant then so is a A (3, since

g (aAB)Y)=(g") A(g"B)(Y) = (g"a(Y)) A (g"B(Y))
= o(Ad, Y) A B(Ad, V) = (a A B)(Ad, V).

So, 5°°(M) is an algebra under the wedge product.

Note that if G is abelian, then the adjoint action is trivial, and G-equivariance reduces to
G-invariance g*a(Y) = a(Y) for Y € g. In general, we define an action of G on the space
Map™ (g, Q*(M)) of smooth maps from g to Q°*(M) by

(g-a)(Y)=g"a(Ad,—1 Y).
Then for o € Map™ (g, Q2*(M)), we have a € Q5*(M) if and only if g- o = @, i.e. if and only if «
is invariant under this G-action.

The other moment map condition says that duY = ty:w. Since dw = 0 for symplectic forms,
consider d(pY + w) = du¥ = tysw, which we write as

d(pY + w) — tyrw =0.
The idea is to generalize this to equivariant forms.

Definition 5.1.2. Given a € QOGO"(M), the equivariant deRham derivative , denoted dg :
Q5 (M) — Map™(g, Q2*(M)), is defined as

dga(Y) :==da(Y) — tyra(Y)
where d : Q*(M) — Q°*(M) is the ordinary deRham derivative.

Lemma 5.1.3. We have the following:
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1. The equivariant deRham derivative dg is well-defined as a map Q5" (M) — Q5" (M).
2. It satisfies dﬁ =0.

Remark 5.1.4. There is another definition of equivariant cohomology which is purely algebraic
topological which matches with this one under certain conditions; e.g. when M and G are compact.
We discuss this next time.

Proof. Consider
9" (dga)(Y) = g"da(Y) — g"1y:a(Y) = dg™a(Y) — g7ty (Y),

where g*a(Y) = a(Ad, Y) since a € QF*(M).
We now at g*tyra(Y). Recall that g*tys = t(aq, v):g* (or prove this as an exercise). Thus

g ysa(Y) = L(Ad, Y)ﬁg*aO/) = l(Ad, Y)ua(Adg Y).
Overall,
9" (dga(Y)) = da(Ady(Y)) — t(aq, v):(Ady(Y)) = dga(Ad, Y),
which proves the first part. To see dﬁ = 0 observe that d> = 0 and 3, = 0 so that

Ba(Y) = dy(dg)(V) = dldg@) (V) — tys (dga)(Y)
— d(da(Y) — ty1a(Y)) = ty+(da(Y) — tysa(Y)
—(deyt + tysd)a(Y) = —Lysa(Y).

Observe that «(Y") is invariant under the action of the 1-parameter subgroup (exp(tY)), i.e
(exp(tY)) a(Y) = a(Adexpey) V) = a(Y), (13)
where the last equality follows since from
d d

Adexpiy) Y = %|5:0[exp(tY) exp(sY) exp(—tY)] = £|5:0[exp(ﬂ/ +sY —tY)] =Y,
where the second to last equality follows from the fact that [Y,Y] = 0. Equation (13) implies that
Ly:a(Y)=0and d =0. O
17th lecture, November 7th 2011
Recall that

QG (M) ={a: 9= Q (M) [ g"a(Y) = a(Ady Y),Vg € G,Y € g}

is the set of G-equivariant differential forms on (M, G), where M is a manifold with right group
action G O M.
We restrict to polynomial maps in g,

a:g— Q°(M),
i.e. consider a subalgebra Qg (M) := (S(g*) ® Q*(M))¢ C QF*(M) of polynomial G-invariant
forms. Here, S(g*) denotes the symmetric algebra on the vector space g*, which for our purposes

can be viewed as the polynomial ring over C in dim G = d variables. Namely, if {&1,...,&:} is a
basis for g*, then viewing &; as formal variables, we have the identification

S( )g [517"'7§d]'
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Take the usual grading by Ng = {0,1,2,...} = Z2° on
)= (P S'(e")
i€Np

where S?(g*) are the homogeneous polynomials of degree i. Define an Ny-grading on Qg (M) by

M) = P a6(M)

IS\

where

QM) = P [5'(g") @ @ (M))°.

2i+j=I
A typical element of QZG (M), called an elementary form , looks like
a = pz(f) ® Ik

where p’ is a degree i homogeneous polynomial, and « is a degree j differential form, and 2i+j = [.
The reason we define the grading in this way is so that the equivariant deRham derivative dg
increases degree by one.

Lemma 5.1.5. If a € QL (M), then dgo € Q5 (M).

Proof. Tt suffices to consider consider an elementary form a = p*(¢) ® ayj), where 2i 4+ j = [. Let
{Y1,...,Y;} be a basis for g and {1, ...,&4} the corresponding dual basis for g*, i.e. §,(Y;) = 0pq-
The main observation is that

dga = ® dOz[J] Z fqp ® Lyqua[j]. (14)

To see this, evaluate both sides at Y € g, where Y = 23:1 aq-Yy and note that ag = £;(Y'). Recall
that by definition,

dga(Y) =da(Y) — tyra(Y),

and clearly, da(Y) = p'(§)(Y) ® dag;), and lastly

d

(Z Ep'(€) © byp@ J]) Z &Y ) ® Ly Q4]
q=1

Z &Y Lyua 1

=p'(EY)® S envd] Ul

=p"(OY) @ tyrapj = tyz(Y),

where the third to last equation follows from

>0 = (Lariy ) - v

q=1

Thus we find that

(Y) = lyt Oé(Y),
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which implies (14). From (14) we can read of degrees. Namely,
deg[p’(§) @ dapy] =2i+ (j+1)=1+1,

and similarly
d .
deg lz ') @ LY:am] =2+ )+ (-1 =1+1,
g=1

and overall, deg[dga] = degar+ 1. O

Definition 5.1.6. Let (M,G) be a manifold with a (right) Lie group action G O M. The
equivariant deRham cohomology H&(M) of (M, G) is the cohomology of the equivariant deRham
complex

0800y BaL B .. BaoLony B ...

i.e.

_ Ker(dg : Q(M) — QL (M)

l .
He(M): Im(dg : Q5" — QL (M)

We briefly outline the algebraic topology approach to (known as the Borel construction of)
equivariant deRham cohomology. References for the following theorems are | 1 [ ]

Theorem 5.1.7. For any Lie group G, there exists a contractible topological space, denoted EG |
on which G acts freely.

The following theorem tells us that EG is unique up to homotopy equivalence.

Theorem 5.1.8. If Eq, Es are contractible, and G acts freely on them, then there exist G-
equivariant maps @1 : By — Ea, w2 1 Ey = Eq, and G-equivariant homotopies p1 o o3 = 1g,,
p20p1 = 1g,.

Definition 5.1.9. The classifying space of a Lie group is the quotient space
BG := EG/G.

Note again that BG is unique up to homotopy equivalence. Also, since the action of G on EGis
free, each fiber of the quotient w : EG — G is an orbit G - {Q} homeomorphic to G.

Example 5.1.10. If S = lim S§2k+1 the direct limit of odd dimensional spheres S2F+1 C Ck+1,

with respect to natural inclusions, then one can show that S is contractible, and S! acts freely
on it (acting on every S?*1). Thus, ES' = S, and

BS' = ES'/S' = hﬂ@]}”k =: CP*.

If the action G O M is not free, the quotient space M /G can be poorly behaved, but we would
like a way to talk about the (co)homology of M/G. Borel’s idea was to replace M by M x EG,
where G ©) M x EG through the diagonal action g (p,Q) = (p-g,97 ' - Q). Then

M xg EG := (M x EG)/G
is well behaved since the action of G on M x EG is free, and M = M x EG are homotopy equivalent.
Definition 5.1.11. The equivariant cohomology of M is defined as Hg(M) := H*(M xg EG).
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Note that H & (M) is well-defined with respect to any coefficient system R, i.e. we can define
fIé(M ,R) := H*(M xg EG,R) for any ring R. Equivariant deRham cohomology was defined
with respect to R and C (we really only defined it for the complex numbers, but restricting to real
differential forms, we can define it over the real numbers as well), and in this case, it turns out
that the two notions of equivariant cohomology are equivalent, as the following theorem tells us.
Let F be R or C, and let H%(M,F) denote the equivariant deRham cohomology over F.

Theorem 5.1.12 (Cartan, 1950). Let (M,G) be a compact smooth manifold with a Lie group
action G O M by a (compact) group. Then,

HS,(M,F) = H(M,F).

Let a : g — Q*(M) be a C*-equivariant differential form, let Y € g, and let a(Y")[;; denote
the part of a(Y) in @/ (M). If dga(Y') = 32, B(Y);), we have

BY)o) = —tyra(Y),
BY )y = da(Y)jo) — tysa(Y),

BY )y = da(Y )y — vyra(Y) 41,

BY )iy = da(Y ) m—1]s
where m = dim M.

Definition 5.1.13. Define equivariant integration of o € QF°(M) as the map [,, : QF°* —
S(@)% aw [, a, where ([}, a) (V) := [, a(Y)m), and where m = dim M.

Note that we have abused notation and that [,, &(Y )}, denotes ordinary integration. Some
authors use ¢ for equivariant integration, but we reserve this notation for later.
Observe that [, dga = 0 since

(f o) )= [ (oo = [ dlat¥)nes) =0,

where the last equality follows from Stokes’ theorem and the previous observation that (dga(Y))m) =
B(Y )m) = d(a(Y )m—1))- This observation tells us that equivariant integration descends to coho-
mology, and we get a well-defined map

/ CHE (M) — S(gh)©.
M

Example 5.1.14 (Equivariant cohomology of a point). This example demonstrates a major dif-
ference between H (M) and H®*(M). Let M = {pt}. Then for F either R or C, we have

{11«“, for j =0,

QI (M) =
(M) 0, forj>0.

We have

_ 1 _ (Sl/Q(g*))Gv l even,
() = D507 = {0’ Lo

The equivariant deRham complex is

098 50(g*)¢ 12 0% (51(g*))¢ L ols ...
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and we get

(5'2(g"))%, 1 even,

HL (pt) =
a(t) {o, ] odd.

People therefore write H&(pt) = (S*(g*))“. Note that this of course depends heavily on G. One
recovers ordinary cohomology when G is the trivial group.

Example 5.1.15. Consider the action of G = S! on itself, M = S!, by rotations. We compute
HS. (S 1) using the equivariant deRham model. One would expect that since the action is already
free, Hg,(S1) = H*(S'/S') — we return to this point later, and instead compute the equivariant
deRham cohomology explicitly.

First, observe that

I aly F1/2[¢] @ QO(SY), I even,
Qa5 )_{Wl-l)/?[g]@szl(sl), I odd,

where F is R or C. Consider first the case where [ > 1 is odd. Then oy € Q%,(S?) is closed if and
only if
dgay = —&p=V2(6) tpraqn) =0,

where ¢ € (Lie S')* and 0 € (Lie S') are standard bases. Thus dgov = 0 if and only if sy = 0
for apy) € Q1(S), where o) = f(0) df implies that vg:(f(0)d0) = f(0) = 0, and apy) = 0. Thus, if
«y is closed, we have oy = 0, and so

Hi(SY) =0,

when [ > 1 is odd.
Consider the case | > 2 even. Then oy € O, (S') is closed if and only if dga; = p'/?(¢) ®@dayjg =
0, which is equivalent to ajg € F being a constant or, in other words, that «; € F'/2[¢]. On the
other hand, a; € 0k, (S) is exact if and only if
ap = dgay_1 = —Ep=22(6) ® Lo Q1]

where dig:ay) = 0 since dﬁ = 0, and this implies that also tgscvy) € F is a constant. Thus, oy is
exact if and only if oy € FY/?[¢]. Hence,

HL. (SY) =0

foralll > 1.
Finally, for I = 0, ag € Qosl(Sl) is closed if and only if dgap = dajg) = 0, which holds if and
only if ag € F is constant. Since exact forms in Q%, (S*) are 0 € F, we get that

H2: (S") =F.
Overall, we observe that Hg, (S') = H*(S'/S') = H*(pt).

18th lecture, November 11th 2011

Recall, last time we saw H$, (S) = H*(S'/S') = H*(pt). Our basic observation is that this action
is free (and transitive). Generalizing this observation, we arrive at the following Proposition.

Proposition 5.1.16. If G O M locally freely, then the projection map © : M xg EG — M/G
induces an isomorphism

HY(M,F) = H*(M/G,TF)

for T either R or C. }
If G acts freely, then HA (M, R) = H*(M/G, R) for any coefficient ring R.

61



For a proof of this result, see | ] or | ] and [ ].
Note that if G acts locally freely but not freely, then the map induced by projection

7 H*(M/G,Z) — H&(M,7)

may fail to be an isomorphism. One example of this is the action S' © $% C C? given by
1 - (21,22) = (n21,1%22) (check).

Theorem 5.1.17 (Mayer—Vietoris). If U,V C (M,G) are G-invariant subsets such that M =
U° U Ve, then there is a long exact sequence

s HE (M) 5 BLU) @ HL(V) > BLUNV) S
where r,s,d are the usual Mayer—Vietoris maps.

The proof follows from the non-equivariant version; see e.g. | , - 58]

Example 5.1.18. Let G = S', M = 52, where S' O 82 by rotations about the z-axis. We
compute Hg, (5?) using Mayer—Vietoris. Let S, N € 5% be the south and north poles respectively,
and let Us := S%\ {N} and Uy := S? \ {S}. These are open S'-invariant subsets of S2. Note
that Ug N Un equivariantly retracts onto the equator Sg at z = 0, and the action S' O Sg is free.
Hence

Hg (Us NUN) = H$ (Sp) = H*(pt),
and HZ, (Us) = HS: ({S}) = Flés], HS ({N}) = F[€n]. Now Mayer—Vietoris implies that

This implies that Hj, (5?) = F'[¢s] ® F'[¢n]. We observe that s - {x = 0 in the ring structure to
get this 1dent1ﬁcat10n. Thus as a ring,

H5:(S?) 2 Flés, Enl/(Es - €n),
where (£s - &n) is the ideal generated by &g - .
We note the following properties of equivariant cohomology:

1. G-equivariant maps ¥ : M; — M induce pullbacks on equivariant differential forms and
cohomology, ¥* : Q% (M) — Q% (M;) and * : HA(Ms) — HE(My).

2. Let Rg := H*(BG) = Hg(pt) = (S°(g*))“. Then the map m, : M — pt induces an
Rg-module structure on Qg,(M) and Hg(M), so @, Q4(M) and @, HE (M) are graded
Rg-modules. Recall that the module structure is defined by (-,-) : Rg x Q&(M) — Q& (M)
by (¢, ) = 75 (p) A,

3. For ¢, : M1 — My, t € [0, 1], a G-equivariant homotopy, the induced maps ¢; : H&(M2) —
H¢.(My) are equivalent for all ¢ € [0, 1].

5.2 The Atiyah—Bott—Berline—Vergne theorem
Lemma 5.2.1. Let a € QL (M), 8 € Q&(M), and let |a| := 1, |B| := k denote degrees. Then,

(i) dg(a A B) = dg(a) A B+ (—1)1*la AdyB, and
(i) a A B = (=1)Plg A q.
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Proof. For a € Qla|(M), b € QIb|(M), we know that
d(a Ab) =daAb+ (=1)%a A db,
Lo(aAD) = tya Ab+ (—1)lala A b,

for v € T(TM), and a A b= (—1)lI!lp A a, for ordinary forms. Combining this with the fact that
if o = p'(&) ® apj) € QL (M), then (—1)! = (=1)7 since | = 2i + j, we get what we want. O

Proposition 5.2.2 (] ], Prop. 7.10). Let G be a compact Lie group and let o« € Map™ (g, Q*(M))
be equivariantly closed , i.e. dgov =0 (and note that we do not require o to be in Q5*(M)). Let

Y €gand MY = {pec M| Y*(p) =0} (which we do not necessarily assume to be discrete). Then
oY)y € Q™(M), m = dim M, is exact on M\ M.

Proof. Since G is compact, we can pick a G-invariant Riemannian metric on M, (-,-) € Sym? T*M.
Define 6 € Map™ (g, Q}(M)) by 0(Y)(-) = Y*,-). It is easy to see that § € QF,(M) since it is linear
in Y and is G-equivariant, i.e.

(g7 0)(Y)p(v) = 0(Y ) pg(g:0) = (Y, gu(vp)) = (92 (Ady Y)E, guvp)
= ((Ad, Y)fm Up)s

thus ¢g*0(Y) = 0(Ad, Y). Observe that 0y :=0(Y) € Q' (M) is non-zero on M \ MY forall Y € g
since ty10y = [|[Y¥]|2 £ 0 on M\ MY. Also, dg0(Y) = do(Y) — ||[Y*||> € Q*(M \ MY) is invertible.
Recall that in general, if C' is an algebra, n € C is nilpotent and ¢ € C any invertible element
commuting with n, then

(—c+n)'=—ct1-nfe)y'=—ct—c2n—c3n%— ..
is a finite sum and defines the inverse operation in C. Thus in our case, we have the finite sum

(dgf(Y)) ™" = = YVF[| 2 — IY*|~H(dO(Y)) — - = [[YF| 2D (@0(Y) — - € Q° (M \ M)

and satisfies (dg8(Y)) A (dgf(Y))™' = 1. Let dy :=d — ty+ : Q*(M) — Q*(M). Observe that for
any 8 € Q& (M) we have (dy8)(Y) =d,(5(Y)), and

dy (B(Y)) = (d35)(Y) = 0.

In particular, dy (a(Y)) = (dga)(Y) = 0 by assumption, so dyfy = dgf(Y) and d3.0y = d20(Y) =
0.
Observe that dy [dg0(Y)]~! = 0. This follows from

dy [dgf(Y) A (dgf(Y)) '] =dy1 =0
but on the other hand
Ay [dgB(Y) A (dg8(Y)) "] = dy dgf(¥') A (dg8(Y)) ™" % dgb(Y) A dy [dgb(Y)] "
= +d0(Y) Ady[dg60(Y)]H,
and multiplying by [dg0(Y)] ™! yields the claim. Let vy := 0y A [dg0(Y)]™' € Q*(M \ MY). Then
dyvy = dy0Y A[dg0(Y)] ™' = (dg0(Y)) A[dg0(Y)] ™ = 1.
Thus
dy(vy Na(Y)) =dyvy Aa(Y) vy Adya(Y) =dyvy Aa(Y) = a(Y).
Taking the top degree component of this equation, implies that

(Y )m) = d[(vy Aa(Y))m-1]-
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Note that the assumption that G is compact is necessary, as the following example from | ]
shows.

Example 5.2.3. Let M = S! x S1, G =R, and let 2,y € R/27Z be coordinates on M. Let R act
on M via the flow of the non-vanishing vector field Y = (2 + sin x)(%. Let

a(Y) = —(7Tcosx + sin(2x)) + (1 — 4sinz)dz A dy.
One verifies that dya(Y) =0, but

o 0= o0 = 0

and so a(Y')jg) is not exact.

This last proposition suggest that | oY), for dga = 0, depends only on the restriction of
a(Y) to the fixed point set MY .

We will study the case for MY finite. First, recall the definition of the isotropy representation
(Definition 3.2.7).

Lemma 5.2.4. Let G O M, v € T,)M, g € G such that p-g = p. Let exp, : T, — M be the

Riemannian exponential map for a G-invariant metric hg € Sym?T*M. Then
exp,,(v) - g = exp,(gv).
Proof. This follows by uniqueness of the map exp,, as follows: Let
Vg (t) 1= exp,(tv) - g.
Then clearly vy (0) = exp,(0) - g =p-g = p. Also

d . d
ah:ﬂg (t)= g*$|t=0 eXPp(tU) = gxV.

Since exp,, (tg«v) is the unique flow satisfying these two conditions, we see that v,(1) = exp,(v)-g =
exp(gsv).
Recall Proposition 3.2.8:

Proposition 5.2.5. Let hg € Sym®> T*M be a G-invariant Riemannian metric on (M,G). Let
exp, : TpyM — M defined by hg. Then for any p € MY, Y € g, we have that v € ker(L,(Y)) if
and only if exp,(v) € MY .

Proof. Let q = exp,(v) for v € T,M, p € MY . Let ¢, : M — M be the flow

¢i(q) = q - exp(tY) = exp,(v) - exp(tY) = exp,((exptY),v).
Then

¥f = Lleco(00(0)) = < leolexp(exp(t¥).v)]

d
= L) ofexp(t).0]
since dexp, |v = 11, under the identification T, 7,M = T, M. Let © € I'(T'M) be a vector field
with 9, = v. Then 0,_,(,) = U, = v since p;(p) = p-exp(tY) =pforall t € (—¢,¢), p € MY . So,

d d -
vi= %|t:0[exp(ty)*v] = £|t:0[(80t)*%_t(p)]

= (Ly:0)p = Lp(Y)(v).

Thus, for p € MY, we have v € ker L,(Y) if and only if Yqti = L,(Y)(v) = 0 which holds if and
only if ¢ = exp,,(v) is in MY, O

64



19th lecture, November 14th 2011

A corollary to Proposition 5.2.5 is the following;:
Corollary 5.2.6. A fized point p € MY is isolated if and only if L,(Y') is invertible.

Proof. Assume that L,(Y") is not invertible. Then there exists 0 # v € ker L,(Y"), and in fact,
0 # tv € ker L,(Y) for ¢ € (—e,e). By Proposition 5.2.5, exp,(tv) € MY for t € (—¢,e). For any
open neighbourhood U, of p = exp,,(0), there exists ¢y € (—¢,¢) such that exp,(tov) € U,. This
means that p can not be isolated.

If p e MY is not isolated, there exists a sequence q; € MY, j € N, such that lim; . q; = p.
Choosing a small enough open neighbourhood V), containing p, we know exp,, : Wy — V,, Wy C
T,M, is a local diffeomorphism. Then for ¢ € V,, N MY # (), there exists 0 # v, € T,M such that
q = exp,(vq). By Proposition 5.2.5, v, € ker L,(Y'), and L,(Y’) is not invertible. O

Recall that L,(Y) is skew-symmetric with respect to a G-invariant metric hg, i.e.
ha(Ly(Y)v, w) = —ha (v, Ly(Y)w)

for all v,w € T,M. If p € MY, then since L,(Y) is invertible and skew-symmetric, dim M = m =
2n must be even. Let {e1,...,e,} be an oriented hg-orthogonal basis of T, M such that

Ly(Y)eai—1 = —Aieai,  Lp(Y)ea = Njeai—1, (15)

for \; € R*9, 1 <4 < n. That is, in these coordinates,
0 A1
(0%
0 An
o ()

Let @ = (21,...,Zm) = T1€1 + +** + Tpmepm be a coordinate system on T, M. Consider Y*(x) with
respect to this coordinate system, i.e.

LP(Y) =

Y¥(z) = (e){pgl)*Yjj

q>

where ¢ = exp,,(x). Observe that
f -1y 4 1y 4
Vi) = (expp ). Hucoloe(@)] = (ex05 e ooy - exp, ()]

_1, d _ d
= (exp, 1)*£\t:o[expp((exp tY).z)] = (exp,, 1)*(expp)*£It:o[exp(tY)*x}»
where the third step follows from a previous lemma. In particular Y#(z) is linear in x € T, M.
Write
Yi(a) = 3 (o)
8:@

=1

for some linear functions l; : T,M — R. We want to compute [;(x). To do this, we use that
(Ly19)o = [Y*,0]|o = Lo(Y)(v) for & € T(T, M) such that 9|y = v. Consider 9; := 8%1- and identify
@lo = €;.

By (15), and since Yjﬁ(O) = 0, the formula for the Lie bracket gives

Y Dol =

Jik

) #
1@”(3/)W(O> - (U2i1>j(0)g?;(0) ek

oY}
O0x2;—1

(0)‘| € — Lo(Y)@Qifl = —)\iegi.
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Thus
oY}
O0x2i—1
Y,
Orai_1

0)=0, k= 2i,

0) = \i.

Similarly, one finds that
oY}

81'22'
Y,y
0oy

(0)=0, k#2i—1,

(0) = —A,.

Observe that these relations imply that

2%_Q JA2%—1,
#
% 0) = A,
ag%jl (0)=0, j#2i,
oY
i;%mz—M

Since Ykﬁ(x) = l(x) is linear in z, these relations imply that

lpi(x) = Nixai—1,  loi—1(w) = =Ny,
i.e.
0 0 ) 9
Viz) = A |21 — — 2o | 4+ Ao | T o
() = A [1‘1 O T2 axl} + + A |:JC 1axm T o

Definition 5.2.7. Let Us = {U,};co be a G-invariant open cover of (M,G). A G-invariant
partition of unity subordinate to Ug is an ordinary partition of unity subordinate to Ug, {¢;}jco,
where the functions ¢; : U; — [0, 1] are G-invariant, i.e. ;(p-g) = ¢;(p) for all p € U;, g € G,
jeo.

The proof of the following Lemma is a non-trivial argument. See [ , Cor. B.3.3] and
note that it is a corollary of the slice theorem.

Lemma 5.2.8. Let G O M be a proper group action of a Lie group G on a smooth manifold M.
Then for any G-invariant open cover U, there exists a G-invariant partition of unity subordinate
to that cover.

One of the key parts of the proof of the Berline-Vergne theorem is the following: For Y € g,
we construct a 1-form, Qy € QY(M), with the following properties:

d3Qy =0, 1y:Qy #0. (16)

Recall here that dy := d — tys : Q° — Q°(M) and for B € Q*(M), we have d23 = Ly:3. In
particular, the latter will vanish for invariant forms 5. Also, recall from the proof of a previous
proposition that ty:3 # 0 implied that dy 3 is invertible in Q®(M \ M?Y) in the sense that

(dyB) ™ = —(oys )" = (tysB) 2(dy B) — - = ()" (dy B)' — - € Q*(M\ MY
is well-defined and (dy8) A (dy8)~! = 1.
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Proposition 5.2.9. Let a € Map™(g,Q*(M)) be equivariantly closed, i.e. dga = 0 (but not
necessarily in Qg *(M)). For any 8 € Q' (M) satisfying (16), i.e. d3B =0, ty:3 0, let vy =
BA(dyB)~t € Q2 (M\ MY). Then a(Y )y = d[(vy Aa(Y))m—1)] on M\ MY

The proof of this is exactly the same as that of Propostion 5.2.2. Before we construct Qy, we
construct forms O, € Q1(U,,) for each p € MY, where U,, are G-invariant opens sets containing p.
We view U, as subsets of T),M via exp,, : T, M — M. The forms are defined explicitly by

o = M zidry — zoday] + -+ X am o 1dTm — T dTy, ).
Claim 5.2.10. These forms satisfy (16), i.e. (a) d3-Q% =0 and (b) 1y+Qf # 0.
Proof. (a) Since d3Q, = —Ly+Q}., we can calculate
Lys Q0 = tysd D + duys O
directly. Observe that it suffices to consider the restriction of 3}, to, say, the z;-zo-plane. Then

diy: Q) = d[L(zlaifz%L)(mld@ — xodxy)] = d[x? + 23] = 2x1dxy + 229ds,
wo ]

and on the other hand

Ly dQP = Lo = o )d[xldatg — odr] 2dxy A dxs] = —2x1dxy + 2x0dxs,

—T2 707 - L(ﬂﬁl%_“%)[
so overall, £y:Qf}. = 0.
b) We saw above that, restricted to the xi-zo-plane, ty:Qf = 22 4+ 22. In general, 1y:Q =
Y 1 2 Y
S a? # 0 for x # 0. O

For fixed Y € g, let 0y (-) := (Y*%,-) € QY(M) for any G-invariant (, ) € Sym® T*M. Then as we
have seen, ty:0y > 0 on M\ MY and di 0y, i.e. Oy satisfies (16). Let Ug = {Up, M \ M* } e prv
be a finite open G-invariant cover of M, where U, are the G-invariant open sets associated to the
forms QF, above. Let {¢p, ¢},env be a G-invariant partition of unity, subordinate to Ug. Define
the global form

Qy=p-Oy+ > o, B €Q'(M).
peEMY

Claim 5.2.11. The form Qy satisfies (16).

This follows from the facts that 0y and € satisfy (16) and that ¢, ¢, are G-invariant. Also,
one uses that Ly:(a Ab) = (Lyi(a)) Ab+a A (Ly:(b)).

By definition of partitions of unity, we know that suppp C M \ MY . Since MY is assumed to
be finite, we can find € > 0 such that B.(p) Nsupp ¢ = () for all p € MY, where B.(p) = {z € U, |
Joll? < e} and [la]? = ¥ 2.

Thus, Qv g, () = 5|5, (p), and we have a nice explicit description of Qy near p € MY,

Theorem 5.2.12 (Atiyah—Bott—Berline-Vergne). Let G be a compact Lie group acting on a smooth
oriented compact manifold M, and let o € Map™ (g, Q*(M)) be any equivariantly closed differential
form on M, i.e. dga =0 (but not necessarily in Qg"*(M)). Let Y € g such that MY is isolated.
Then

V) = (o) a(Y)o)(p)
/M )= 20" X Bz, )

pEMY

where dim M = m = 2n, and oY ))(p) denotes the value of the function a(Y)o at p € M.

67



Proof. First, observe that since Qy € Q(M) satisfies (16), if vy 1= Qy A(dyQy) ! € Q*(M\MY),

we may write

B

Write S.(p) = {z € U, | ||z||> = ¢ = —0B:(p), where the sign comes from exchanging the interior
for exterior orientation of S:(p). Then by our previous results and by Stokes’ theorem, we have

Q Y
/ a(Y): :/ a(Y)pm = lim a(Y)pm = lim d l<m> ]
M M 20T MU, v Be() e 0TI,y Be() dyQy /ey

lim {Qp A o )}
, e—0t dy QP -
Recall that
(dy ) sey =~ = e (AR) — H(dDR)? — -+ — V(AR )",
This means that
[W] [s.) = —& "oV 2y A (d25)" Zeﬂ " A oY)z A (dQY)" T
Y3y Jm—)

Observe that, when we integrate and take € — 0, the only term to survive is the first one. Make a
change of variables # := ¢~'/2z so that ||Z|| = 1 on S.(p). Then since

Qf/(l‘) = Z )\j_l[mgj_ld"ﬂgj - l‘gjdxgj_l],
Jj=1

we see that Q. (z) = £QF. (%) and so
OF () A (dQ (2))" = e"QF() A (A (2))"
Let a(Y)fy;(2) := a(Y)(g (). Then

—7"a(Y )y (2) 2 () A (d (2))" 7 = —a(Y)fy (2)Q(2) A (dQF(2))"
Changing variables in the integral yields

| ot 3 [, AW @IO% @) A @ @)

> a(Y)[o](P)/S ( )Q’{//\(dgg)n—l

peEMY

since lim, o+ a(Y)fO] (7) = a(Y)[g)(p). Now by Stokes’ theorem,

[ oepnaogpyrt= [ aeg naegr= [ aogr,
S1(p) Bi(p) Bi(p)

where (dQ)Y)" = (=2)"n!(AMAg -+ A) “tday A - -+ Aday,. We find that

—N"n! _9\ny|
/ (ng)n:M/ dml/\"'/\dl‘n:MVOIQn(Bl(p))y
Bi1(p) (H?:l )\J) Bi(p)

(H?:l )‘j)

where in general, Vol2n(B;(p)) = %7: Since Pf(L,(Y)) = H;‘L:1 Aj, we get
_ (o a(Y))(p)
fyot0 =2 3 Sy

peEM
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This Atiyah—Bott—Berline—Vergne localization theorem is quite more general than the Duistermaat—
Heckmann theorem. We will now see how the Duistermaat—Heckmann theorem as a corollary.

Theorem 5.2.13 (| ], Theorem 4.1). Let (M,w,G,u) by a compact Hamiltonian G-space
with compact Lie group G, and let dim M = m = 2n. Assume that Y € g such that MY consists
of isolated points. Then

o= () ¥ sy
peEMY p
where B = w™/nl.
Proof. Apply the Atiyah—Bott—Berline-Vergne localitzation theorem to
aY) = et +w) ¢ Map® (g, Q°(M)).
All we need to check is that dg(e“(”y“’)) = 0. It is easy to see that
(")) = itdg (1 + w)et ),

using that

(itw)™

pit(n” +w) _ eit,uY(l Fitw 4+ —

).

Recall that we our original motivation for defining dy as we did, was to ensure that dg(p¥ +w) =
0. Working back, we see that this holds by the definition of dg, using moment map condition,
dpY = tysw, and that dw = 0. Observe that

/ eituyﬁ _ (it)_n/ eit(uy+w)7
M M

. Y X
it fw) (it)"e”“yﬁ. By the Atiyah-Bott—Berline—Vergne theorem, we have

since €[]

; N — ; N — Y) 0] (p)
eztuyﬁ — (Zt n/ ezt(uy-i-w) = (i)~ (=27 a( [
/. " 720" 2 B, v)
(Qm‘)” Z eitn” (p)
t Sy Pf(L,(Y))
where a(Y)(g(p) = it +e) (p) = eitn” @), O

[0]

Of course, a lot of more went into the original proof of the Duistermaat—Heckmann theorem,
where we applied stationary phase, which is far more general, and it was clear from that proof
when the higher order terms vanished, which is not the case for the above proof. The original one
is more useful for working with path integrals perturbatively.

5.3 The equivariant Euler class

Next, we study a generalized localization formula, due to Berline and Vergne, that extends to the
case of a non-isolated fixed point set. To do so, we need to introduce the equivariant Euler class.
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Definition 5.3.1. Let F < £ 5 M be a fibre bundle over a smooth manifold M, and let G be
a Lie group. We say that (£, M, F, ) (or just write &) is a G-equivariant fibre bundle if G acts
smoothly on both £ and M (on the right), such that 7 : £ — M is G-equivariant, i.e.

m(q-g) =7(q) -9,

forallge £, g € G.
If £ =V is a vector bundle, we require that the induced action on fibres is linear and call £ a
G-equivariant vector bundle . We let g€ : Ep — &p.4 denote the fibre map.

Recall that G acts on sections s € I'(M, &) by
(s-9)(q) :==s(g-g7") - ¢°
We denote by /Jf, , for Y € g, the corresponding infinitesimal action on T'(M, &),
EEs = i\t_o[s -exp(tY)].
dt’™
Example 5.3.2. If G O M and £ = TM, then for o € T'(T'M),
LY (3) = Lyt = [Y*, 9]
is the usual Lie derivative.

Example 5.3.3. If £ = T*M, then for a € ['(T*M), L§ () = Ly« is the Lie derivative. Recall
that the induced action on T*M from an action on M is the cotangent lift

(T*9)(@)g(v) = o ((Tg~" o),

where v € TyM, « € Ty M, g=p-g, and Tg~" := (g7 ). : T;M — T, M (note that, originally, we
defined the cotangent lift using not Tg~! but T'g).

Example 5.3.4. Consider £ = A*T*M ® V, where V is a G-equivariant vector bundle over M.
The action of G on A*T*M is defined as follows: For g € /\i,T*M and v1 A---Avp € /\fITM, g € G,
let

(B 9)q(vr A= Awr) = Bp((Tg™or A=+ A(Tg™ ur),

where ¢ = p - g. For an element Q@ w € A*T*M @V, then (BQw)-g:=(8-9) ® (w- g) gives an
action on A*T*M ® V. As above, we get an induced action on sections, G O T'(M,A*T*M ® V).

Definition 5.3.5. Given a smooth manifold M and a vector bundle V over M, the V-valued or
twisted differential forms are defined as

Q*(M,V) :=T(M,A\*T*M @ V).

Definition 5.3.6. A covariant derivative or connection on a vector bundle V over a smooth
manifold M is a differential operator

V QUM V) — QY M, V)
satisfying the Leibniz rule: For s € Q°(M,V), f € C>(M),
V(fs)=df ® s+ fVs.
We also use the same symbol V to denote the unique extension of this operator to the map
V QN (M, V) — QY M, V),
satisfying the Leibniz rule: For a € QY{(M), B € Q*(M, V),
V(aAB)=danB+ (1) anVEB.
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Recall that the curvature of a covariant derivative V is the End(V)-valued 2-form on M defined
by

F(wlaw2) = [vw17vw2] - v[whwz]

for wy,wy € T(TM). Recall that V2a = F A « for a € Q°(M,V). We abuse notation and write
V2 = F. We have analogous notions in the equivariant setting. From now on, write Qg = ano.

Definition 5.3.7. If V is a G-equivariant vector bundle over a smooth manifold M, the space of
equivariant differential forms with values in V is the space

0% (M, V) = (S(g") © Q* (M, V)¢
with Ny-grading defined analagously to that on Q% (M).
Recall that for a € S(g*) ® Q°(M, V), the G-action is defined as

(- g)(Y) := [a(Ady V)] - g.
If V = M x C, then this action reduces to the usual action of G on Qg (M),
(a-g)(Y) = (97" a(Ad, Y).

Also, for a = p'(§)®ay;) € S (g*) @V (M, V), let deg ov := 2i+j, where Q7 (M, V) = D(M,NT*M®
V).

Definition 5.3.8. A G-invariant covariant derivative or connection is an ordinary connection
V:Q*(M,V) = Q*TY(M,V) that commutes with the G-action on Q°*(M, V), i.e.

V(a-g) = (Va) -y,
for all a € Q*(M, V), g € G.

Note that given a connection V (which always exists), and a compact Lie group G, we can
construct a G-invariant connection

Va = / V(a-g) g tdG,
e]

where dG denotes Haar measure on G.

Definition 5.3.9. Given a G-invariant connection V, the equivariant connection Vg , defined by
V, is the operator on S(g*) ® Q*(M,V) defined by

(Vaa)(Y) := (V = tyz)a(Y),
for Y € g.

Note that V, satisfies the Leibniz rule: For a € S(g*) ® Q*(M), § € S(g*) ® Q*(M,V), we
have

Vala A B) = (dga) A B+ (=1)lla A (V,45).
Also, one can show that V4 : Q%(M,V) = Q&(M,V), so V4 preserves G-equivariance.

Definition 5.3.10. The equivariant curvature of an equivariant connection V is defined to be
Fy(Y) = Vy(Y)* + L,

for Y € g, where Vy(Y) :=V — 1yz.
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Proposition 5.3.11. The equivariant curvature Fy acts on Q% (M, V) as an element of Q% (M, End(V))
and satisfies the equivariant Bianchi identity

VoFy = 0.

For a proof of this, see [ , Proposition 7.4]. Note that for § € Q% (M,End(V)), we have
Vg0 € Q8(M,End(V)), where V6 = [V, 0] and

V@ ANB:=Vg(0NB)—O0ANVyB

for 8 € Qg (M, V). The equivariant curvature Fyy acts on Qg,(M, V) as an element of Qg, (M, End(V))
as for any a € Q¢ (M, V), we have Fya = Fy A for a particular Fy € Qg(M,End(V)). We abuse
notation and write Fy for Fy.

Example 5.3.12. We may justify the formula Fy(Y) = V4(Y)?+ L} by considering the case when
VYV =M x C, and V = d is the ordinary deRham operator. Then Vy = dg, V4(Y) = dy = d — 1y,
so that d2. = —Lys. Also, LY = Ly+ as we saw before. Hence

Fy(Y)=Vy(Y)? + LY = —Lys + Lys = 0.

21st lecture, November 21st 2011
Continuing from last time, we find
Fo(Y)= (V= tys)* + LY = F — (1y:V + Viys) + LY
= F — iy, V] + Vy.

Definition 5.3.13. The moment (relative to a G-invariant connection V) is the element of
Q%,(M,End(V)) which at Y € g is given by

u(Y) = LY — [iy+, V).

Note that it makes sense to call this the moment as in special cases, that we will not consider,
it reduces to a moment map. Observe also that

Fy(Y) = F + pu(Y).

The reason for going through all of this was to construct the equivariant Euler class. We recall the
definition of the Berezin operator.

Definition 5.3.14. Let V be an oriented Euclidean space of dimension m. The Berezin operator
is the map Br : A*V — R such that if 3 € A'V, for [ < m, then Br(3) =0, and if {e1,...,e,} is a
positively oriented orthonormal basis of V', then

Br(c-eg A+ Aey) =g,
for any ¢ € R.
Definition 5.3.15. The Pfaffian of an element 3 € A2V is the number

2 8" i -
Pf(53) := Br(exp(8)) = Br(1 + 8 + [i' +o) = {Br (n‘) , if m=2n, .
2! 0, otherwise

Recall that we can define the Pfaffian of an element A € so(V') = Lie(SO(V)), where we view
A as determining an anti-symmetric bilinear form on V' via 54 := > ei, Aejler ANej € A2V
We then define

i<j<
PE(8) = PE(84).
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We can compute Pf(A) for A € so(V), dimV = m = 2n, by choosing an oriented orthonormal
basis E = {e1,...,em} of V such that A has the form

0 M
(0%~ o

for \; e R, 1 <i<n. Then
Ba=XMegNea+ -+ Anen_1 Aen,

and Pf(A) = H;.lzl A;j. Clearly, Pf(A)? = det A.
Recall, a connection V is compatible with a metric (, ) € Sym? V* | for an oriented vector
bundle V — M, if for any two sections wq,ws € T'(V), we have

d<11)1, w2> = <V’LU1,’LU2> + <’LU1, ng)

For a real G-equivariant oriented vector bundle V — M, one can use a G-invariant metric (, ) €
Sym? V*, and a compatible G-invariant connection V (which always exists) to show that the
associated p(Y) satisfies

(n(Y)wr,we) = —(wr, p(Y)wa),
and the curvature F = V2 satisfies
(F(v1, v2)wr, we) = —(wr, F'(v1, v2)wa),

for any wy,ws € T'(V), v1,v2 € T(TM). So overall, u(Y) € Q% (M,s0(V)) and F € Q%(M,s0(V)).
Thus Fy(Y) = F 4+ p(Y) € Q& (M,s0(V)). Viewing the Pfaffian as a map Pf : Q& (M, s0(V)) —

Definition 5.3.16. The equivariant Euler form is defined as
Xy (Y) = PE(E(Y)) € Qg (M).

Fact 5.3.17. The equivariant Euler form X}; s equivariantly closed, i.e. ngg = 0, and its
cohomology class does not depend on the choice of connection V or the metric of V, but only on
the orientation of V. See Theorem 7.7 of [ | for an argument that can be extended analogously
to this case.

5.4 Generalized localization

Proposition 5.4.1. FizY € g, and let MY be the set of zeroes of Y* in M. Then MY is a union
of disjoint connected components that are submanifolds of M and of possibly different dimensions.
The normal bundle N over any connected component is an orientable vector bundle (see [ ]
for a definition, one is that its determinant line bundle has a non-zero global section) with even
dimensional fibers.

Proof. Choose a G-invariant Riemannian metric hg on (M, G), and recall by a previous proposition
that, if exp,, : T, M — M denotes the Riemannian exponential map for h¢, then v € ker(L,(Y)) if
and only if expp(v) € MY for Y € g. Since exp, : 1T, M — M is a diffeomorphism near p, we see
that exp,, : ker(L,(Y)) = M defines a manifold structure on MY

Using hg, we may identify N, = (T,MY)+ C T,M, so we can write T,M = N, & T,M?.
Observe that L,(Y) : N, = N, is an isomorphism and it must also be anti-symmetric be previous
observations. By basic linear algebra, A, must be even dimensional.
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It is straightforward to show that the weights ¢y, ;(Y) = A; are the same for any points p and ¢ in
the same connected component of MY : Namely, let p,q € MY be in the same connected component
C of MY. Assuming that exp, : Ker(L,(Y)) — C is onto (which is probably not necessary), let
v € ker(L,(Y')), such that ¢ = exp,(v). Define S, : T,M — T,M by S,(w) = v +w =: w,. Then
if S, : MY — MY is defined by S, = exp, 05, © exp;l, SO S'w(p) =gqand w = dgv(ﬂ)) (since
dS, =1). Then

Ly(Y)(8) = & emo(exp(t¥ )oi) = L lezolexp(t) )uw) = Ly(Y)(w),

so under this identification, the isotropy representations are identified, and in particular the weights
agree. We may therefore define an orientation on A by requiring that Pf(L,(Y)|x;,) > 0. O

Let tk(N) : MY — Ny be the locally constant function that gives the codimension of each
connected component. Let

gy ={Y eg|[Y,Y]=0}
be the centralizer of Y € g, and let Gy be the connected Lie subgroup of G generated by gy .
Proposition 5.4.2. The subgroup Gy preserves MY and acts on N
Proof. We only need to show that
1. exp(Y): MY — MY for Y € gy, and that
2. exp(Y)s : N = N.

For the first claim, let ¢ = p-exp(Y) € MY. Fix p € MY and let ¢ = exp,(v) € MY for some
v € ker L,(Y). We want to show that ¢ - exp(Y) € MY . By a previous lemma,

q-exp(Y) = exp, (v) - exp(Y) = exp,, (exp(¥).v),
and thus by a previous lemma, if we can show that exp(Y),v € ker L,(Y), we obtain that g -
exp(Y) € MY. Consider
. d .
L,(Y)(exp(Y)4v) = %h:o[exp(tY)* exp(Y).v]

and notice that, since [Y,Y] = 0,
exp(tY), exp(Y). = (exp(Y) exp(tY)), = (exp(tY) - exp(Y)). = exp(Y ), exp(tY),.
Thus,

Ly(Y)(exp(Y)v) = [exp(Y). exp(tY).v] = exp(Y). It o[exp(tY).]

=1
¢’

= exp(Y)«[Lp(Y)(v)] = 0,
since v € ker L,(Y') by assumption.

For the second part, recall that for ¢ € MY, we have w € N, if and only if L,(Y)w # 0. This
follows since w € T, MY if and only if w € ker L,(Y") and T, MY ﬂ./\/ ={0}. Let g =p- expp(Y)

MY and w = exp(Y).v, for v € N,. By the above observation, v € A, if and only if L,(Y)v # 0.
Using again that [Y,Y] = 0, we ﬁnd that

d d ~
LoV )0 = o ofexp(t¥).u] = & olexp(ty). exp(F).o]
d ~
o —[exp(tY),v] = exp(Y ). Lp(v).
Since exp(Y), is invertible, and L, (Y )v # 0, we have Ly(Y)w # 0, so w € N. O

= exp(Y),
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Choose a Gy-invariant metric on A, and a compatible Gy-invariant connection V~ on N
Given Y € gy, define

V?}f = [Lf/ﬁav/\/’]a
and recall that ;v Q% (M,End(N)) is defined by

for Y € oy Briefly going back to the case Y = Y, we know that Y* vanishes on MY, so that
N (Y) = LY, and recalling the definition of £3, for p € MY we have ¥ (Y)|, = L,(Y )\N which

is an 1nvert1ble linear transformation on N. Consider the Gy-equivariant Euler class Xg V) =

Pf(FN( )) € Q&(MY). Recall that we chose an orientation on A by requiring Pf(L,(Y)|x;,) > 0.
Observe then that

Xpn (V)ljo) = PE(N (Y)) #0
for Y sufficiently close to Y, since 1V (Y) is invertible.

Theorem 5.4.3 (] ], Thm. 7.13). Let G be a compact Lie group that acts on a compact
oriented smooth manifold M and o € Map™(g,Q*(M)) equivariantly closed, i.e. dga = 0 (and
as usual, a is not necessarily in Q%(M)). Let Y € g, let MY denote the zeroes of Y* in M, and
let N be the normal bundle of MY in M. Choose an orientation N as above. Then for Y € gy
sufficiently close to Y, we have

alY) = )Tk /2 a(Y)
/M ) /MY( 2n) ng(Y)7

where Xﬁ(/ is the equivariant Euler form of the normal bundle. Here, implicitly, fMy denotes the
sum of integrals over components of MY . In particular,

_ T 2 OZ(Y)
/M oY) = /MY(‘%) O e ) + V)

where FN € Q%,(MY s0(N)) is the curvature of N

We will not prove the theorem in detail but only give some idea about, why a localization
should exist.

22nd lecture, November 25th 2011

In the case that MY consists of isolated points, we have LV (Y)|, = L,(Y), FN = 0, and
(tk(NV))(p) = m = 2n for each p € MY. Also, since MY is O-dimensional, we have f a(Y)
a(Y)jo(p), and overall we recover the formula,
/ [01 (p)
a(Y) Z
M peEMY Pf )
Sketch of proof of Theorem 5.4.3. We follow the basic idea of | 1, 1 ] and | ]. Choose

any 0 € Q%,(M) such that 6(Y) € Q' (M) and satisfying ty+(6(Y)) = 0 if and only if Y* = 0. For
example, we can choose 6 : g — Q°(M) linaer in Y, and in fact defined by a G-invariant metric
(,) €Sym*T*M, i.e. define O(Y)(-) := (Y% .).

We have already seen that 6 € Q2,(M) in Proposition 5.2.2. Observe that if « € Map™ (Q°®(M))
is equivariantly closed, dgo = 0, then

/M aY) = /M a(Y) A etdaf(Y) (17)
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for all + € R. This follows since a(Y) A [e!%?(Y) — 1] is equivariantly exact. To see this, write

dg0(Y))*

t2
95000 1 aag(y) + OO sy

for some 8 € Q& (Y). Then
a(Y) A%’ 1] = a(Y) AdgB(Y) = dg(a A B)(Y),
and hence

/a(Y) A [etda ) 1) = 0,

which implies (17). Now, write
t(dO(Y))?
/ a(Y) = / OC(Y) A ethO(Y) = / a(Y)e_tHYn||2 Z M
M M M = 4!

Already at this step, we see that integral localizes somehow to a fixed point set. I.e. taking the
limit ¢ — oo, we see that the integral reduces to contributions from p € MY. That is,

/M aY)= > R,

CCMY

for some local contributions F}, where C; are the connected components of MY . A careful analysis
will show that

_ T 2 Oé(Y)
E‘L“%”vawww+Fw'

6 Non-abelian localization

6.1 Motivation from physics — electromagnetism

Let X = R3, and identify R* = R x X, so that (¢,z) € R?* is naturally thought of as ¢ being time
and x being spatial position. Let V' C X be a compact 3-manifold with boundary 0V, say V a
ball. Let D C X be a compact 2-manifold with boundary 0D, say D a disk. Let i; : X - R x X
be the inclusion map x + (t,2), and define i} := i;|y, and i? = i;|p.

Given a € Q°(R*), we view [, o and [, a as functions of time and define

o (o[

:= F101 + E205 + E303 € F(TR4),
:= B101 + B0y + B303 € F(TR4)7

and similarly for V. Let
E
B

where B;, E; € Q°(R?Y), 9; = 82“ where {z!, 22,23} are standard coordinates on X = R3, so any

p € R* is expressed as p = (t,z!, 2%, 23), for some ¢,2° € R, 1 <7 < 3.

Definition 6.1.1. The vector fields E, B are called the electric and magnetic fields respectively
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Let § = (dz')? 4 (dz?)? + (dz?)? € Sym? T* X be the Euclidean metric on X. Recall the Hodge
star operator defined with respect to g,

F:0N(X,R) — Q*HX,R),

defined as follows: For {01, 02,03} is a positively oriented orthonormal basis for § at any = € X, §
induces the isomorphism b : TX — T*X via 0; — ¢(0;,-) = dz’. Let b : A'TX — A'T* X, and let
f: A'T*M — A'TM be the induced musical isomorphisms.
Let v = v, := do' A d2z? A dx® denote the volume element at x € X. Then for a, 8 € Q'(X,R),
we define %3 € Q3~!(X) by
aNFf = (a, BV,

where (o, 8)5 1= B(fa) = a(§B). For example, if 8 = da!, a = oydx’ := Z?Zl a;dx?, then

a A Fdx' = agdzt Ada? A B,

This implies in particular that %dz' = da? A da?, %dz® = —dz® A dz' and %da?® = dz' A da?.
To formula Maxwell’s equations, it is useful to identify E, B € I'(TR*) with differential forms
on R*.

Definition 6.1.2. Define
E =b(E) = Eida' + Eda? + Esda® € Q' (R, R),
B = %(bB) = Byda® A da® + Byda® A da' 4+ Bsda! A da® € Q2(R%,R),

which we will still refer to as the electric and magnetic fields respectively. Define the electric charge
density by

p = pdxt AN da? A xd € Q3(RY),
where p € Q°(R*), and define the electric current density by
j = jidxa Ada® + jada® A dat + jadat A da? € QF(RY).

Example 6.1.3. We will take our convention to be such that charge flows in the direction of
protons. Since protons are taken to have positive charge, we take charge flow to be in direction of
positive charge. The right hand rule tells which direction the B fields point (see Fig. 6). Here, j
has magnitude the average charge per second through a given point.

Magnetic field
out of page charge flow

Magnetic field
into page

Figure 6: Protons moving in a wire
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We write p for the average charge per unit volume. Recall that charge can be measured in
Coulomb, C. If e™ denotes protons and e~ electrons, then approximately, the charge of e™ and e~
is 1.602-10~19C. Maxwell’s equations are usually stated with some constants, g, 110, co, that is, the
electric permittivity, magnetric permeability, and the speed of light (all in free space) respectively.
Recall that ¢y = 1/,/Egfio. In SI units,

x8.854-107*2C% . N~!1.m™1,
po =4m-107"N -s2. C2,
c~2.998-10%m/s.

Q

€o

We choose units so that g = pug = cg = 1. Maxwell’s equations can now be stated as follows: The
first one is Gauss’ magnetic law,

/WB:O, (18)

which can be interpreted as saying that there are no magnetic monopoles. The second one is
Faraday’s law,

d
g=-% [ B 19
/8D dt Jp (19)

which says that changing the magnetic field induces an electric field. The third one is Gauss’

electric law,
/%Ez/@ (20)
av 1%

which says that the total electric charge in V' is the total electric flux over 0V. The fourth one is
Ampere’s law with Maxwell’s correction,

/B=/j+ﬂ iE, (21)
aD D dt Jp

which says that changing electric fields will generate magnetic fields. Equations (18) and (19) are
called the homogeneous Maxwell equations, and equations (20) and (21) are called the inhomoge-
neous Maxwell equations. Using Stokes’ theorem, we may also write the equations as

d*E = p, dB =0,
~ 0 ~ 0
dE=——B, dB=j+ —(%F
5D I+ 5 (5B,
where d denotes exterior derivative on X = R3. Observe that the first equation implies that B = da
by the Poincaré lemma on X, for some a := Apdat + Agdz? + Azda® € QL (R*). Also, the second
one implies that £ = —%a + dip for some p € Q°(R*). Let Ag := .

Definition 6.1.4. Define the electromagnetic gauge potential A := A,dz* € Q*(R*), 0 < pu < 3.
We call ¢ = Ag the electric potential and a = Z§=1 A;dx® the magnetic potential . Also, define
electromagnetic gauge current density J := p+jAdt € Q3(R*) and Fy := dA = EAdt+B € Q*(R*)
the electromagnetic field strength .

Clearly, dF'4 = 0 (which we can view as an incarnation of the Bianchi identity) if and only if the
first two of Maxwell’s equations hold, and d* F4 = J is equivalent to the last two of the equations.
Here d is exterior derivative on R*, and x : QF(R*) — Q*~k(R*%), relative to the Minkowski metric
on R*.
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These equations describe all of classical electromagnetism, and we can solve for E, B in F)y =
E Adt + B for given p, j. Indeed, F4 contains all the physics and as a matrix,

0 —-E, —Ey —Ej
E, 0 By -B
E, -By 0 B
Es By —-B 0

[FA]W =

Recall that there was some ambiguity in the choice of A, but observe that if A’ = A+ di for some
1 € Q°(R?), then Fa = Fa4, and A’ contains the same physics as A.

23rd lecture, November 28th 2011

We are interested in quantum electromagnetism. Quantum effects in a theory may be concisely

encoded in a path integral
.S
7 ::7[ exp [l [@]} [Dy],
P h

where P is the space of “paths” in the theory, ¢ is a “path” or a “field”, S[y] is the action, A is
Planck’s constant, and [Dy] is the formal path integral measure.

The first question is: What should S[¢] be for electromagnetism? By one of Feynman’s postu-
lates, S[¢] should be an action for the classical theory,

Sle] = /RC[% ¢, (22)

for some region of spacetime, R, and £ a Lagrangian depending on ¢ and its derivatives ¢ =
{0vp}i=0,..n and ¢, d,¢ are viewed as formal independent variables. Then (22) should yield
the classical equations of motion via the Euler-Lagrange equations (or equivalently Hamilton’s
principle 5[y, ¢] = 0).

Claim 6.1.5. The relevant field(s) in Mazwell’s theory is o = A € QY (R*), the electromagnetic
gauge potential, and the correct Lagrangian is

1
LlAu DA i= =5 Fa ANeFa+ AN

To see that this is the correct Lagrangian, we must check that the Euler-Lagrange equations
yield the classical Maxwell’s equations, i.e.

dFAZO, d*FAZJ.

Since dF4 = 0 is always satisfied (by the Bianchi identity), we must check that we get d* Fq = J.
Physicists do this by writing everything in components and using the explicit Euler—Lagrange
equations. Rather, we use Hamilton’s principle and compute stationary points of the action S|[A]
directly; recall that these are exactly the solutions of the Euler-Lagrange equations. We look at
the variational equation

5S[A] = 0.

This raises the question of what we mean by a variation in this infinite-dimensional setting. Recall
that in classical mechanics, a variation of a path = : [a,b] — M in a finite-dimensional manifold
M, is a set of parametrized paths

Z(t,e) : [a,b] X (—ep,80) > M
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such that

satisfying the boundary conditions dz(a) = dx(b) = 0. One approach to defining variations in
quantum field theory is to “formally” differentiate functions of field variables.

Example 6.1.6. Say A € Q'(X), X a compact 3-manifold, and let a[A] := [, AAdA, and write
A = AgdaP, so that dA = (9, A,)dz” A dx# and

ANdA = Ap(8,A,)dz" Ada” A da'.

Then, allowing ourselves some liberty in mathematical writing, we have

sald) = [ (G040 + s 004

- / [(6A45)(0,A,)dz” Ada? A da* + Agd (9, Ay)dz” Adz” A dat]
X

_ / [(5A5)(D,A,) + As(By5A,)]de® A da® A da)
X

Here in the last step, we assume that variation commutes with derivatives so that §(9,A4,) =
0,(0A,). If we define 6A := (§A,)dz", then we find

SalA] = / [BANdA+ ANdSA.
X

We take variations § A with “appropriate” boundary conditions.

Consider A € QL(R*) and
1
S[A]:/ |:—FA/\*FA—|—A/\J .
Re | 2
Then another approach is to formalize the properties we know variations satisfy and define a

variation.

Definition 6.1.7. A wvariation on R* with the Minkowski metric is a map § : Q'(R*) — Q!(R*%)
that

(A) commutes with the exterior derivative, i.e. dd = dd, and
(B) commutes with the Hodge star, i.e. d% = %J, and
(C) satisfies 0(a A B) =da B+ aAdp.

Using the properties (A)—(C), we compute

6S[A]:= [ OL[AA] = /

5|:—1FA/\*FA+A/\J]
R4 R4 2

_ / {;(daA AsdA + dA A xd(8)) + 5A A J} .
R4

Define (a,8) := [paar A for o, B € QL(R*). Recall the adjoint d* of d : Q'(R*) — QF1(R*)
defined by (da, B) = (a, d*B), so that d* : Q'(R*) — Q'~1(R?*) satisfies d* = *d* on Minkowski R%.
Also, recall that %2 = (—1)"4=D+1 on QY(R*). Then

/ dSA N xdA =: (d5A,dA) = (5A,d*dA) = / SA N (+d % dA)
R4

R4

= [ SANA(dxdA).
R4
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Also,

dA A #d(5A) = (dA,dSA) = (d5A,dA) = (5A,d*dA).

R4

Hence, overall we get

5S[A] :/M —(6ANd«dA)+5ART) = [ SAN=dx Fast ]

By the Fundamental lemma of calculus of variations we see that §S[A] = 0 if and only if d«Fa = J,
and we recover Maxwell’s equations.

24th lecture, December 5th 2011

As we saw last time, quantum electro magnetism may be described in terms of a path integral

4= %Ate(R‘*) op [isf[iAq DA}

where the action S[A4] is given by

S[A]:/ (—;FA/\*FA—I—A/\J).
R4

Example 6.1.8. Consider the Aharonov-Bohm effect: see Fig. 77, where the shift in the inter-
ference pattern, which occurs even if the electron can not interact with the magnetic field. Here,
the interference pattern is shifted by & = f p B, where D is the solonoid and B the magnetic flux
through it.

Viewing the path integral as arising from all possible paths from the electron to the detector
screen, as previously the magnitude of the pattern may be described by |Z|?.

Electron source Solonoid

7
.\_ ...... ‘

Detector
screen

Figure 7: The Aharonov—Bohm effect

6.2 Yang—Mills theory

It turns out to be natural to view A € Q}(R?) as coming from connections on a principal U(1)-
bundle. After work of Hilbert, Weyl, Fock, etc., there was a generalization to a formal theory
of quantum electro magnetism, due to C. N. Yang and R. Mills, [ ], giving an attempted
explanation for “strong interactions” inside a nucleus of an atom by generalizing from U(1) to
more general groups G.
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For simplicity, we consider a “toy model” and replace R* (or a 4-manifold) by a 2-manifold and
we assume that J = 0, so there is no external charge in our theory. The theory is known as 2D
(quantum) Yang-Mills theory.

Let ¥ be a connected closed Riemann surface, G a compact conencted Lie group with Lie
algebra Lie G = g. Let P 5 X be a principal G-bundle, and let

QY(P;g) =T(PAT*Pog) = (P)@g

be the space of Lie algebra valued [-forms on P. Reclal that a typical element a € Q!(P;g) may
be expressed relative to a basis {Y; }d dime of g as

azZaj®Yj,
J

for aj € QY(P). The group G acts on Q(P;g) as g+« := Ad,(g*a) or g- o = 29"y @ Ady Y.
For each Y € g, we get an associated vertical vector field Y*# € T'(T'P) via the natural G-action on
P

d
Vi i= lemolp exp(tY)].

Recall that a connection is a 1-form A € Q'(P,g) that is G-invariant, so g*A = Adg-1 A for all
g € G, and is also vertical, so that ty: A =Y for all Y € g. Let Q!(P,g)“ denote the G-invariant
Lie algebra valued [-forms on P.

Definition 6.2.1. The space of connections on a principal G-bundle P is the set
Ap :={AcQY(P;9)% | 1y: A=Y,VY € g}.

Let QL (P;g) == {B € Q'(P;g) | ty:8 = 0, VY € g} denote the space of horizontal g-valued
l-forms . Let AdP := P xg g =: g(P) denote the associated bundle for the adjoint representation
on g, Ad : G — Aut(g), i.e. P xgg:= (P xg)/ ~, where (p,Y) ~ (p/,Y’) if and only if there
exists g € G such that (p',Y’) = (p-g,Ad,-1Y), so Ad(P) is a vector bundle over ¥ with fibres
isomorphic to g.

Let QY(%; Ad P) := (X, AlT*S ® Ad P). Recall that we may naturally identify Q! (P;g)¢ =
QL(2;Ad P). We make this identification throughout. Recall also that Ap is an affine space
modelled on the vector space Qi (P;g)¢ = QY(Z, Ad P):

Theorem 6.2.2. If P is a principal bundle over X, then Ap is non-empty, and if Ay €p, then
we may identify Ap = Ao+ Qt (P, g)°.

Proof. For the first part, see Kobayashi-Nomizu; the idea is to use a partition of unity. For the
second part, observe that any connection A € Ap that A — Ay € Qi (P;g)¢. This is easy to see
since

tyt(A—Ag) = ty1A —1y1Ag =Y =Y =0.
Also, if A and A( are G-invariant, then so is A — Ag. O
Fora=3Ya;®Y; € Q(P,g), 8= 8, ®Y; € Q"(P;g), define
do: = (d® 1) Zda] ®Y;,
anfl:=(e, ZZ (o5 A Br) ® [Y;, V2] € Q77 (P g).

We leave the proof of the following as a straight-forward exercise.
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Proposition 6.2.3. If a € Q'(P;g), B € Q"(P;g), then

(A) [a A Bl = (=1)"* B Ao,

(B) dla A B] = [da A B + (=1)'[a A dp],

(C) if a, B are G-invariant, then so are da,df, and [a A 8], and

(D) if o, B are horizontal, then so is [a A B].
Definition 6.2.4. The curvature of a connection A € Ap is defined as the 2-form F4 € Q?(P;g)
given by

1
Fy =dA+ 5[14/\14]

One can show that Fa € Q2 (P;9)¢. Accordingly, we view F4 € Q2(X, Ad P).

Definition 6.2.5. Given a connection A € Ap, define the twisted deRham derivative da :
o (P;0)% = QL (P 9)9 by

hor

daa :=da+[ANa].

Under the usual identifications, we can view d4 as a map da : QY(3, Ad P) — QFL(2, Ad P).
It is easy to show that

dala A B] = [dac A B] 4+ (=D [a A dap).

Definition 6.2.6. If A € Ap satisfies F4 = 0, then A is called a flat connection . We let ,453
denote the space of flat connections.

Proposition 6.2.7. If a € Q! (P, 9)%, then d3a = [Fa A a.

hor

Proof. This is an exercise using definitions and properties of [- A -]. O

Corollary 6.2.8. If A € AL is a flat connection, then da forms a differential on Qf_ (P;g)%,
and we get a complex

0% 00 .(P;9)¢ B QL (Pyg)¢ % - (23)

hor

Definition 6.2.9. The complex (23) is called the twisted deRham complex . We say that this
complex is twisted by a flat connection A. We denote the twisted deRham cohojmology as

_ ker(da: QL (P;g)Y — O (P;g)©)

hor

HY(Z:;dy) =
Im(da : QI-1(P;9)G — QL (P;9)C)

These cohomology groups are important and have various interpretations, e.g. in terms of the
moduli space of flat connections, where H'! can be understood as the tangent space at a connection
A.

Recall, in Maxwell’s theory on R%, that forms A, A’ € Q'(R*) were “physically” equivalent, if
the differ by an exact form, so A’ = A + di for ¢ € Q°(R*). We formalize the transformation
A+ A+dyp and consider the analogue for “arbitrary” groups G. If we view Q! (R*) as Q' (R*; Ad P),
where P 7 R* is a principal U(1)-bundle (up to a multiple of 4, if we identify Lie U(1) & iR), then
the transformation A + diy may be viewed as an action of a group on Ap.

Indeed, define Gp := Maps™(R?*,U(1)) with group structure being pointwise multiplication,
and for u = e¥ € Gp, ¢ € iQ°(R?), define A - u := A + u"du, so that du = de¥ = e¥ - dip, and
uldu = eV (e¥dy)) = dip.

So we see that Gp acts on Ap and the orbits of this action consist of connections that are
physically equivalent. Then it is natural to consider Ap/Gp.
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Definition 6.2.10. For a principal G-bundle P 5 3, we define the gauge group Gp to be the set
C®(P,G) :={u e C®(P.G) |u(p-g) = g~ ulp) - g}
with group structure given by pointwise multiplication.

Note that sometimes it is useful to identify Gp = Aut(P) := {® € (Diff(P,P))¢ | 70 ® = 7},
via the correspondence Gp 3 u — ®,, € Aut(P), where

Dy (p) :=p-ulp).

One can check that this is a group isomorphism, where the group structure on Aut(P) is given by
composition.

Definition 6.2.11. The gauge action of Gp = C*®°(P,G)% on Ap (as a right action) is defined
as follows: For u € Gp, and A € Ap, define

A-u:=Ad,-1 A+ uor,
where 0L € QY(G, g) is the left-invariant Maurer—Cartan form defined by
95(”9) = (Lg-1)xvg,
where v € T'(T'G).

One can show in a matrix representation G, one has GQL = g~ !dg (one can show that every
compact Lie group embeds into some GL(N, C)).

Proposition 6.2.12. Let A€ Ap, u € Gp, then Fa., = Ad,—1 Fa.
Proof. Recall that A -u = Ad, -1 A +u*6*. One finds that

Faw = d[Ad, -+ A] + %[Adu_l AN Ay A] + du*0"] + %[u*&L At A0 + [u 6 A Ady 1 AL

This follows from the formula [a A 8] = (=1)"*[B A ] for a € QY(P;g), 8 € Q"(P,g), applied to
u*0 Ad, 1 A € Q'(P;g). Recall the Maurer-Cartan structure equations which says that

do" + %[9% 61 — 0,
and so,
dlu6"] + %[u*@L, w0l = u[do" + %[eL, 6] = 0.
Now, write
d[Ad,-1 Al = d(Ad,-1) AN A+ Ad,-1 dA.
We claim that d(Ad,-1)A = —[u*0L A Ad, -1 A]. To see this, let v : [~¢,e] — P be a curve with
7(0) = p, ¥(0) = v, and write u™*(y(t)) = u=(p) - g(t), where g(t) := Ly (p) := Lyp) - u"* ((¢)) for

L : G — G the left multiplication map. Then clearly g(0) = e, and Ad,-1(y()) = Ady-1(p) - Adg(y).
Also

. d L1 .
9(0) = —li=o = (™) 6%)(3(0)),
by definition of 8%. Hence

d d —1yk
d(Adu—l A)p(v) = %|t=0(Adu*1('y(t))) = a|t=0(Adu*1(p) Adq(t)) = Adu—l(p) [(u 1) GL, }
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Thus we find that
dAd, 1+ ANA = [Ad,-1 (u"1)*0* A Ad, -1 A].
Letting R : G — G denote right multiplication, observe that
Ad, -1 (v 1)*0Y = dR,-1 0dL, 0dL,—1 odu™' = dR,-1 odu™! = (u=1)*6%,

where 0 is the right invariant Maurer-Cartan form. Recall that if Inv : G — G denotes the
inversion map Inv(g) = ¢!, then 0 = — Inv* 6%, Therefore,

(ufl)*eR _ —(uil)*(Inv)*GL — —U*QL,
and overall, we find that
d(Ady—1) A A = —[u*0% A Ady—1 A],

and so Fg., = Ad,—1 Fa. O

25th lecture, December 9th 2011

Now, we would like to define a 2D Yang-Mills action analogous to S[A] = —3 [, dA A xdA. In
our case, dA gets replaced by Fs € Q% (P, 9)¢. To be able to do this, we want to define a map
Tr: Qo (Pg)¢ x QLo (P;9)Y — QLEr(P)E = o7 (D).

hor hor

In order to do so, let (-,-) € Sym? g* be an Ad-invariant, negative definite, non-degenerate, R-
bilinear form on g, so

<Adg Yl, Adg Y2> = <Y17 }/2>

for all Y1,Ys € g. By general Lie algebra theory, such a thing exists (assuming maybe(?) that the
Lie group is compact and semi-simple). For a = Y a; ® Y; € @ (,9)% and B € Y. 3 @ Y} €
O (P;g)%, define

hor

Tr(a A B) = > (¥}, Yi)o; A By € QF7(P). (24)
7,k

Proposition 6.2.13. Let a € QL (P;9)¢, B € QL (P;9)¢. Then
(A) Tr(a A B) € QLT (P)C = Qir(3),
(B) Tr(aAB) = (-1)"Tr(B A ), and
(C) for any A € Ap, we have dTr(a A B) = Tr(daa A B) + (—1) Tr(a A daf)
Proof. Exercise. O

Note that we may equivalently view Tr as a map on Q'(X, Ad P), using our identification from
the previous lecture. It can in fact also be defined directly using local trivializations with a formula
essentially identical to (24). Similarly, we may extend the Hodge star as

x: H'(Z,AdP) — Q*Y(%,Ad P)

given a metric gs, € Sym?7T*%. Define this extension as follows: Given a local trivialization
71 (U;) 2 Uy x g for Ad P, express a € Q/(X, Ad P) locally as

ay=aly, € (8,9 = (D) @4
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Then *x« is defined locally as oy := Zj *ay; ®Y;, where ay =Y ay,; ®Y;. One checks that this
gives a globally well-defined form as follows:

Let 71 (Ux) = Uk x g be another trivialization such that Ux NU; # 0. Let ¢ 5 : Ux NU; —
Autg be the transition map, so that ¢ ;x = Ady,,, where ¥ : Ux NUy — G is a transition map
for P. We need to check that xa; = ¢ i * ax. This is easy to see since oy = gk, and

xoy = x(prr oK) = * (Z K, ® SOJKYZ‘> = raki ® psxYi = @K *

i %

Thus a € Q?7{(%, Ad P) is well-defined. Now, we define a 2D Yang-Mills action as follows:

Definition 6.2.14. Given a closed, orientable Riemann surface X, a compact connected Lie group
G, a principal G-bundle P — ¥, and a fixed metric gs; of total volume 1, define the 2D Yang—M:ills
action relative to P at A € Ap

1
SEIA] = -5 /E Tr(Fg A %Fy),

where * : Q/(2, Ad P) — Q?7(X, Ad P) is the Hodge star for gs.

Recall that A Riemann surface is a smooth 2-manifold equipped with a conformal equivalence
class of metrics, denoted [gs]. We let g5 be a fixed metric of [gs] of total value 1 = [ *1 =
fE dVolgs.. We want to see how the action varies with metrics in this conformal class.

Note that for any gs € [gs], there exists 0 < A € C*°(%,R) such that g = A\? - -gs. Recall
that if % is the Hodge star for §s = A\2gs, then acting on [-forms on an m-dimensional Riemannian
manifold (say X),

F=A"2

Thus Tr(Fa A %F4) = 35 Tr(Fa A *F4). In general, S¥,[A] becomes 1S¥\[A], for some & > 0,
given below, when g, becomes s, = A?gx. Since Voly, (X) = 1, then

Volg., (2) :/ 1= / dVolg,, =: €.
s b

We explicitly include the e-dependence in our definition of the 2D Yang—Mills partition function.

Definition 6.2.15 (Heuristic). Given a closed Riemann surface X, a principal G-bundle and a
metric gs; € [gs] such that Vol,, (X) =1, and € > 0, the 2D Yang-Mills path integral relative to P
is the following (heuristic) quantity:

Remark 6.2.16. In the above definition, Ag, is formally the dimension of Gp, and Vol(Gp) is
formally the volume of Gp with respect to a natural “measure” on Gp, induced by the metric gs:
Recall that the Lie algebra of the gauge group may be identified as Lie Gp = C>°(P, g)¢. The Lie
bracket is defined pointwise as

[Y1,Y2](p) = [Yi(p), Y2(p)],

for Y1,Y> € C*®(P,g)“. Also, Y € C*(P,g)% if and only if Y(p - g) Ad,~1 Y(p). To see this
description of Lie Gp, let u; = u(t) : (—¢,&) — C>(P,G)%, be any short curve through ug = e, i.e.
uo(p) = e for all p € P. We then see (roughly), that a tangent vector at ug in C®(P,G)¢ = Gp is
a function on P with values in g, i.e.

d

Y(p) = £|t=0

[ut(p)] € T.G = g,
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since u¢(p) : (—¢,€) — G such that uo(p) = e. Let Cy : G — G be the conjugation map h +— ghg™ .

We then see that the condition u(p - g) = g~ us(p)g translates into

Y(p-g) = %h:o[Cg—l ouy(p)] = dCy-1lc 0 Y (p) = Ady-1 Y (p).

Thus (roughly) LieGp = C>®(P,g)¢. Also, there exists an exponential map Exp : LieGp — Gp
defined as

Exp(Y)(p) := exp(Y(p))-

In general, for a, 8 € Q/(2, Ad P), we define the L2-inner product
(o, B) == —/ Tr(a A %),
b

where * is the Hodge star with respect to gs. Since C>(P,g)¢ = Q°(¥, Ad P), we get an inner
product on Lie Gp, which we then formally take to define VolGp.

By construction, S¥);[A] is invariant under the gauge group action of Gp on Ap, i.e. for u € Gp,
by a previous proposition, we find that

Syni[A - 1] :-%/

1
TI“(FA.u A *FA-u) = —5 / TI‘(Adufl FanNAd,—: (*FA))
b))

P

1
- fg/ Tr(Fa AxFy4) = S{:—"M[AL
P

since Tr is Ad-invariant.

The analogue of Maxwell’s equations come from stationary points of the action which we will
now describe. Recall the following:

Proposition 6.2.17 (Bianchi identity). For A € Ap, daF4 = 0.
Proof. Exercise. O

Since Ap is affine, TaAp = Q1(X, Ad P), we compute a variation of S¥);[A] as follows: For
B € TaAp, define

d
555vmlA] = %‘t:()ng [A+t3].

We require that §55%)[A] = 0 for all B € TaAp.

26th lecture, December 12th 2011

Since by definition
1
SyalA] = §<FA,FA>L27

we consider Fats = Fa + tdaf + %[B A B]. Tt is easy to show that 558\ [A] = (daB, Fa)re.
Recall that the adjoint d% : QY(X,AdP) — Q712 Ad P) of d4 is defined by (daa,B)r: =:
(o, d*% ) 2. One can show that d% = — * da* on Q2(3, Ad P). Thus, overall §55%,;[A] = 0 for all
B € QYZ, Ad P) if and only if (3,d* Fa)rz = 0 for all 3, which holds if and only if d% F4 = 0 or,
equivalently, d4 *x Fiq4 = 0.

Definition 6.2.18. The Yang-Mills equations are

dAFAZO, dA*FAZO.
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The goal is now to sketch is to compute Z{;M(s) using some formal localization ideas. As
observed in | ], the space Ap of connections admits a natural symplectic structure such that
the gauge group action is Hamiltonian with respect to a particular moment map. The idea by
Witten is therefore to mimic the Duistermaat—Heckman formula and do something analogous for
the path integral.

Given o, 8 € TaAp = Q1 (X, Ad P), and define w € Q?(Ap,R) by

wala,B) = —/ETr(a/\B).

Proposition 6.2.19. The form w € Q%(Ap,R) is a symplectic form, i.e. it is non-degenerate and
closed.

Here, in this infinite-dimensional setting, we run into some problems about what to mean by
“closed”. Note first that w is non-degenerate since wa(a,*a) =: {(a,a)r2 and by properties of
(-, Vr2, wa(a,*a) = 0 if and only if @ = 0. To see that dw = 0, we use the working definition of
the exterior derivative in the infinite-dimensional case as follows:

For 7 € Q'(Ap,R), define dr € Q1 (Ap,R) by

l
dr(vo, v, ..., 00) == Y (1) Ly, (T(v0, ., Dy, 01))

r=0
+ Z (71)i+j7'(£1,i1)j,v07 o ,ﬁi, e 7ﬁj7 e 71)[),

0<i<j<l

where v, € (T Ap) for 0 <r <, and L,7 := %|t:0(<1>2‘6) is well-defined for ®; : Ap — Ap, the
flow of v € (T Ap).

To evaluate dw| (8o, 1, 52) at A € Ap, for §; € TaAp, we only need vector fields v; € T'(TAp)
such that v;]4 = B;. Therefore, let v;|4 := B; for A € Ap, such that the flows generated by v;
are ®i(A) = A +tB;. One can show that the flows commute, i.e. ®¢ o ®J = ®J o &% if and
only £,,v; = 0,0 <i < j <2 Also,since A — wa(vi|a,vjla) = *fz Tr(B; A B;) is constant,
Ly (w(vg, ..., 0p,y...,2)) =0 and overall, dw = 0.

Definition 6.2.20. The form w4 € Q*(Ap,R)defined by wa(e, ) = — [5; Tr(a A B) is called the
Atiyah—Bott symplectic form .

Next, we want to construct a moment map pu : Ap — (LieGp)*, for the gauge group action.
First we need to understand the vector fields generated by Y € LieGp = C>(P, g)“.

Lemma 6.2.21. If g(t) : (—e,e) = G, and Y € g, then
d d 1
&h:o[Adg(t) Y] = £|t:0(9 (0) 'g(t))»Adg—l(o) Y|.
Proof. One uses that if g(t) : (—¢,e) — G is such that g(0) = e, then
d /
£|t:0[Adg(t) Y] =1[9'(0),Y],

where ¢'(0) = [4£]i=09(t)]Z € g. The details are left as an exercise. O

Lemma 6.2.22. Let u; : (—¢,€) = Gp = C®(P,G)C such that ugp = e, and let Y := L|,—o(uz) €
LieGp. Then dY = %|—oluj0"].
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Proof. Suppose v : (—e,e) — P, and recall that (u;0%),0)(7(0)) = %\szo[ut_l(v(())) ~ur(y(9)))-
We compute

e limo678)50)(0)) = g om0l (1(0)) - ()]

_ %h:o [(ih_outl(v(O))) +uo(¥(s)) + ug *¥(0) (ih—out(”(‘s)))]

= %h:o%\t:o[m(ﬁ’@))] = d%\S:oY(y(s)) = dYa,(o)(W(.O)).

Thus 4 |,_o[u;6%] = dY. O
Theorem 6.2.23. Let Y € LieGp = C®(P, )%, then for A € Ap, we have Yj =daY € TyAp.
Proof. By definition,
yvi— d _d xpL
4= 7 le=olA - Exp(tY)] = — |0 [Adgyp(—tv) A+ Exp(tY)*0"] .

By our first lemma, with ¢g(¢) = exp(tY (p)) =: Exp(tY)(p) : (—¢,¢) — G, we have

d
%|t:0 Adexp(tY(p)) Ap = 7[Y(p), AP] = [Aa Y] (p)7

and by the second lemma, with u; = Exp(tY) : (—e,¢) — Gp = C®(P,G)%, where Y =
4|, _o[Exp(tY)] € LieGp, we know that <|,_o[Exp(tY)*6L]. So overall,

Yi=dY +[A,Y] = daY.
O

Our next goal is to show that the action Gp O Ap is Hamiltonian for a particular moment
map p: Ap — (Lie Gp)* relative to the symplectic structure given by the Atiyah—Bott symplectic
form. We identify (LieGp)* = Q2?(X, Ad P) using the metric gs. That is, we define the pairing
() : Q%%, AdP) ® Q*(%,Ad P) — R via

(Y;7) = (Y, %y) 2.

Then, given ¢ € (LieGp)* as a map @ : Gp — R, there exists a unique ¢ € Q2(X, Ad P) such

that @(Y) = (Y, ) by the Riesz representation theorem. We identify ¢ < ¢, ie. (LieGp)* =
Q2(2, Ad P).
Define p: Ap — (LieGp)* = Q2(X,Ad P) =2 Q2_ (P, g)¢ as
u(A) = —Fa.

Recall that Gp acts on LieGp and (LieGp)* via the pointwise adjoint and coadjoint actions re-
spectively, i.e. if u € Gp, Y € LieGp, ¢ € (LieGp)*, then

(Y u)(p) = Ady-1() Y (p), (¢ u)(p) = Adj-1() 4(p)-

By definition, (Y, Ad}, @) := (Ad,-1 Y, ). Also by Ad-invariance of (-, -), we know that (Ad,-1 Y, ) =
(Y,Ad, ¢). Thus, under our identification, Ad}, ¢ = Ad, . Also, observe that if u € Gp and
ty : Ap — Ap is the action map 1, (A) := A - u, then dipy|a : TaAp = Ta.,Ap is calculated as

d d
dyula(a) = 2 limo[¥u(A + ta)] = - |i=o[(A + ta) - u]
= %‘t:()[Adu—l (A+ta) + U*HL] = Ad,-1,-

Thus, u|a(a) = diy|a(a) = Ad,-1 a.

89



Theorem 6.2.24. We have that (Ap,w,Gp,pu) is a Hamiltonian Gp-space with moment map
p(A) = —Fjy.

Proof. We want to show that
(i) the action Gp O (Ap,w) is symplectic, that
(ii) for u € Gp, we have u*p = Ad},—1 pu, and that
(iii) duY = tysw.
For (i), let u € Gp, A € Ap, o, 8 € Ta., Ap, and compute

(w*w)a(a, B) = wa (e, u f) = _/

Tr(usa A ug3) = —/ Tr(Ad,-1 a A Ad,-1 8)
bl b

— _/Z(a/\ﬁ) = wal(a,B),

so u*w = w for all u € Gp.

For (ii), let u € Gp, and A € Ap. We want to show that pu(A-u) = Ad,—1 u(A). This follows
from the fact that u(A) = —F4, and also by a previous proposition, Fa.,, = Ad,—1 F4.

For (iii), let Y € LieGp, A € Ap, and a € TaAp. We want to show that du¥|s(a) =
(tytwa)(a) = wa(Y* ). One one hand,

d d d
dp | aa) = @\t:O[NY(A +ta)] = @\t:O(Ya 1A +ta)) = a\t:o(Y’ —Fatia) = —(Y,daq),
since %‘t:OFA—&-ta = daa. On the other hand, integrating by parts and using that, in general,

dTr(a Ab) = Tr(daa Ab) + (=11 Tr(a A dab),

we find that
wa(Y* a) :—/ Tr(dAY A @) :/Tr(Y/\dAa) = —(Y,daa).
z =

O

In order to recast the partition function, we introduce additional structure to Ap. Since
x2 = —1 on TaAp = Q' (X, Ad P), then * defines a complex structure on Ap. Also, by definition
(w, (-, ), *) form a compatible triple, i.e. (-,-)pz = w(:,*-). In other words, Ap admits a natural
Kéhler structure.

Therefore, the “measure” [DA] on Ap, we take formally to be defined by the Riemannian
measure associated to (-, )2, which is equivalent to the formal symplectic measure in the Kahler
structure given by e“. Note that in finite dimensions, the symplectic measure is given by w”/n! =
[e“] s, for dim M = m = 2n.

Also, to define ST [A] = —% fz Tr(Fa A%Fy4), on a Riemann surface, we only need to specify a
duality operator * : Q2(3, Ad P) — Q°(3, Ad P). This can be given by a choice of a volume form
(or a symplectic form) o € Q?(%,R) so that *1 = 0.

Let (-,-) : Q*(X,Ad P) x Q*(%,Ad P) — R denote the operator (¢, ¢) = — [;, Tr(p A x¢p). We
may then write
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27th lecture, December 15th 20117

We consider the canonical moment map squared form for the "2D Yang—Mills partition function,

» 1 1 \2er/? 1
N (%) f. el = e

where w € Q?(Ap,R) is the Atiyah-Bott symplectic form and p : Ap — (Lie Gp)* maps A — —Fa,
and (-,-) : Q(%, Ad P) x Q?(2, Ad P) — R defined by

(¢, ) = —/ETY(cpAw)-

Here * : Q2(%, Ad P) — Q°(%, Ad P) is defined by a symplectic form o € Q(X,R) so # -1 = o and
x2 = 1. We want to study Z&,,(e) using localization ideas analogous. Let § := LieGp and consider
wy € Qép (Ap,R), defined for Y € g by wg(Y) = w + u¥, the Gp-equivariant 2-form that extends
the Atiyah-Bott form w. We have dzwz = 0 by definition of the equivariant derivative since
(Ap,w,Gp, ) is Hamiltonian. Let o € Qg (Ap,C) be defined by a = (—i)A4r /2 expliwg (Y],
where A 4, is formally the dimension of Ap. Then dza = 0 formally, since dzwz = 0. The
Atiyah—Bott-Berline—Vergne theorem applies to the integral

« :—iAAP/Q expliw +inY .
ﬁpm (~i) f pliw + ip¥] (25)

Ap
Witten’s idea is to relate (25) to the moment map squared form of Z&,,(e).

Claim 6.2.25. We have

1 dy €
A# 5:7[{}@( —fY,Yjé a(Y). 26
D) = Gaign ] | 2 | ST 50, e (26)
Proof. We “prove” this by integrating Y € g out using formal Gaussian integration. Rewrite (26)
as
(—i)AAP/Qjé dy} o €
Y — | expliw+1(p,Y) — =(Y,Y)].
TGy T, |22 5Pl i) = 50
Completing the square,
€ 5 1 1
(1, Y) = =(V,Y) = —2[Y — —p]? — — .
(1Y) = S0Y) = =SV = S = ()

Changing variables Y — Y — é w1 and using the formal shift invariance of [%], we have

Recall, a Gaussian integral has the value [, exp[—az?]dz = \/m/a. Let {Y,}¢_, be an orthonormal
basis of g and write Y = ¢1Y7 + -+ + ¢qYy for some ¢, € R. Then we can write

/ o oot 5o =TT [ | 2] ewl-5e)

q

1 or]Aor/? 1\ 2er/?
 (2m)Ber H ‘(%) '

2This lecture was written up while slightly tipsy which should explain the increased number of typos
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Since (fi)AAP/QfAP exp(iw) = £, exp(w), we obtain

1 1 Agp /2 1
o (), vl ] = )

Thus, we have now expressed Z&;(g) into a form for which localization ideas may apply.

Definition 6.2.26. Given a manifold M with the action of a Lie group G O M, and a form
a € Map(g, Q°(M)), define the equivariant integral of o to be

$ o / expl=5 (V. Yldmy - [ a(v),

with respect to some measure dmgy on g and for a fixed ¢ € R>9,

By definition, Z&,,(g) := m 56,213 oY), where a(Y) := (—i)24r/2 expliw+i(pu, V)], and a €
Q¢ (Ap, C) is equivariantly closed. There exists a localization principle for equivariant integrals of
the form 95;4 o, when dga = 0, analogous to the Duistermaat-Heckamn theroem and the Atiyah-
Bott-Berline—Vergne theorem. There is of course a bit of an issue in integrating over all of g. Thus
in some sense, we are capturing all of the Lie group in our case, even if the group is non-abelian.
This is why we speak about non-abelian localization.

Assume G O M is a Lie group action on a manifold, not necessarily G to be compact. Given
0 € Q%L(M), let

C’:={p€ M| uiy:f],=0,VY € g}.
Write C? = Uer Ci, where Ci are connected components of C? induced by x € I.

Claim 6.2.27 (General non—abelian localization). Given an equivariantly closed form o € Map(g, Q2*(M))
that has polynomial dependence on'Y € g (or even exponential dependence) and 6 € Q% (M), then
the equivariant integral of o can be written as a sum over contributions from the sets Cf(,

$ a=> 20,

where Zf((a) € C depend only on Ci and «, for each ¢ € R,
This is different from the Berline—Vergne in that the localization depends on 6.

Sketch of proof. We follow | |. For all t € R, we may write

g g .
55 a:§£ (o A eftdaty,
M M

515 aAeitdad — /exp[—E(Y, Y)]dmg/ a(Y) A etdaf(Y),
M 9 2 M

By definition,

We consider [, a(Y) A e’ and observe that
eda9Y) — 1 4 jtd B(Y)

for some 8 € Q¢ (M), using Taylor expansion. Since a(Y)AdyB(Y) = dg(aAB)(Y) is equivariantly
exact (since dgae = 0), we get

/M a(Y) A eitdatY) — /M a(Y) +it /M dg(a A B)(Y) = /M oY)
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by Stokes’ theorem. At this point, we make the simplifying assumption that 6 € Q'(M)%, so that,
as a map 0 : g — Q(M), 0 is independent of Y € g. Let {Kz}g:1 be an orthonormal basis for g
and ¢q,...,pq coordinates so that ¥ = 1Y) + -+ + ¢4Yy in general. Then

) . €
oy a = / dmg - a(Y) - explitdd — it Z <pqt9(Yqﬁ) ~5 Z @3}
gx M q q
which follows from dg0(Y) = df — 1y:0(Y) = db — >, §q(Y)t9(Yqﬁ), when 6 € Q'(M)E. Consider
completing the square,

€ ith(Y})

3 .
5% Tit0(V)eq = (o +

2

,  tO(VE)?
€ 2

t0(YVE
Changing variables ¢q — ¢4 + zt@(ng ), and using shift invariance, we have

c . € , 12 9
55 o= /gdemg -a(Y)exp [ztdﬁ ~3 Zg)q ~ 5% ZG(Yqﬂ)
q q

M

We take dmg to be a Haar measure,

dm. — | Y| derdps - dpq
¢ 27 (2m)d '

We can perform the Gaussian integral,

dig ng € 21 _ a"2q7r+1(1'3'5 """" (anrl))? nq € 2No,
A ot (pq eXP[ 2(pq] - 07

For simplicity, we assume that « is independent of Y. Then

: 1\ 2 o
ng a= (27r5) /M aexplitdd — % ;Q(Yq) ].

Clearly,
C'={peM|ui,:0(p)=0(Y])(p)=0,1<q<d}.

If W C M is a compact subset of M with dim W = dim M, such that WNC? = (), then >y 0(Y})? >
0 on W. This implies that

1\"? 2
. . _ v £y27
i () ], woian - 2 ooyl ~o

since the term of the form exp(—at?) will dominate the convergence to 0 as t — oo when integrated
against exp(itdf). Let Uz be a G-equivariant tubular neighbourhood of Cf( and define

) 1 d/2 tz o
Zde) =l <2w> /U cvexplitdh = 530V
Overall then, we have shown that

9§M a=Y 7).
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Claim 6.2.28. In the case that (M,w,G, ) is Hamiltonian, and
a(Y) i= (=i)24/? expli(w + p¥)]

then by judicious choice of § € QY(M)%, we can show that 93]\8/[ a localizes to the critical points of
the function f, = %(u,,u) M — R.
Proof. Recall that C? = {p € M | 1,:0(p) =0, 1 < g < d}, where {Y, }d_, is an orthonormal basis

for g. We show for a good choice of  that C? = Crit f,,. First, let J : TM — TM be an almost
complex strucutre on M that is positive, i.e. so that the metric g € Sym? T* M, defined by

g(u,v) = w(u, Jv)

is positive definite (such a J always exists and is in fact unique up to homotopy). Let J: ™M —
T*M be the induced map J(7)(v) := 7(Jv) for 7 € Ty M, v € T,M. We can identify J as the
transpose of J and locally write

azdz Z Ji, paida®.

Also, g : TM — T*M be the isomorphism defined by g(v) := g(v,-) and let @ : TM — T*M
be defined by @(v) := w(v,-). Define 0 := Jdf,. We want to show that C? := Crit f,. Clearly,
Crit f, C CY since if p € Crit f,, then df,|, = 0, so pl, = 0 and t,40(p) = 0. To see that
CY C Crit f,, let py := p¥a = (p,Y,) € C°(M,R) and define V := >y Y} € D(TM). We may
also express p = Zq Wq€q, where &, is the dual basis to Yy, and also, (u, 1) = Zq “121'

The moment map condition is djg = ty:w = &(Y}), or Y = &~ *dpg, where 0= : T*M — TM.
So

1

V= Zﬂqyn Zqu d:“q =W ZquUq = [ d(p, )] = _1(dfu)-
Now, by definition of 6 and @,
o(V) = (jdfu)(‘:’ildfu) :wil(dfu»jdfﬂ)- (27)
Since V=73, 1qY and assume that 6(Y,?)(p) = 0. Then 6(V)(p) = 0. And so w™*(df,., Jdf,)(p) =
0, so df,(p) = 0 by positivity of the associated metric g. Hence p € C? and p € Crit f,,. O

Witten uses the non-abelian localization technique applied to Z{?M(s) in moment map squared
form to obtain formulas for intersection pairings on M(n,d), the moduli space of semi-stable,
holomorphic, rank n, degree d bundles over .

As an example, one can compute the intersection pairing of the Atiyah—Bott-Goldman sym-
plectic form on M(n,d), i.e. the symplectic volume of M(n,d), for example, for a surface of odd
genus g,

Vol(M(n.d) =2 s (1= s ) €20 -2

where ((s) := Y, -, 1/n? is the Riemann zeta function.

A Classifying spaces

This appendix was written by Jens Kristian Egsgaard as part of his student seminar.

Let HT the category of CW-complexes as objects and homotopy classes of maps as morphisms.
I will use word contractible for a space X such that 7;(X) = 0 for all i. This is good enough
for constructing classifying spaces of bundles over C'W-complexes, but the stronger meaning of
contratible is nessecary for obtaining the results in the category of paracompact spaces.
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A.1 Moduli spaces
Recall the following definition:

Definition A.1.1 (Fine moduli space). Assume we have something that can vary in families over
objects in a category C, and assume that these families can be pulled back along morphims in
C. We then define a contravariant functor F' : C — Sets that assigns to an object A € C the
set of all equivalence classes of families over A, and to a morphism f : A — B the function
f*: F(B) — F(A) induced from the pullback. A fine moduli space of families is an object M € C
and a family U over M (called the universal family over M) such that v : Hom(-, M) — F is an
natural equivalence, where u is the image of U € F(M) under the isomorphism from the Yoneda
lemma (this is just a fancy way to say that the bijection is given by pulling back U).

We will see that classifying spaces often turn out to be fine moduli spaces for G-bundles (thought
of as families of G-torsors).

A.2 General properties
First, we recall some basic facts about principal G-bundles:

Definition A.2.1. A principal G-bundle is a fiber bundle P — X with a free and transitive
action of a topological group G on the fiber

A morphism of principal G-bundles P 3 X and Q %3 X is a G-equivariant map f : P — Q
commuting with the maps to X:

P%Q

lpl lprg
X _—— X

and any morphism is an isomorphism.

The pullback of a principal G-bundle @ — Y by a map f: X — Y is the bundle

Q) ={(z,q) € X x Q| f(z) =p(q)},

with the map to X given by projection on the first coordinate. Notice that this is just the
pullback of of the diagram
Q

x L.y
in the category of G-spaces, with the trivial G action on X and Y.

We need the following theorem from homotopy theory:
Lemma A.2.2. If X is paracompact and P — X x I is a principal bundle, then w§(P) = 7} (P).

A proof of this fact might be found in [ ]. This lemma tells us that the isomorphism
classes of principal bundles is the same thing as concordance classes. This implies that any bundlei
P — X over a contractible paracompact space is trivial; just look at the pullback of P along a
homotopy X x I — X from the identity to a constant map.

A G-space is a topological space with a continuous right action by G. By EG we denote a
contractible space with a free right action such that BG = FG/G is a principal G-bundle. We will
later see that EG and BG exist, and is unique up to homotopy, and we can choose BG to be a
CW complex.
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Theorem A.2.3. For any X € HT the map f — f*(EG) between morphisms X — BG and
isomorphism classes of G-bundles over X is an isomorphim.

Proof. Let P — X and E — Y be G-bundles. Assume f: P — E is a G-map, and let f: X — Y
be the induced map of base spaces. Then f*E = P. This follows either by the universal property of
pullback or by observing that since f*E = {(x,v) € X x E|f(z) = m(v)}, we have the isomorphism
P — f*E given by p — (7(p), f(p))-

Next, we observe that a morphism between principal bundles is the same thing as a section of
the fiber bundle P xg E — X, where P xg E = P x E/(pg,v) ~ (p,vg) where the projection
to X is just projection of the first coordinate which is well defined since P is a G-bundle. Let
s: X — P X¢g E be a section. To construct a G-equivariant map, its enough to know what to do
to a point in each fiber of P. For the fiber over 2 € X, pick a element (p, q) in s(x) and let p — q.
This gives the desired G-equivariant map.

Finally, we observe that the bundle P xg EG — X has fiber FG — a contractible space! So
there is no obstructions to a section. We can simply construct one inductivly over the skeleta, first
lifting the 0-skeleton, then trivialize the bundle over the 1-cells (this can be done since 1-cells are
contratible). We now need to find a function from the 1-cells to E that agrees with the values on
the boundary; but this is possible since E is path connected. So assign such paths to the 1-cells,
and trivialize over the 2-cells. But we can extend the map over the 2-cells, since mo(EG) = 0, etc.

Next, we have to show injectivity. So assume that fo, f1 : X — BG and ¢ : fj(EG) = f{(EG).
We have to show that fo = fi;. Recall that the pullback-bundle comes with an equivariant map
fi: 1#(EG) — EG covering f;. First we show that fo = f1 0. But, since EG is contratible, we
can extend the section of (f3(EG) x I) xg EG — X x I given by fo at X x 0 and by fj o ¢ at
X x 1, to all of X x I. Going from this section to a G-equivariant map to E and then to maps
from X x I — BG we get the desired homotopy ( f1 and fi o ¢ induces the same maps from X to
BG). O

Corollary A.2.4. There exist a CW-complex BG that classifies principal G-bundles over spaces
in HT; Such a BG is a fine moduli space for G-bundles in HT.

Proof. By the above theorem, there exist a space BG that classifies these bundles. By CW-
approximation (prop. 4.13 in | ]) there exist a CW-complex BG and a weak homotopy
equivalence g : BG — BG. We can pull the universal bundle over BG back to BG by g, and it is
now possible to show that the pullback is weakly contractible by applying the long exact sequence
in homotopy theory and the 5-lemma on the maps between the homotopy groups induced by g. [

Corollary A.2.5. If BG and BG are two CW-complexes with universal bundles, then BG = BG
by a unique isomorphism.

Proof. Both BG and BG represent the functor F' that maps a object in HT to the set of equiv-
alence classes of G-bundles over the object. But the Yonda lemma tells us that there is a unique
isomorphism between any two representing objects. O

Theorem A.2.6. There exist a CW complex X and a natural isomorphism F = Hom(-, X ), where
F is the functor that assigns to a CW complex the set of equivalence classes of principal G-bundles
over X.

Proof. This follows from Browns representability theorem, since F' plays nicely with wedge sum
and finite coverings of C'W-complexes. O

This proof dosn’t show the existence of the universal bundle, and the proof is not very helpful.
However, there exist concrete constructions of BG and EG for any group.
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A.3 Construction for a topological group

In this section we will sketch the construction of a contractible G space for any toplogical group
G; this was first done by Milnor in | ], a 7-page paper that dosn’t even cite any references.
Another construction was given by Segal in [ ], which we will now sketch. Consider the
following construction: given a small topological category C, define the nerve N(C) to be the
simplical set with O-simplices the set of objects, 1-simplices the set of arrows, 2-simplices the set of
commutative triangles, 3-simplices the set of commutative diagrams shaped like a 3-simplex, etc.
This is naturally a simplicial set, and we can define the geometric realization by gluing together
simplices according to the structure maps:

norm N (C) = (]_[CZ X Ai> /~.

A topological group G can be considered as a topological category with one point, and a
morphism for each element in G. For nice topological groups (ie. groups with a contratible
neighbourhood of the identity), norm N (G) is a model for BG; for non-nice G, we need to make a
small modification to the category before forming the nerve. This generalizes to the construction
of a BC for any category C.

A.4 Construction for compact Lie groups

We will give a construction in terms of grassmanians, which will give classifying spaces that are
alot slimmer than the one constructed by Milnor. Recall that any compact lie group embeds into
U(n) for some n. This is a corrollary to the Peter-Weyl theorem, see p. 133 in | ]. This
means that we only have to construct EU(n) for all n:

Lemma A.4.1. Let P — X be a principal G-bundle and let H C G a subgroup such that G — G/H
is a principal H-bundle. Then P — P/H is a principal H-bundle.

Proof. There are isomorphisms: P = P x¢ G, P/G = P xg * and P/H = P x¢ (G/H). Under
these isomorphisms, the quotient map P — P/H is the natural map P xq G — P xg (G/H). But
the map G — G/H har local sections. O

A.4.1 BU(1)

First we will give the construction of EU(1), as the limit of odd-dimensional spheres. U(1) acts
on §?"tl C C?"*+2, Let S be the CW-complex with two cells in each dimension, constructed
inductively in the following way: the n-skeleton is a n-sphere, and the n+ 1 skeleton consist of two
n + 1-cells glued to the n-sphere by the identity map — but this gives us a n + 1 sphere. The free
U(1)-actions on the odd dimensional spheres are clearly compatible, so U(1) acts freely on S°°.
Let f : 8™ — S° be a map. By cellular approximation, we can replace f by a homotopic map
into the n-skeleton. But the n-skeleton deformation retracts to a point inside the n 4 1 skeleton,
so f must be nullhomotopic. This proves that S>° = EU(1). Furthermore, BU(1) = CP*™ — its
easy to see this since the quotions of the 2n + 1 skeleton by the U(1) action gives CP™. We get
a principal U(1) bundle since we can take the direct limit of local sections (which gives us a local
trivialization).

A.4.2 Direct limits of inclusions

First, recall that the direct limit of a sequence of inclusions of topological spaces Xy — X; —
Xo -+ isis Xoo = [ X; (where X; is idenitfied with its image in X;;1) with the cofinal topology
(the finest toplogy making the inclusions X; — X, continious, ie a set is open if and only if its
intersection with every X; is open). Assume now that each X, has the property that points are
closed. We want to show that a compact subset K is contained in some X;. So assume that there
exist a sequence x,, € K such that z,, € X; \ X; _1, where i, is a strictly increasing sequence of
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natural numbers. But every X only contains finitly many x,’s so they form a closed subset. So
the set U{zy} is closed in X. But the same argument works for any subset of this set, so it has
the discrete topology. But its a closed subset of the compact set K, so it must be compact. But
this is a contradiction: a infinte discrete set is not compact.

A.4.3 BU(n)

Observe that BU(1) is the limit of projective spaces — spaces of lines in C¥. We will construct
BU(n) as the limit of spaces of n-dimensional subspaces of C¥. Let Ej, U(n) be the set of n-frames
in C*. U(n) clearly acts freely on this space, and we have compatible maps Ej U(n) < Ej4; U(n)
for all k > n, and we use these to define the direct limit lim  Ej U(n)
. —k
We have the fibration:
ExU(n) = Epp1 U(n + 1) — S2FHL

where the map to the sphere is just forgetting the first n basis vectors, ie (eq,...,e,) — e,. We
can use the long exact sequence of homotopy groups to get:

0 =mip1(S*H) = m(Erp1 Un + 1)) 2 mi(Ey, Un)) — (S =0
for i < 2k. But Ey1; U(1) is homeomorphic to S*, so for i < 2k — 2n we have that
7i(Bgn—1 U(n)) 2 mi (B U(1)) = 1y (52471) = 0

Since a map f : S — EU(n) has compact image, the image is contained in some Ej U(n), with
J < 2k —n. This implies that f is nullhomotopic, and thus 7;(E U(n)) = 0 for all 4.

A.5 Reduction of structure group

If H C G is a subgroup, we say that the structure group of a principal G-bundle P — X can be
reduced to H if there exist a prinicpal H-bundle @ such that P = Q xg G.

Assume H C @ is a subgroup such that G — G/H is a principal H-bundle. We get a map
BH — BG by dividing out with the remaining G/H action. Under this hypothesis, we have the
following theorem:

Theorem A.5.1. The the structure group of the principal G bundle P — X can be reduced to H
if and only if the classifying map to BG can be lifted to BH. In pictures: if and only if the dotted
arrow exist in HT:

BH

X —— BG

One important example of this is when G = GL(n) and H = O(n). The quotient GL(n)/O(n) is
contratible, so we can always find a lift (this is similar to the proof of that BG classifies G-bundles).
This says that, for a vector bundle, we can always choose the transistion functions in O(n) — which
is just another way to say that the vector bundle admits a metric. Manifolds of dimension > 5 give
another interresting example of this. By definition, a topological manifold comes equipped with
a Homeo(R™) bundle (the “locally euclidian” part of the definition). These a classified by maps
into BHomeo(R™). But we have an important subgroup Diff(R™) C Homeo(R"), and we can now
reduce the question “does the topologocial manifold X have a smooth structure (and how many?)”
by studying the the possible lift of classifying map.

A.6 Characteristic classes

Let a € HY(BG,Z). For any G-bundle P — X, we can associate an element of H*(X,Z) in the
following way: Find a map f : X — BG such that f*(EG) = P, and use the cohomology-pullback
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to find an element f*(P) € H'(X,Z). This becomes a natural transformation between the functor
from the category of principal bundles to Sets that assigns the equivalence class to a bundle,
to cohomology functor composed with the forgetfull functor from Ab — Sets — such a natural
transformation is known as a characteristic class. In fact this construction gives all characteristic
classes, for, by naturality, if ¢ is a characterstic class:

o(P) = ([ (EG)) = [*(e(EG)).

If we are really lucky, BG is a K(G,n) space for some abelian group G. Recall that the
Eilenberg-Maclane spaces represent cohomology, so that H™(X,G) = [X, K(G,n)]. But this gives
an identification of the set of equivalence classes of G-bundles over X and the n’th cohomology
group of X with coeffecients in G. For the universal bundles U(1) — S — CP* and Z/2Z —
S5 — RP we are in this fortunate situation, as the long exact sequence of homotopy groups
show. This gives the usual identification of complex, respectively real, line bundles over X with
H?(X,Z) and H'(X,Z/27) — and shows that the first Chern class, respectively the first Steifel-
Whitney, are a complete invariant of such bundles.

However, its easy to calculate the homotopy groups of BG in term of the homotopy groups of
G. Applying the long exact sequence of homotopy group to the fibration G — EG — BG, we find
that m;41(BG) = m;(G), i > 0. If G is connected, we only get a K(H,n) if Gisa K(H,n—1). If
G has the discrete topology, we observe that m;(G) = 0 for all ¢ > 0, and 7my(G) = G. So BG is a
K(G,1).

B The Abelian Localization Theorem

This section was written by Jens-Jakob Kratmann Nissen as part of his student seminar.

Theorem B.0.1 (Berline-Vergne; Atiyah-Bott). Let T be a torus acting on a manifold M, and
let F index the components F of the fived point set M of the action of T. Letn € H3(M). Then

/M nX) = Z /F 67;((XX))

FeF

We want to give (at least a sketch of) a proof for this theorem.

B.1 Properties of the pushforward
Recall the following definitions:

Definition B.1.1. If i : A C X is a pair of spaces then A is called a retract of X if there is a map
r: X — A such that r o7 =id.

Definition B.1.2. If (X, A) is a pair as above then A is called a neighborhood retract in X if A
has a neighborhood in X of which it is a retract.

Definition B.1.3. If X C R™ is a neighborhood retract and ¥ C R” is homeomorphic with X
then Y is a neighborhood retract. Therefore we define the following: A topological space Y is
called an Euclidian neighborhood retract (EN R) if a neighborhood retract X € R™ exists which
is homeomorphic with Y.

[ , IV 8.5]
Proposition B.1.4. If Y C X is a pair of ENR’s then H(X,Y) = H*(X,Y)
[ , VIII 6.12]
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Proposition B.1.5. If M™ is a compact oriented manifold we have
HY(M;G) = H,_i(M;G).
The coefficients G are arbitrary when M is oriented.

[ , VIII 8.1]

If f: M — M is a map between oriented manifolds then we can transform the induced (co-
Yhomology homomorphisms f. and f respectively by PoincarA@© Duality. The resulting maps
f'=D7'f,D" and fy = D'fD~! are called Umkehr-homomorphisms.

We begin with a naturality property of ~-products. Let f : M’ — M be a map of manifolds,
let M’, M be compact (ENR). We have homomorphisms

frHM) = HM),

foo H(M') — H(M)

and we have from naturality of ordinary —~-products by passing to limits that
fo ((F2) ~n) =@ ~ (fun), for @€ H(M),ne H(M).

Proposition B.1.6. If f : M’ — M is a map of oriented manifolds of dimension m’ resp. m,
such that r-times the fundamental cycle o € H,, (M) is the f.-image of some n € Hy, (M) then
there is a sequence of homomorphisms

(M) L w1y - g0 (ry L 7 ()
whose composite equals r-times the identity map.

Proof. The composition
Hi(M) L (M) =2 Hypo o (M) 225 H,y (M)

sends z € H(M) to f*((fx) ~n) =z~ (fin) =z ~ (ra) =r(z ~ a). Composing further with
(—~a)™': Hy (M) = HY (M) takes z into rz. If we now replace H,, ;(M’) by the isomorphic
group irm _m)(M/) we get the required sequence. O

Definition B.1.7. The homomorphism
f'HM) = B (M)
which appears above depends only on f, not on 7. It is obtained by composing

(~a)”

V. — ! v o 1 . , )
Hé(M') Aﬁ_> Hm/—i(M') f_*> Hm’—i(M) SN Hénfm +2(M)

Proposition B.1.8. Let M” RN VERS V" maps of oriented manifolds. We then have (ff'). =
fofs
Proof. This follows immediately from the previous because f, compose functorially. O

Proposition B.1.9. For 2 € H(M) and y € H(M') we have following multiplicative rule for the
transfer

f(fz—y) =z —fly
which tells us that it is a homomorphism of H*(M)-modules.
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Proof. We look at the diagram, where the vertical arrows are the PoincarA©) Duality map.

Hz(M/) f Hmf(mlfi)(M)

-

Hor (M) —L 1, 4(M)

We want to show that f'(fx — y) = 2 — f'y we do that by showing that f. ((fx —y) ~ a) =

(x — f'y) ~ «in H;_,,/(M). This shows the equality since H*~™ *"(M) = H;_,.,(M). We first
look at the left hand side:

fo(Fo =) ~a) = £ (fo ~ (y ~ ) (28)
=~ [y ~ o) (29)

(1) is by "associativity" of cap product
And now the right hand side:

(@ —fly) ~a=z~(fly~a) (30)
—2~ ((f.ly ~ ) (~ ) ~a) (31)

— o~ fuly ~ ). (32)

O

If f is a fibering then f' corresponds to integration over the fiber.

B.2 Thom isomorphism

Let M™% N™ be compact oriented manifolds with inclusion map e : N — M, and we assume,
that IV is closed in M. The transfer e, is the composite

~a -1 ~ : —
Hipn (M, M — N) 720 i) =%, Hy(N). (33)
Proposition B.2.1 (VIII-7.14, | D). If L € K C X are topological spaces such that L is

closed in K, K — L is closed in X — L and X — L is an n-manifold which is oriented along K — L
then
Hi(K, L)~ Hi(K — L)~ H(X — L, X — K).

As an application of this proposition, let N be a submanifold of M™+*. Let K = N, L = .
Applying first B.2.1 in NV and then in M gives the isomorphism

Hi(N)= H"*(N) = H; x(M,M — N).
From this we see, that the transfer e, is an isomorphism.
For small dimensions (33) implies that
H,(M,M—-N)=0 for ¢g<k=dimM —dim N (34)

Hi(M,M — N;7) = Hy(N;7) (35)

which is generated by elements vy which corresponds to the components Ny of N. We call v, the
transverse class of Ny. In the composition

Hyp(M,M — N) = @& \Hp(M,M — N))

it is a generator of Hy(M, M — Nyx;Z) = Z.
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Proposition B.2.2. The isomorphism ey commutes with inclusion. In more detail, if X is closed
in N then we have

Hy(M,M — N) ——— H, 4(N)
Jj* J
Hy(M,M — X) —% H, 1(N,N - X)
If V is an open set in M then

e!‘VﬁN
Hy(V,V — N) Hy (VAN)

JJ; J
Hy(M,M — X) —» H, (N,N - X)

Proof. For a proof, see | , VIII 10.9] O
In particular, if ¢ = k X = N we see that j, : Hp(V,V — N) — H(M, M — N) takes transverse

classes into transverse classes.
J«(v5) = va (36)

where \, A are components of V N N respectively N.
Apply now the Universal coefficient formula, we find

HI(M,M —N)=0 for ¢<k=dimM —dim N;
H*(M,M — N;G) = HomH(N;Z),G
Proposition B.2.3. Using (35) the elements of
H*(M,M — N;G) = HomHy(N; Z),G (37)

can be described as follows: For every component Ny of N choose an element g\ € G; then there
is a unique class y € H*(M, M — N;G) such that (y,vy) = gx for every \.

In particular, there is a unique class 7 = 74 € H*(M, M — N;Z) such that (1,v)) = 1 for
every A. We call this the Thom class of N in M.

Proposition B.2.4. Let e : N — M™% as above, let X C N be closed and W C M open such
that (N — X) C W C (M — X). Then the composition

Hy(M,M — X) <% Hy_(N,N — X) 25 H,_p(M, W)
agrees with T —,

Proof. See | , VIII, 11] O

Proposition B.2.5. Let e : N — M™% be as before. Assume N is a neighborhood retract in M,
sayr: M' — N, r'e =id, M’ open in M. Then the composition

TM//\ r
H,(M,M —-N)~2H,(M' M —N) —~— H, (MM — rIN) H,_(N)
agrees with ey therefore it is an isomorphism. Dually the composition
* M
HTFN) s gH&7R(M M —r7'N) 2= HI(M',M' — N) = HY(M,M — N)

is isomorphic. These are what we call the Thom isomorphisms.
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Now when f : N — M is the inclusion of a submanifold then f, factors through the Thom
isomorphism, that is, in the diagram

H* (M — N) —2 H*(M, M — N) —— H*(M) (38)
l_ /
H*74(N)
we have
f! :]* o (b]7\71

With &5 the Thom isomorphism.

H*(M,M — N) is by excision a purely N-local quantity, so that in the differentiable category
this group can be identified with H*(vy, vy — N), where vy is the normal bundle to N in M, and
then finally with the compactly supported cohomology of vy. We call @ the Thom class of the
normal bundle and its restriction to N is precisely the Euler class of vy, therefore we have

f*f' = Euler(vy) (39)

B.2.1 The Equivariant Theory

[ ] The equivariant cohomology of a G-space M is defined as the ordinary cohomology of the
space M¢ obtained from a fixed universal G-bundle, by mixing construction

MG:EGXGM

Here we have G acting on EG on the right and on the left of M and the notation means that
we identify (pg,q) ~ (p,gq). Thus Mg is the bundle with fibre M over the classifying space BG
associated to the universal bundle EG — BG, and 7 denotes the corresponding natural projection
m: Mo — BG.

We also have a natural map o : Mg — M/G.

Definition B.2.6. The equivariant cohomology denoted by H¢ (M), is defined by
Hg(M) = H.(Mc)
and constitutes a contravariant functor from G-spaces to modules over the base ring
Hg = Hg(pt) = H(BG)
The module structure is induces by 7, and ¢ defines a natural arrow
o H*(M/G) — HH(M)

which is an isomorphism if G acts freely.
And there is a natural homomorphism

G HE(M) — H* (M)
from equivariant theory to ordinary theory which corresponds to inclusion

t: M — Ma

of M as the fibre over the basepoint of BG.
The functorial nature of the construction M +— Mg enables one to extend all concepts of
ordinary cohomology to the equivariant one.
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B.3 Berline-Vergne
[Jef]

Proof. We use the functorial properties of the pushforward in equivariant cohomology under the
map (p including F in M. We have seen that ¢}.(tp). = Euler(vp) := ep is multiplication by the
equivariant Euler class eg of the normal bundle to F'. Furthermore the map

N Hp (M) = @perHY(F) © H
FeF

is injective. Thus we see that each class n € Hx (M) satisfies
1 *
=3 r)em i (40)
FEF F
Just apply ¢} to both sides of the equation:
S Z Up(ip)s—tpn = Z ep—1Uyn = L}
er er
FeF FeF
Now an = m,n where the map 7 : M — pt and 7, : H5(M) — H} is the pushforward in

equivariant cohomology. Now we apply 7, to both sides of (40)

1, L,
/M n(X) =mon(X) =m. Z (LF)*MLFn(X) = Z s O (LF)*MLFW(X)

FeF FeF

1. [ n(X)
= a0 = 2y

FeF FeF
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Index

BG, 59
(C'*°-G-equivariant differential form, 56
EG, 59

Fy, 71

V-manifold, 39

Ze, 41

Qg, 71

QL(M,V), 71

Q5 (M), 56

Tr, 85

a-density, 12

Ap, 82

V-valued differential form, 70
xg, 73

LS, 70

Vg, 71

V¥, 75

WA, 88

rk(N), 74
o-algebra, 34
o-finite measure, 34
dg, 56

absolutely continuous measure, 34

AFT, 19

almost everywhere, 36

APF, 19

associated bundle, 82

asymptotic Fourier transform, 19

asymptotic Fourier transform, distributions, 20
asymptotic Parseval formula, 19

Atiyah—Bott symplectic form, 88
Atiyah—Bott—Berline-Vergne, 67

basic form, 38

Berezin operator, 72

Borel g-algebra, 34

Borel construction, 59

bundle of a-densities on M, 12

canonical 1-form, 47

centralizer, 74

characteristic function, 35
classifying space, 59

coisotropic, 37

compatible, 73

connection, 45, 70, 82

Constant Rank Embedding Theorem, 43
constant rank submanifold, 37
cotangent lift, 48, 70

cotangent lift of a vector field, 50

covariant connection, 71
covariant derivative, 70
curvature, 71, 83

Darboux—Weinstein theorem, 29
distribution, 38

double slit experiment, 2
Duistermaat—Heckman measure, 34

effective action, 33

electric charge density, 77

electric current density, 77
electric field, 76

electric potential, 78
electromagnetic field strength, 78
electromagnetic gauge current density, 78
electromagnetic gauge potential, 78
elementary form, 58

elliptic element, 26

embedded submanifold, 14
embedding, 14

embedding, orbifolds, 39
equivalent orbifolds, 39
equivariant Bianchi identity, 72
equivariant cohomology, 59
equivariant connection, 71
equivariant curvature, 71
Equivariant Darboux theorem, 29
equivariant deRham cohomology, 59
equivariant deRham complex, 59
equivariant deRham derivative, 56
equivariant differential form, 56
equivariant Fuler form, 73
equivariant fibre bundle, 70
equivariant integral, 92
equivariant integration, 60
equivariant vector bundle, 70
equivariantly closed, 63
Euler-Lagrange equation, 3

exact symplectic manifold, 50

Feynman’s postulates, 4

fibrating, 39

fibration, 38

fine moduli space, 95

flat connection, 83

foliation, 38

football orbifold, 40

fundamental lemma of calculus of variations, 3

gauge action, 84
gauge group, 84
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Hamilton’s principle, 3
Hamiltonian G-space, 26
Hamiltonian group action, 26
Hamiltonian vector field, 25
Hessian, 14

Hodge star, 77

horizontal form, 38, 82

immersion, 14

infinitesimal action, 70

injection, 39

integrable distribution, 38
integrable function, 35

integral submanifold, 38

integral with respect to a measure, 35
invariant covariant derivative, 71
invariant partition of unity, 66
isotropic, 37

isotropy action, 33

isotropy representation, 26

Kirillov—Kostant—Sorian theorem, 41
KKS, 41

ladder operators, 11
Lagrangian subspace, 37

leaf, 38

left invariant 1-form, 48

left invariant vector field, 48
left trivialization, 49
left-invariant Maurer—Cartan form, 84
Liouville measure, 34

local cotangent coordinates, 47
local normal form, 45

local uniformizing groups, 39
local uniformizing system, 39

magnetic field, 76
magnetic potential, 78
Maurer—Cartan form, 84
Maxwell’s equations, 78
measurable function, 35
measurable space, 35
measure space, 35
moment, 72

moment map, 26

Morse function, 14
Morse index, 15

Morse Lemma, global, 16
Morse Lemma, local, 15

non-abelian localization, 92
non-degenerate point, 14
normal to an orbit, 33

null foliation, 39

orbifold, 39
orbifold atlas, 39
orbifold chart, 39

partition function, 4
Pfaffian, 27, 72
principle of stationary phase, 24

Radon—Nikodym derivative, 36
refinement, 39

right invariant 1-form, 48
right invariant vector field, 48
right trivialization, 49

Schwartz space, 19
semi-classical limit, 12
signature, 18

simple function, 35

space of connections, 82
standard representation, 35
submersion, 37

symmetric algebra, 57
symplectic manifold, 25
symplectic normal bundle, 43
symplectic orbifold, 40
symplectic reduction, 40
symplectic subspace, 37
symplectic vector bundle, 43

tangent lift, 48

tempered distribution, 19
transverse, 14

twisted deRham complex, 83
twisted deRham derivative, 83
twisted differential form, 70

variation, 80
vertical vector field, 38

Yang-Mills action, 86
Yang-Mills equations, 87
Yang-Mills path integral, 86
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