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Disclaimer
These are notes from a course given by Johan Martens and Jørgen Ellegaard Andersen in 2011.1
They have been written and TeX’ed during the lecture and some parts have not been completely
proofread, so there’s bound to be a number of typos and mistakes that should be attributed to me
rather than the lecturer. Also, I’ve made these notes primarily to be able to look back on what
happened with more ease, and to get experience with TeX’ing live. That being said, feel very free
to send any comments and or corrections to fuglede@imf.au.dk.

The most recent version of these notes is available at http://home.imf.au.dk/pred.

1 Introduction

1st lecture, 25th January 2011
The reference for the course is [Ati90]. Another reference is [Tur94]. Other references are listed on
the course webpage.

We begin discussing the mathematical side of topological quantum field theory (TQFT). We
have a working definition, which one should think of as an analogy of (co)homology. A homology
theory is a functor H from the category of topological spaces (or rather some nice subcategory
hereof) to the category of Λ-modules for a given commutative ring Λ. The functor satisfies a bunch
of axioms.

• H(M × I) ∼= H(M), where I is an interval

• H(M1 tM2) ∼= H(M1)⊕H(M2). In particular, H(∅) = 0.

The working definition of a TQFT (often referred to as the Atiyah–Segal axioms) is similar.
A d-dimensional TQFT is a functor from the category of oriented, closed, smooth (d − 1)-

dimensional manifolds to the category of finite dimensional C-vector spaces, associating to a (d−1)-
manifold Σ a vector space Z(Σ). Morphisms between (d − 1)-manifolds are bordisms; that is,
d-manifolds M , such that ∂M = Σ (where the boundary is given the induced orientation). To this
M , we associate Z(M) ∈ Z(∂M). As before we want Z to satisfy a bunch of axioms.

Figure 1: The gluing of M1 and M2 along Σ3.

1The course homepage is located at http://aula.au.dk/courses/IMFTQFTMSF11/ – that probably won’t be true
forever though.
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Figure 2: The d-manifold M as a cobordism between Σ∗1 and Σ2.

• Z is functorial with respect to orientation preserving diffeomorphisms of Σ,M

• Z(Σ∗) = Z(Σ)∗, where Σ∗ denotes Σ with the opposite orientation.

• Z(Σ1 t Σ2) = Z(Σ1)⊗ Z(Σ2). In particular, this implies that Z(∅) = C.

• If ∂M1 = Σ1tΣ3, and ∂M2 = Σ2tΣ∗3 (see Fig. 1), we can glue along Σ3 and get a manifold
M = M1 ∪Σ3 M2, then Z(M) = 〈Z(M1), Z(M2)〉, where 〈 , 〉 : Z(Σ1) ⊗ Z(Σ3) ⊗ Z(Σ3)∗ ⊗
Z(Σ2)→ Z(Σ1)⊗ Z(Σ2) is the dual pairing.

Note that in particular, if M = M1 t M2, Z(M) = Z(M1) ⊗ Z(M2). If ∂M is two unions of
components (see Fig. 2), we think of Z(M) ∈ Z(Σ1)∗ ⊗ Z(Σ2) as a morphism of vector spaces
Z(Σ1) → Z(Σ2). One further axiom will then be that Z(Σ × I) = id|Z(Σ) (note that in general,
from the above axioms, one can only conclude that this map is an idempotent).

In practice we often allow for tweaking in the above working definition. For example, one might
require the vector spaces to be Hermitian, so that the dual pairing behave nicely with this extra
structure.

The axioms are motivated by physics. One should think about Σ as “space” in a physical
theory, and M as a submanifold of “space-time”. In particular, this is the case for Σ × I. One
should think about Z(Σ) as the space of quantum states for some quantum theory. One thinks of
Z(M) as “time evolution” on the space of quantum states. In quantum mechanics, time evolution is
given by an operation ei(t1−t0)Ĥ , where Ĥ is the quantum operator associated to the Hamiltonian,
but in TQFT, H = 0 (meaning that the TQFTs carry no dynamics). Another “conflict” with the
quantum theory is in the dimensionality of the vector spaces; one can pick up the the dimension
of Z(Σ) as Z(Σ × S1) while in physical quantum theory, the spaces will be infinite-dimensional.
One might still use the TQFTs in systems, where a main role is being played by purely topological
factors (a la Chern–Simons theory, which we will discuss below).

As in physical theories, where one always encounters the two different formulations of La-
grangians and Hamiltonians, here physics was in terms of canonical quantization (corresponding
to the Hamiltonian version). However, these days, people (such as Witten) tend to take a differ-
ent approach, instead working with path/Feynman integrals, that are more Lagrangian in nature.
Here, classical theory is determined by writing down a Lagrangian L : TN → R, where N is a con-
figuration space, and quantizing by using a path integral, which is something like

´
ei~

´
L(ϕ)dϕ[DΦ],

where here the outer integral is over the space of all fields in the theory, which is mathematically
ill-defined.

The link between canonical quantization and path integrals goes through correlation functions,
giving the probability that a given state under time evolution evolve into some other state. In
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bracket notation, this is

〈ϕT | eiT Ĥ | ϕ0〉,

where ϕ0 is the quantum state at t = 0, and eiT Ĥϕ0 is the time evolution of this state after time
T . The link is now given by the formula

〈ϕT | eiT Ĥ | ϕ0〉 =
ˆ
ei~

´
L(ϕ)dϕ[Dϕ],

where we integrate over all ϕ such that ϕ|0 = ϕ0, ϕ|T = ϕT . Here, the right hand side is classical
in nature, and what should think of ϕ0 and ϕT as δ-function like idealized quantum states.

So, physicists specify (T)QFT by giving a Lagrangian and differentiate between two different
types of topological field theories.

• The theory is of Schwarz type, if the Lagrangian L is purely topological meaning that it is
independent of any metric on the manifolds in question. An example of this is Chern–Simons
theory (with d = 3).

• Secondly a TQFT is of Witten type, where the Lagrangian does depend on a choice of a
metric, but (at least part of) the information obtained from path integrals will not. An
example here is Donaldson–Floer theory (with d = 4).

Figure 3: The decomposition of a 2-manifold into pairs of pants.

Let us now consider the concrete example of what goes on for d = 2. In this case there is
only one connected oriented (d− 1)-manifold; namely an oriented circle. Moreover, every oriented
2-dimensional manifold with boundary has a pair of pants decomposition as in Fig. 3. Thus in
the TQFT picture, everything is determined by a single pair of pants. Also, the 1-dimensional
oriented closed manifold S1 is naturally the boundary of a disc D2.

So if we have a 2-dimensional TQFT Z, we get a vector space Z(S1) = A. The pair of pants
defines an algebra structure A⊗ A → A on A. This multiplication will in fact be associative and
commutative. The image of 1 ∈ C under Z(D2) : C→ A is a unit for this multiplication. Similarly,
we get a map ε : A→ C obtained from considering the disc “from the left”. This map is a “trace”,
meaning that ε(ab) = ε(ba). The vector space A with these structures is called a (commutative)
Frobenius algebra.

Theorem 1. There is a 1-1 correspondence between 2-dimensional TQFT and commutative Frobe-
nius algebras with unit.
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2nd lecture, January 26th 2011
1.1 Chern–Simons theory
Today, we will talk about Chern–Simons theory (also refered to as Jones–Witten theory) and the
Jones polynomial. In the early 1980s, Jones gave a new invariant of knots (i.e. embedded loops in 3-
space). Before, people had used the Alexander polynomial, which was constructed in the 1930s; this
one could not distinguish a knot and its mirror image – the Jones polynomial can do this. The Jones
polynomial assigns a Laurent polynomial in t1/2 to any knot, denoted V (knot). It is completely
determined by V (unknot) = 1 and the following relationship. If you have 3 knots L+, L−, L0 with
the property that they have identical knot diagrams except at one spot, where they differ as in
Fig. 4, then their Jones polynomials are related by (t1/2 − t−1/2)V (L0) = t−1V (L+) − tV (L−).
Relations of this kind are known as “skein relations”.

Figure 4: The skein relations for the Jones polynomial.

Chern–Simons theory is a 3-dimensional TQFT (of Schwarz type) that interprets the Jones
polynomial. We begin by introducing the path integral of the theory.

1.1.1 Path integral approach

We restrict ourselves to defining it for closed oriented 3-manifolds; according to the Atiyah–Segal
axioms, one should really consider manifolds with boundary. To a manifold M with no boundary,
we should associate a complex number (i.e. a vector in Z(∅) = C). We will allow not just a
3-manifold but a 3-manifold with an embedded oriented link (i.e. an embedding of several disjoint
loops). To define a path integral, we have to first define the space over which we integrate, and we
have to define a Lagrangian.

In our situation, the space will be the infinite-dimensional affine space, A, of all connections for
the trivial G-bundle onM up to gauge equivalence, where G is a (semi-simple) compact (connected)
Lie group. That is, we consider A/G, where G is the group of gauge transformations. Note that
this space is once again infinite-dimensional.

The Lagrangian is the integral over M of the Chern–Simons form,

L(A) =
ˆ
M

CS(A) =
ˆ
M

1
4π Tr(A ∧ dA+ 2

3A ∧A ∧A),

for A ∈ A. Here Tr is the trace with respect to a representation of G. We will mainly be dealing
with the defining representation of SU(n). Note that dCS(A) = Tr(F 2

A). If you have two different
but equivalent gauge connections A1, A2, then in general L(A1)−L(A2) ∈ 2πZ. But when we take
the path integral

ˆ
A/G

eikL(A)D(A),

this will not make any difference. Here k ∈ Z is the “level” of the theory. This integral is the path
integral, when no link is present. If an oriented link is present, we associate a representation Ri of
G to each component Li of the link. In this case, we use instead

Zk =
ˆ
A/G

eikL(A)Πi(A)D(A),
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where Wi = Tr(Ri(holonomy of A around Li)) is the socalled Wilson line. Thus, for every k we
obtain a complex number (dependent on the choices for G, Ri).

Claim 2. For a single component of the link (i.e. a knot) in S3, Zk = V for t = e2πi/(k+2).

1.1.2 Canonical quantization

Figure 5: A 3-manifold with boundary components, which may contain marked points. The closed
boundary 2-manifolds are depicted as disks.

Consider from now on the cases G is U(n) or SU(n). We now want to associate vector spaces
to boundaries of 3-manifolds. The boundary might have marked points: I.e. in this picture, the
oriented link in the 3-manifold might have ends in the boundary 2-manifolds (see Fig. 5).

Figure 6: A boundary component with a marked point and a small loop around this point.

We thus look at the moduli space of flat connections on the punctured surface Σ with prescribed
holonomy around the marked points pi (see Fig. 6) – that is, we look at flat connections on Σ\{pi}
such that the holonomy class around small loops around the marked points will be a fixed conjugacy
class. If we choose a holomorphic structure on Σ (i.e. we think of Σ as a Riemann surface). In the
algebraic point of view, we can look at holomoprhic vector bundles on Σ. The prescribed structure
corresponds to considering vector bundles with parabolic structure at the marked points.

Recall that if V is a finite-dimensional C-vector space, a flag in V is a choice of nested subspaces,

{0} = V0 ⊂ V1 ⊂ · · · ⊂ Vr = V.

The flag type is given by the numbers dimVi/Vi−1, i = 1, . . . , r. If all these numbers are 1, we
have a full flag. Given V , the “moduli space” of all flags of a given flag type is a projective variety
called the flag variety. For example, if the flag type is (1,dimV −1), this moduli space will just be
the projectivization P(V ) of the vector space. If the flag type is (n, dimV − n), we get Gr(n, V ).

If we choose a flag {0} ⊂ V1 ⊂ · · · ⊂ Vr = V , we can look at Pfl = {g ∈ GL(V ) | g(Vi) = Vi}.
This is a parabolic subgroup, and the flag variety is isomorphic to GL(V )/Pfl. E.g. if V = Cn, we
have the full flag, Vi = {(∗, . . . , ∗, 0, . . . , 0)} where there are i *’s and n− 1 0’s, Pfl is the group of
upper-triangular matrices, i.e. a Borel or minimal parabolic subgroup.

This is the story for G = GL(V ) – for general reductive groups (e.g. SO(n,C)), we can talk
about G/P for parabolic subgroups P , and we can talk about full flags in G/B. If K is a compact
Lie group with G = KC, the complexification ofK, and T a maximal torus inK, thenK/T ∼= G/B.

A parabolic structure on a holomorphic vector bundle on a Riemann surface with marked points
is now a choice of a flag over each marked point – strictly speaking, there’s also a notion of
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parabolic weights giving rise to of parabolic stability for parabolic vector bundles, and there exists
a moduli spaceMpar of (semi-)stable parabolic bundles (corresponding to the moduli space of flat
connections with prescribed holonomy). Under this correspondence, the flag type corresponds to
the size of the Jordan blocks of the holonomy.

Now, we want to take the “geometric quantization” of this moduli spaceMpar (to do this, we
need a complex structure on Mpar, which can be obtained by choosing a complex structure on
Σ). It turns out, that we have a natural line bundle L→Mpar, and the “geometric quantization
at level k” is the space H0(Mpar, L

k) of holomorphic sections in the k’th tensor power of this
line bundle. This space depends on the complex structure of Σ, but the existence of Hitchin’s
connection tells us, that all projectivizations can be identified.

3rd lecture, January 31 2011
LetM be a compact oriented 3-manifold. Let G be a simple simply-connected Lie group. Consider
an Ad-invariant pairing 〈, 〉 : g× g→ R (or C). Let P → M be a principal G-bundle. Due to the
Lie group being simply-connected (and connected) this bundle is trivializable. Assume s : M → G
is a section. Let AP ⊆ Ω1(P, g) be the space of connections in P . Let G be the gauge group;
automorphisms of P covering the identity on the base M . For A ∈ AP , we can build a number of
forms. First off, we have its curvature FA ∈ Ω2(P ; g). Using the Ad-invariant pairing, we could
form things like 〈A ∧ FA〉 ∈ Ω3(P ), 〈A ∧ [A ∧A]〉 ∈ Ω3(P ), and 〈FA ∧ FA〉 ∈ Ω4(P ).
Definition 3. Let α(A) = 〈A ∧ FA〉 − 1

6 〈A ∧ [A ∧A]〉 ∈ Ω3(P ) be the Chern–Simons form.
Proposition 4. The form α(A) satisfies dα(A) = 〈FA ∧ FA〉.

We want to use this to define the Chern–Simons functional CS : AP → R, depending on the
section s. This is defined by

CSs(A) =
ˆ
M

s∗α(A).

We want to consider the behavior of this under gauge transformation. Let ϕ ∈ GP . Then

α(ϕ∗A) = α(A) + d〈Adgϕ A ∧ ϕ〉 −
1
6 〈ϕ ∧ [ϕ ∧ ϕ]〉.

Here gϕ : P → G is defined by pgϕ(p) = ϕ(p), and θ ∈ Ω1(G; g) is the Maurer-Cartan 1-form, and
ϕ = g∗ϕ(θ).

From now on, let M be closed. In this case, the second term of the above expression vanishes
under integration. Thus

CS(ϕ∗A) = CS(A)− 1
6

ˆ
M

s∗〈ϕ ∧ [ϕ ∧ ϕ]〉.

The normalization of 〈, 〉 is chosen such that the closed form −1
6 〈ϕ∧ [ϕ∧ϕ]〉 is an integral generator

of H3(G;Z). (Assume here that H3(G;Z) ∼= Z – this is true except when G = ˜SO(4) = Spin(4).)
The upshot of this is that CSs(ϕ∗A) = CSϕ◦s(A) = CSs(A) mod Z. We thus have a well-defined
map CS : AP /GP → R/Z.

Witten’s idea is now the following: We define an invariant of 3-manifolds,

Zk(M) =
ˆ
AP /GP

e2πikCS(A)DA.

Here k ∈ N+ corresponding to taking multiples of the above integral generator of H3(G;Z).
If we have an oriented link L = K1t· · ·tKm ⊆M , Ki knots, and R1, . . . , Rm finite dimensional

real or complex representations of G, we can define a function WL : AP /GP → C by

WL(A) =
m∏
r=1

Ri(hol(A,Ki)).
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Then our invariant extends to an invariant

ZGk (M,L,R) =
ˆ
AP /GP

e2πikCS(A)WL(A)DA.

Witten argued the following.

Theorem 5. Let R1 be the defining representation of SU(2). Then

Z
SU(2)
k (S3, L,R1) = JL(e2πi/(k+2)).

Witten verified this using the skein relations of the Jones polynomial, corresponding to using
“known” properties of the ill-defined path integral. Another way of dealing with the path integral
would be to use perturbation theory on the integral; one can then compare the resulting the
asymptotic expansions of the integral with the concrete construction of ZGk by Reshetikhin and
Turaev as a topological quantum field theory.

In the following, assume that M is non-closed, ∂M = Σ. Our construction should behave well
under some kind of gluing law, as in Fig. 1. Physicists here want to assume we have certain
boundary conditions on the gluable parts, giving rise to pairings of certain vector spaces. Let
Q = P |Σ. We then have spaces AQ,GQ. Let A ∈ AQ be a boundary condition. “Define”
s : AQ → C by

S(A) =
ˆ
{A∈AP |A|Σ=A}/G0

P

e2πikCS(A)DA

where G0
P = {ϕ ∈ GP | ϕ|Σ = id}. Let ψ ∈ GQ. As before we want to understand S(ψ∗A).

Choose Ψ ∈ GP , such that Ψ|Σ = ψ. This is always possible in our case; generally the only
obstruction will be elements of homotopy groups up to π2. We have

S(ψ∗A) =
ˆ
{A∈AP |A|Σ=A}/G0

P

e2πikCS(ΨA)DA.

By Stokes’ theorem

CSs(ΨA) = CSs(A) +
ˆ

Σ
s∗d〈Adgψ A ∧ ϕ|Σ〉 −

1
6

ˆ
M

〈ϕ ∧ [ϕ ∧ ϕ]〉,

where here ϕ = (gΨ ◦ s)∗(θ), and s : Σ → P is a section. Define the Wess–Zumino–Witten
term W : Map(Σ, G) → R/Z as follows. For g ∈ Map(Σ, G) and any extension g̃ : M → G, let
W (g) = − 1

6
´
M
〈ϕ ∧ [ϕ ∧ ϕ]〉, for ϕ = g̃∗(θ). This is independent of the choice of extension. Define

cΣ,s : AQ × GQ → U(1) by

ckΣ,s|Σ(A,ψ) = exp(2πki
ˆ

Σ
s∗〈Adgψ A ∧ ϕ〉+W (gψ ◦ s)).

We now note that

Sk(ψ∗A) = ckΣ,s|Σ(A,ψ)Sk(A).

The dependence of s in S is supressed. Also, we will write s = s|Σ So S is not completely invariant,
but we want to see it as a section in a certain line bundle. Let L̃ = AQ × C. For ψ ∈ GQ, define
ψ(A, z) = (ψ∗A, cΣ,s(A,ψ) · z). Then Sk ∈ C∞(AQ, L̃k)GQ .

Formally, we could consider the bundle L̃k/GQ → AQ/GQ, having Sk as a section.
Recall that TAAQ = Ω1(Σ, adQ). Define αS(A)(a) =

´
Σ S
∗〈A ∧ a〉. This defines a 1-form on

the space of connections. We get a connection ∇s in L̃s defined as ∇s +∇triv +α. The nice thing
about this is that ∇s is invariant under the action of G defined above, so it really lives in the
quotient L̃k/GQ. Note that the section S is not covariantly constant under this connection, even
if that would be nice.
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It is easy to find the curvature of this connection, simply computing the exterior derivative of
αS , choosing a path of connections. One obtains that

F∇S (a1, a2) =
ˆ

Σ
S∗〈α1 ∧ α2〉,

for ai ∈ Ω1(Σ, adQ). This is really a symplectic form, ω = F∇S , on AQ. Thus L̃k/GQ is a pre-
quantum line bundle over AQ/GQ. Inside the configuration space, we have a nice finite-dimensional
model. Namely, MQ, the moduli space of flat connections, i.e. {A ∈ AQ | FA = 0}/GQ, is
nothing but Hom(π1(Σ), G)/G, a subquotient of G2g, where g is the genus of Σ. It might have
singularities, butMQ ⊆ AQ/GQ. Path integral mumbo jumbo tells us that S is determined by its
restriction to MQ. Once we choose a metric on M , we get an induced metric on the boundary
Σ and hence a Riemann surface structure σ on Σ. Then MQ gets induced the structure of a
projective algebraic variety, say MQ,σ and LQ = L̃/GQ becomes a holomorphic line bundle LQ,σ
and Sk,g ∈ H0(MQ,σ,LkQ,σ) which depends in some way on the Riemannian metric g. Let T be
Teichmüller space of Σ. We get a vector space H(k) over T with fibers H(k)

σ = H0(MQ,σ,LkQ,σ).
This bundle has a connection, namely the Hitchin connection, and the section Sk,g in H(k) is flat
with respect to the Hitchin connection (actually, the Hitchin connection is only projectively flat),
so really we could write Sk,g = Sk,[g|Σ]. In this picture ZGk (Σ) is exactly the covariantly constant
sections H(k) (with respect to Hitchin’s conenction).

4th lecture, February 2nd 2011
We start with a schematic recap from last time. We started with a path integral. Treating this
completely formal led us to assigning vector spaces to 2-dimensional closed oriented surfaces, and
to 3-manifolds bounding a given surface, we associate a vector in the corresponding vector space.
Studying this, Atiyah and Segal came up with the axioms for a topological quantum field theory.
A nice written account of this is [Tur94]. What Turaev and Reshetikhin did was to give concrete
examples, using quantum groups, of these. What we want in this course is to stay closer to the
gauge theory: Let Σ be a closed oriented surface, and let G be a compact simple simply-connected
Lie group (think SU(n)). We now continue in two steps. Classical gauge theory associates to the
surface a moduli spaceM(Σ) of flat G-connections. On the symmetry side we have the following:
If f : Σ1 → Σ2 is a diffeomorphism, we get a map f∗ : M(Σ2) → M(Σ1) by pulling back flat
connections. This part we will not be too concerned about. The second part is using geometric
quantization of the moduli space and Hitchin’s connection: To the surface we associate the vector
space ZGk (Σ) together with a representation of (a central extension) of the mapping class group of
Σ.

1.2 Geometric quantization
We will now extract the necessary differential geometric structure of the moduli space necessary
for doing geometric quantization. I.e. we want to consider the following: Let M be a symplectic
manifold with a symplectic form ω ∈ Ω2(M). Assume that [ω/2π] ∈ Im(H2(M,Z) → H2(M,R))
and that T is a complex manifold with a smooth map I : T → C∞(M,End(TM)) such that
(M,ω, Iσ) is Kähler. Smoothness means that the corresponding section T ×M → End(TM) is
smooth. In this context, geometric quantization consists of the following.

Definition 6. A triple (L,∇, 〈, 〉) is called a pre-quantum line bundle if L→M is a complex line
bundle, such that ∇ is a connection in L, and such that 〈, 〉 is a Hermitian structure on L (i.e. an
inner product in each fiber fitting together smoothly over L). Furthermore, we require that for
any two sections s1, s2 ∈ C∞(M,L) and X ∈ C∞(M,TM), we have the compatibility

X〈s1, s2〉 = 〈∇Xs1, s2〉+ 〈s1,∇Xs2〉.

Finally, we require that the connection has curvature F∇ = iω (this is the pre-quantum condition).

9



Remark 7. The symplectic form governs the dynamics of a system in classical mechanics, and the
pre-quantum condition ties this together with the line bundle.

Lemma 8. A pre-quantum line bundle (L,∇, 〈, 〉) exists if and only if [ω/2π] ∈ Im(H2(M,Z) →
H2(M,R)) (we say that ω is integral).

A proof is available in [Woo91].
Assume that (L,∇, 〈, 〉) is a pre-quantum line bundle onM . Pre-quantization is the replacement

of M with the Hilbert spaces H(k) = C∞(M,L⊗k). (Note that taking the k’th tensor power of
L corresponds to multiplying the symplectic form by k. Here, k corresponds to 1/~.) We should
think of M as the cotangent bundle, which is the usual phase space in mechanics. The space H(k)

then consists of wave functions, which is really not the right space to consider from a physical point
of view. Rather, we have to cut this space down somewhat. Take a point σ ∈ T , so (M,ω, Iσ) is
a Kähler manifold. We know that I2

σ = −id, and we have a splitting TM ⊗ C = TM ⊕ TM into
the i and −i eigenspaces of Iσ. Here TM is called the holomorphic tangent bundle. This really
is a holomorphic bundle over the Kähler manifold M . Dually, we have a similar decomposition
T ∗M ⊗ C = T ∗M ⊕ T

∗
M , taking the dual operator to I, which also squares to −id, also with i

and −i eigenspaces. We have projections π1,0
Iσ

, and π0,1
Iσ

to T ∗M and T
∗
M respectively. Similarly

all differential forms decompose into forms of various types, but for now we really only need the
1-forms. We could consider the composition

C∞(M,L⊗k) ∇→ C∞(M,T ∗M ⊗ L⊗k)
π1,0
Iσ
⊕π0,1

Iσ−→ C∞(M,T ∗M ⊗ L⊗k)⊕ C∞(M,T
∗
M ⊗ L⊗k).

The corresponding composition is denoted ∇1,0
Iσ
⊕∇0,1

Iσ
. We also write ∇0,1

Iσ
= ∂Iσ . In other words,

we now have a holomorphic structure on all the Lk. We are now in a position to define the
appropirate subspace of H(k).

Definition 9. Let H(k)
σ = {s ∈ C∞(M,L⊗k) | ∇0,1

Iσ
s = 0} ⊆ C∞(M,Lk) be the space of holomor-

phic sections of Lk with respect to the structure Iσ.

The process here is known as Kähler quantization. Really what we have done above is that we’ve
chosen a polarization. A main belief is that quantization should be independent of polarization.
Remark that dropping the integrability condition on I might result in H(k) being empty.
Remark 10. Notice also that g(X,Y ) = ω(X, IY ) is a Riemannian metric having as its volume
form ωn/n!, and there is an inner product (s1, s2) =

´
M
〈s1, s2〉ω

n

n! . Taking the Riemannian metric
on T

∗ we get a Riemannian metric on T
∗ ⊗ L⊗k. Thus, we can construct an operator (∇0,1

Iσ
)∗

adjoint to the ∇0,1
Iσ

above, i.e. (∇0,1
Iσ

)∗ ◦ ∇0,1
Iσ

: C∞(M,Lk) → C∞(M,Lk). This composition is
a self-adjoint operator and behaves rather nicely: Its spectrum consists of finitely many points
around 0 and a continuum above

√
k. The direct sum of the eigenspaces corresponding to the

finitely many points around 0 gives a nice candidate to quantization. Note that this applies to any
symplectic structure as any such will have an almost complex structure.

Our objective now is to understand how the Hilbert spaces H(k)
σ depend on the various complex

structures. Being able to identify these vector spaces corresponds to finding a finite-dimensional
representation of the symplectomorphism group of the symplectic manifold, which isn’t always
possible by the Groenewald–van Howe theorem.

1.2.1 The Hitchin connection

Consider the following trivial bundle T × C∞(M,Lk) → T . Since it is trivial, it has the trivial
connection ∇t. The idea is to try to find a connection in this trivial bundle T × C∞(M,Lk)
that preserves the subspaces H(k)

σ , σ ∈ T . Assume from now on that M is compact. We have a
pre-Hilbert space structure C∞(M,Lk) ⊗ C∞(M,Lk) → C. We could complete this to a Hilbert
space structure on the L2-sections.

10



Fact 11. We have dimH
(k)
σ <∞.

This is a deep fact whose proof uses Hodge theory and the theory of pseudo-differential op-
erators. In the finite-dimensional case we have projections π(k)

σ : C∞(M,Lk) → H
(k)
σ . We thus

have a connection ∇L2
= π(k) ◦∇t. This preserves the subbundle we are considering. One could

thus compare the fibers by using parallel transport of the connection, but the above connection
has curvature and thus parallel transport is not an isomorphism.

Let α ∈ C∞(T , T ∗T ⊗End(H(k))) and consider ∇α = ∇t + α. This will be a new connection,
and we could try to find an α such that ∇α preserves H(k)

σ . From a physical point of view,
differential operators would be more natural than general sections. The Hitchin Ansatz is the
following: Try to find α ∈ C∞(T , T ∗T ⊗Diff(2)(M,Lk)) such that ∇α preserves H(k)

σ .
From now on we use the shorthand Tσ = TMIσ

. Hitchin proposed the following. Consider again
I : T → C∞(M,End(TM)). We know that I2 = −id, so for V ∈ C∞(T , TT ), we obtain

V [I]I + IV [I] = 0.

This means that V [I]σ : Tσ ⊕ Tσ → Tσ ⊕ Tσ, since it anti-commutes with I. Writing this out, we
have V [I]σ ∈ C∞(M, (T ∗σ⊗Tσ)⊕(T ∗σ⊗Tσ)). We write V [I]σ = V [I]′′σ⊕V [I]′σ. From the beginning,
we assumed that T is a complex manifold, so we have a decomposition T (T ) = TT ⊕ T T . So we
could break up the vector field V into V = V ′ ⊕ V ′′. We require that I is holomorphic. That is,
we require that V ′[I]σ = V [I]′σ and V ′′[I]σ = V [I]′′σ.

Recall that ω ∈ T ∗σ ⊗ T
∗
σ. Define Gσ : Tσ(T )→ C∞(M,S2(Tσ)) by

ωĠσ(V ) = V [I]′σ,

where we contract the T ∗σ ⊗ T
∗
σ. This defines Gσ(V ) uniquely and Gσ depends linearly on the

tangent vector. Define an operator

∆G(V )σ : C∞(M,Lk) ∇
1,0
σ→ C∞(M,T ∗σ ⊗ Lk) Gσ(V )−→ C∞(M,Tσ ⊗ Lk)
∇̂1,0⊗1+1⊗∇1,0

−→ C∞(M,T ∗σ ⊗ Tσ ⊗ Lk) Tr→ C∞(M,Lk).

Here we used that the Levi–Civita connection ∇̂ on a Kähler manifold preserves types. This
composition defines a second order differential operator acting on sections of Lk. This is exactly
the kind of object, we were looking for. Write α0

σ(V ) = ∆G(V )σ . In other words, α ∈ C∞(T , T ∗T ⊗
Diff(2)(M,Lk)). The question now is: Will ∇α0

= ∇t + α0 preserve H(k)? To answer this, one
should consider the infinitesimal conditions for a section to be in H(k).

5th lecture, February 7th 2011

2 Moduli spaces of surfaces with marked points
Today, we will continue discussing moduli of parabolic vector bundles. Recall that there are
correspondences

Algebraic geometry
55

[Don85], [AB83]

uukkkkkkkkkkkkkk hh
[NS65]

((RRRRRRRRRRRRR

Gauge theory oo // Topology
In the algebraic geometry picture, we consider the moduli space of semi-stable vector bundles

over a Riemann surface. In the gauge theory picture, we consider the moduli space of constant
scalar curvature Hermitian connections. Finally, on the topological side, one considers unitary
representations of (a central extension) of the fundamental group of the Riemann surface.

11



2.1 Algebraic geometry
We consider now the case where the Riemann surface in question has marked points. We will only
be talking about vector bundles, since in the case of parabolic structures, the “correct” notion of
stability hasn’t quite been developed for principal bundles with general gauge groups. Notation-
wise, E will always denote a holomorphic vector bundle and E the corresponding smooth complex
vector bundle underlying E. We will write r = rkE, d = degE.

Definition 12. Let X be a Riemann surface with distinct marked points D = p1 + · · ·+ pn (and
assume n = 1 – this turns out to not be a problem). A parabolic vector bundle on the Riemann
surface on (X,D) is a holomorphic vector bundle E together with a choice of a flag in the fibers
over the marked point p: I.e. a nested chain {0} = E0 ⊆ · · · ⊆ Es = E|p. The multiplicity is
mi = degEi/Ei−1.

Strictly speaking, this is what people call a pre-parabolic bundle. A parabolic bundle would
then be a pre-parabolic bundle together with a parabolic weight. The vector spaces Ei in a flag
{0} = E0 ⊆ · · · ⊆ Ek = E|p have associated real numbers Ki such that K0 = 1, and 1 > K1 >
· · · > Ks ≥ 0. It is useful to write these with multiplicity, (α1, . . . , αr), where α1, . . . , αm1 are all
equal to K1, and so on. These weights are important since they enter the definition of stability for
parabolic bundles.

Definition 13. The parabolic degree of E is pdeg(E) = deg(E) +
∑
i αi = deg(E) +

∑
jmjKj .

Whereas the degree of a vector bundle is always an integer, this will just be a real number. If
F ⊂ E is a holomorphic subbundle of a parabolic vector bundle E, then F inherits a parabolic
structure by intersecting the flag of Ei with the fiber of F at p. This way we get a flag F
at p (but maybe with some other flag type, as the inclusions will not necessarily be strict – in
this case, we remove repeated subspaces from the flag). For the parabolic weight for Fi, we use
K̃i = maxEj∩F |p=Fi{Kj}.

Definition 14. The parabolic vector bundle E is said to be semi-stable if for all holomorphic
subbundles F of E, we have

pdeg(F )
rk(F ) ≤ pdeg(E)

rk(E)

and it is called semi-stable, if the inequality is strict.

Remark 15. One could always choose the trivial flag {0} ⊆ Ep in the fiber over a marked point,
but there is still the choice of a weight 1 > K1 ≥ 0. In this case, E is stable as a holomorphic
vector bundle if and only if parabolically stable, independent of the choice of K1.

Theorem 16 (Mehta–Seshadri). Fix (X,D) and fix all the flag types (i.e. the multiplicities of the
flag) and parabolic weights for all p as well as the rank r and degree d. Then there exists a (coarse)
projective moduli spaceMα for (S-equivalence classes of) semi-stable parablic vector bundles. We
have dim(Mα) = dim(M) +

∑
p∈D dimG/p, where M is the moduli space of the non-parabolic

vector bundles, dim(M) = r2(g − 1) + 1, and G/p is the corresponding flag variety with the flag
types defined by the data at the point p.

Recall that one distinguishes between coarse and fine moduli spaces: A moduli space M is
called fine if it has a “universal bundle” – here, a universal bundle would be a universal vector
bundle E → M × X such that any family of vector bundles on X parametrized by S, i.e. a
vector bundle F → S × X, there exists a morphism S

f→ M such that F ∼= f∗E . In the non-
parabolic case, if rk(E) and deg(E) are co-prime, then all semi-stable vector bundles are stable
(since deg(E)/ rk(E) is non-integer). In this case, the moduli space is fine, and will in fact also
be smooth, but the connection between fineness and smoothness is subtle – if deg(E) and rk(E)
is not co-prime, one could restrict attention to the stable locus of the moduli space, which will be
smooth, but it will not be fine.
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By S-stability we mean the following: If we have a vector bundle E which is semi-stable but
not stable (i.e. strictly semi-stable), we can find a subbundle F1 of maximal rank, F1 ⊂ E, such
that deg(E)

rk(E) = deg(F1)
rk(F1) . Now F1 is necessarily semi-stable again. If it is not stable, we could find

F2 of maximal rank. Doing this, we obtain a finite sequence · · · ⊂ F2 ⊂ F1 ⊂ E of subbundles
of equal slope. This is called the Jordan–Hölder filtration. This is not unique, but we could take
the associated graded Gr(E) = E/F1 ⊕ F1/F2 ⊕ F2/F3 ⊕ · · · . Here, each summand will be stable,
since each Fi was chosen to have maximal rank. Now, for different Jordan–Hölder filtrations, the
corresponding Gr(E) will be canonically isomorphic.

Definition 17. If E, Ẽ are both semi-stable, E and Ẽ are called S-equivalent if Gr(E) ∼= Gr(Ẽ).

For stable bundles, S-equivalence is the same as isomorphism, but in general, it is something
stronger.

The main difference in the parabolic story is the following. Given a pre-parabolic structure,
one could consider all the possible ways of putting parabolic weights on the bundle, and one could
ask whether the result will be stable or not – this will depend on the choice of weights!
Exercise 18. Let r, d and all flag types be given. Strict semi-stability for parabolic vector bundles
only occurs if the αi satisfy one of a set of affine equations. In particular, a generic choice of
weights will not lead to strict semi-stability.

Proposition 19. If αi are generic, thenMα is smooth (and fine).

Moreover, for the same numerical reasons, as long as the weights αi stay in a connected com-
ponent of the complement of the union of these linear inequalities in the space of possible weights,
the notion of stability doesn’t change, and so the moduli space stays the same. Crossing into other
connecting components might give rise to different notions of stability, and the topology of the
moduli space changes (but the dimension stays the same, by the above formula).

In some sense, the parabolic moduli spaces are very nice, as (generically) we will not have to
worry about singularities.
Remark 20. In the non-parabolic case, we would restrict our attention to Riemann surfaces of
genus 2 or higher, to avoid having automorphisms on the surface. In the case with surfaces with
marked points, the automorphisms are required to preserve the marked points (and the flag in the
fiber), and as such we can talk ofMα even for genus 0 surfaces (with at least 3 marked points) or
genus 1 surfaces (with at least 1 marked point).

2.2 Correspondence results with gauge theory
In the gauge theory picture, we consider the marked points as punctures on the Riemann surface
and look at Hermitian connections on E|X\D (note that every such vector bundle will be trivializ-
able). Recall that in the non-parabolic case, E is called stable, if there exists a Hermitian metric,
such that the canonical connection A has constant curvature FA = −2πiµ(E)idEωX , where ωX is
the symplectic form on the surface, and µ(E) = deg(E)/ rk(E).

6th lecture, February 9th 2011
We begin today considering the chamber structure on the space of stability conditions, mentioned
last time.

Example 21. Consider a rank 3, degree d bundle E with a full flag parabolic structure at a single
point p. We have weights 0 ≤ κ1 < κ2 < κ3 < 1. In the parabolic slope inequality, when do we
have equality for a subbundle F ⊆ E.

If rkF = 2, we have degF = d̃, the equation reads either

(d̃+ κ1 + κ2)/2 = (d+ κ1 + κ2 + κ3)/3,
(d̃+ κ1 + κ3)/2 = (d+ κ1 + κ2 + κ3)/3,
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or

(d̃+ κ2 + κ3)/2 = (d+ κ1 + κ2 + κ3)/3.

This holds for any d̃ ∈ Z. The chamber structure is then defined by the intersection of the above
equations with 0 ≤ κ1 < κ2 < κ3 < 1. Similar things happen for rkF = 1.

Before going into gauge theory, we discuss the so-called Hecke correspondence

2.2.1 Hecke correspondence

Recall that if the rank is r = 1, and our vector bundles in question are line-bundles, we have a
group Pic(X) of line-bundles over our Riemann surface X, with multiplication given by tensoring.
The degree d defines us a short exact sequence

1→ Jac(X) = Pic0(X)→ Pic(X) d→ Z→ 0.

Here the Jacobian Jac(X) is an Abelian variety. The set d−1(z), z 6= 0, is still isomorphic to
Jac(X) as a variety. This isomorphism is not canonical, and we have to make a choice: For p ∈ X,
we define maps Pick

⊗O(p)→ Pick+1 and Pick+1
⊗O(−p)→ Pick. This defines our isomorphism. We ask

the following question: Can we still do this for higher rank? Pick a point p ∈ X and assume that
rk(E) = r, deg(E) = d. Look at the map E 7→ E⊗O(p). In this case, deg(E⊗O(p)) = deg(E)+r,
which follows from a Chern class calculation.
Exercise 22. Tensoring with a O(p) doesn’t change stability of the vector bundle. In other words,
a choice of p induces an isomorphismMr,d

∼=Mr,d+r.
We thus have a certain periodicity when considering the moduli spaces of vector bundles with

fixed rank. Often though, we would want to compare the degree d moduli space and the d+ 1 one.
This leads naturally to parabolic vector bundles.
Remark 23. Over an algebraic curve/a Riemann surface, we have that for coherent sheaves, torsion
free is the same as locally free. In general, torsion free sheaves aren’t necessarily locally free. Recall
that locally free sheaves are sheaves of holomorphic sections of a vector bundle. Coherent sheaves,
in particular are sheaves, where to every open subset we associate a finitely generated module over
the structure sheaf(?)

Since a subsheaf of a torsion-free sheaf is torsion free, we have that over a Riemann surface,
any subsheaf of a sheaf of sections of a vector bundle is again a sheaf of sections of a vector bundle,
but not necessarily of a subbundle of the given vector bundle. It might very well be, that the new
vector bundle has the same rank. For example, if for p ∈ X, O can be viewed as a subsheaf of
O(p), the map O → O(p) mapping s to · · · sp, where sp is a section vanishing only at p (to first
order).

Now, pick a rank r degree d + 1 vector bundle E. Choose a point p ∈ X and a pre-parabolic
structure in E, with a choice of flag 0 = E0 ⊆ E1 ⊆ E2 = E|p, where dimE1 = m1 = r − 1. Let
E = O(E), and consider the map E → E|p/E1 → 0, where we t hink of E|p is the scyscraber sheaf
at p. The map is given by evaluating a section in the point p. This map has kernel F , the sheaf
of sections of E that lie at E1 at p. Note that O → O(p) becomes a special case of this picture.
Since F ⊆ E , and E is locally free, so is F , and therefore it determines a vector bundle F over X
having F as its sheaf of sections. The degree is given by deg(E) = deg(F ) + 1. So, by choosing
a particular point p and a particular subspace of E|p, we have obtained a vector bundle of degree
one lower than the one we started with.

This leads to the Hecke correspondence
Mα

p0

{{wwwwwwww
p1

$$IIIIIIIII

Mr,d Mr,d+1
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Here M denotes the moduli space of rank r degree d + 1 parabolic vector bundles with flag
type (r − 1, 1) at p.
Exercise 24. One can find (small and generic) parabolic weights such that p0 and p1 in this picture
are morphisms between the moduli spaces. Here p1 is given by forgetting the parabolic structure,
and p0 is given by taking the kernel of evaluation at the point p, E → E|p/E1 → 0.

Even if one is interested in non-parabolic vector bundles, this construction is motivation for
considering parabolic ones.

Assuming that the stability conditions go through, we could consider the p1 fibers of a stable
vector bundle of degree d + 1, which correspond to all possible choices of codimension 1, so the
fiber will be a projective space Pr. Using p0 on this, we get a copy p0(p−1

1 (E)) of this projective
space inMr,d.

2.2.2 Back to gauge theory

We now turn back to the gauge-theoretic picture, and the correspondence between parabolic bun-
dles and connections on punctured curves. Main references for this are [Biq91], [Por93] and [DW97],
all of them were written in the early 90s. The representation theoretical/topological version of the
correspondence was earlier and was due to Mehta and Seshadri.

Now, look at X \ p and consider flat unitary connections ∇ on X \ p (one could also consider
non-flat connections, but in this case life is more complicated). In this case, we can consider
the holonomy of ∇ around each puncture. In general, holonomy is determined up to conjugacy,
but all elements of U(r) and u(r) = Lie(U(r)), in our case the holonomy will be the conjugacy
class of a diagonal matrix, and so we assume that holonomy is given by exp(2πiA), where A =
diag(α1, . . . , αr), αi ∈ R.

Lemma 25. After a suitable gauge transformation, there exists a trivialization around p, such
that ∇ can be written ∇ = d + Adθ, having a singularity at 0, where θ is the angular coordinate
for polar coordinates near p. This is refered to as having the ∇ being in (“temporal gauge”).

Assume that 1 > α1 ≥ · · · ≥ αr ≥ 0. Doing this completely determines a holonomy matrix. In
temporal gauge, glue in the trivial bundle on a neighborhood around p.

Lemma 26. Now ∇ determines a holomorphic structure of this new vector bundle Ẽ.

Equip Ẽ with the flag of eigenspaces of A, and use the αi as parabolic weights.

Theorem 27. The vector bundle Ẽ is stable as a parabolic bundle.

Theorem 28. Every stable parabolic bundle arises in this way.

Theorem 29. There exists a symplectomorphism between the moduli space of irreducible flat con-
nections on a punctured Riemann surface and the stable locus of the moduli space of parabolic
vector bundles on the surface.

7th lecture, February 14th 2011

3 Geometric quantization of Mλ,r

Today we will discuss geometric quantization of moduli spaces and fill in some of the details, that
we’ve been hand-waving about so far. Now we will be looking at a (semi-)simple compact gauge
group G, e.g. G = SU(r). LetMλ,r denote the moduli space of semi-stable rank r bundles with
fixed determinant λ, for some line bundle λ on X. Assume that deg(λ) and r are coprime. In this
case,Mλ,r is a smooth projective variety. Note that this is a subspace ofMd,r, asMd,r maps to
the degree d line bundles Picd by taking the determimant (i.e. the top exterior power), andMλ,r

is a pre-image of some element in Picd.
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In order to do geometric quantization, we need a line bundle. Recall that in the gauge theoretic
approach, Mλ,r = A(stable)/GC = F−1(central curvature)/G, where A = {∂E} is the space of all
compatible ∂E operators, that make the given complex vector bundle into a holomorphic one.
Recall that there is a symplectic (Kähler) form on A given by

ωA(α, β) =
ˆ
X

−Tr(α ∧ β),

where α and β are tangent vectors at a point ∂E given by elements of Ω0,1(End0E), where End0
denotes trace-less endomorphisms.

We construct now the so-called Quillen line bundle L onA. The reference for this is [Qui85]. Let
∂E be a point in A. The fiber of the line bundle will be the following: Write ∂E : Ω0(E)→ Ω0,1(E).
Complete Ω0(E) to the Hilbert space H0 of �-integrable sections, and Ω0,1 to the Sobolov space
H1 of �-integrable sections with �-integrable first derivatives. Then ∂E is Fredholm (i.e. the
kernel and cokernel have finite dimensions). Put

L|∂E
∼= Λtop(Ker∂E)∗ ⊗ Λtop(Coker ∂E).

Note that this could also be caleld a determinant line bundle: In general if f : V0 → V1 is a linear
map between vector spaces of equal finite dimension, then det f ∈ ΛtopV ∗0 ⊗ ΛtopV1. If V0 = V1,
then these two spaces are naturally dual, and det f ∈ C.

Now, the L|∂E will form a holomorphic bundle. Let F be the space of Fredholm operators
T : H0 → H1. By general arguments, F is an infinite-dimensional holomorphic Banach manifold.
Cover this Banach manifold by open subsets; let F ⊆ H1 be a finite-dimensional subspace, and let
UF = {T ∈ F | Im(T ) + F = H1}. Note that UF in F (in the topology coming from the operator
norm, probably?), and that they cover F . Given T ∈ UF , we have an exact sequence,

0→ KerT → T−1(F ) T→ F → CokerT → 0.

Exercise 30. We get an isomorphism

Λtop(kerT )∗ ⊗ Λtop(CokerT ) ∼= Λtop(T−1F )∗ ⊗ Λtop(F ).

Note that Λtop(F ) in the above exercise is just the trivial line bundle, and on UF , Λtop(T−1F )∗
is a holomorphic line bundle. Since on the left hand side of the isomorphism of the exercise, F
doesn’t occur, the line bundles glue together to form a line bundle L → F . Pull back this line
bundle by A → F to obtain a line bundle over A.

We define now a Hermitian product 〈, 〉L. One way to go about this is to simply notice that
ker ∂E is a subspace of the Hermitian space H0; similarly one could consider Coker ∂E as a Her-
mitian subspace of H1. Rather than doing this, we consider the following scaling:

Definition 31 (Quillen). Take the ζ-function regularization of the induced (as above) inner prod-
uct 〈, 〉 on Λtop(Ker∂E)∗ ⊗ Λtop(Coker ∂E).

That is, given an operator ∂E , we could take the associated ζ-function mapping ζ∂E : s 7→∑
λ6=0 eigenvalue of ∂E λ

−s (if Re s > 1, and take the analytic continuation in general; then ζ∂E is
regular at 0 – it is holomorphic but has a singularity). Then the ζ-regularization is the following:

〈, 〉L = exp(−ζ ′
∂E

(0))〈, 〉induced.

For example, if T : V → V is a linear operator on a finite dimensional vector space V , and
if T is invertible, so all eigenvalues are non-zero. In this case, ζT (s) =

∑
λ−1 =

∑
exp−(ln(λs)),

so ζ ′T =
∑

(− lnλ)λ−s, and so exp(−ζ ′(0)) = exp(
∑

lnλ) =
∏
λ = detT . In general, if T is not

invertible, we get instead the determinant of T acting on the orthogonal complement of kerT .

Theorem 32 (Quillen). If ∇L is the canonical connection on L with respect to 〈, 〉L, we get
F∇L = ωA.
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The line bundle L → A defines a line bundle L →Mλ,r such that FL is the symplectic form on
Mλ,r, and we can do geometric quantization and consider H0(Mλ,r,Lk). We began by assuming
deg(λ) and r coprime, so that the resulting moduli space was smooth, but it turns out that the
smoothness isn’t necessary. If (deg λ, r) 6= 1 instead we have semi-stable bundles (or equivalently,
reducible connections), and the moduli space Mλ,r denotes the moduli space of S-equivalence
classes and has singularities. As an algebraic variety, however, the moduli space is still normal;
normality is a local property in algebraic geometry. A point p ∈ M in a variety is normal if the
ring of regular functions at p is integrally closed in the function field of the variety; a variety is
normal if every point is normal. In general, smoothness always implies normality. The converse
isn’t necessarily true but is true, when the complex dimension is 1. There is always a canonical way
to normalize a variety (while there is no canonical way to desingularize one): Given a variety M ,
if M is not normal, one can find a canonical normalization Mnorm → M . Also, Hartog’s theorem
as stated below is still true on normal varieties.

Theorem 33 (Hartog’s theorem). Holomorphic functions extend (uniquely) over submanifolds of
codimension 2 or greater.

The upshot of this discussion is this (see Hitchin’s article “flat connections and geometric
quantization ”): By using Hartog’s theorem, everything still goes through in the singular case,
since all of them live in high enough co-dimension.

3.1 The space of sections and the Verlinde formula
We can ask the following question: Is dimCH

0(Mλ,r,Lk) independent of the choice of the complex
structure on X? In general, we have the Hirzebruch–Riemann–Roch theorem. Put χ(M,Lk) =∑

(−1)i dimHi(M,Lk). The theorem tells us that this expression is topological, given by the
integral over M of some class multiplied some Chern character. By Serre duality, Hi(M,L) ∼=
Hn−i(M,L−1K)∗, and by the Kodaira vanishing theorem, ifKL−1 is negative, then dimHi(M,L) =
0 for all i. In general, if we take Lk for k � 0, we always have that KL−k is negative, and
dimCH

0(M,Lk) is independent of Kähler polarization. In our case, this isn’t even necessary: If
M = Mλ,r and L = L, it works for all k. Consider the determinant line bundle for the operator
∂|End0E : Ω0(X,End0E) → Ω0,1(X,End0E) induced by ∂E . This line bundle will be Lλ for some
integer λ ≥ 0, but on the other hand, if G is simple, it will be equal to Λtop(TMλ,r). As a result,
the canonical bundle, which is the dual to this last line bundle, will be K = L−λ. As a result,
KL−k = L−(λ+k), which is always negative, and so dimH0(Mλ,r,Lk) will always be independent
of the complex structure.

This dimension is given by given by the so-called Verlinde formula (conjectured by physicists
around 1987 and proven mathematically in the early 90s). Let ZSU(r)

k (g) = dimCH
0(M0,SU(r),Lk),

where g is the genus of X. Then

Z
SU(2)
k (g) =

(
k + 2

2

)g−1 k+1∑
j=1

(
sin2 jπ

k + 2

)1−g
,

Z
SU(n)
k (g) =

(
r

k + r

)g ∑
S⊆{1,...,k+2},|S|=2

 ∏
s∈S,t/∈S,1≤g≤k+2

∣∣∣∣2 sin
(
π
s− t
r + k

)∣∣∣∣g−1
 .

8th lecture, January 16th 2011
Remark 34. Last time we definedMλ,r = det−1(λ), for some λ ∈ Picd, where det :Md,r → Picd.
For correspondence results, we really want the case, where λ = 0 is trivial: For a U(r)-principal
bundle coming from an SU(r)-principal bundle as an extension of structure groups, we must have
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λ = 0. This really comes from the fact that we have short exact sequences

1→ SU(r)→ U(r) det→ U(1)→ 1,
1→ SL(r)→ GL(r)→ Cx → 1.

From now on we use the notationM0,SU(2) =MSU(2).

Recall from last time the Verlinde formulas for ZSU(2)
k (g) and Z

SU(n)
k (g). Remark in partic-

ular that these formulas were independent of the complex structure on X. Hitchin argues that
in the general picture, this will also happen for k high enough. Recall from last time that in our
picture this followed from an argument using Kodaira’s vanishing theorem, describing the dimen-
sion in term of Euler characteristic; i.e. using the index theorem or Hirzebruch–Riemann–Roch,
χ(MSU(r),Lk) =

∑
(−1)i dimHi(M,Lk) = dimH0(M,Lk). This, on the other hand, is a partic-

ular integral over M, and one could ask why the formulas were surprising, when one could just
compute this integral; this turns out to be a hard job but gives one proof of the Verlinde formula
above. The method is as follows: Kirwan surjectivity says that given a compact finite-dimensional
symplectic manifold (M,ω) with a Hamiltonian action G and momentum map µ, there is a sur-
jective Kirwan map K : H∗G(M) → H∗(µ−1(0)/G) from the G-equivariant cohomology of M to
the cohomology of the symplectic reduction. There is a general method due to Lisa Jeffrey and
Francis Kirwan that tells us that

´
µ−1(0)/GK(α) is given by a socalled “residue formula” in terms

of equivariant cohomology for α on M . In particular, one can seeMSU(r) as symplectic reduction
of an “extended moduli space”. This space is the space of all flat connection modulo gauge trans-
formations that are trivial at a point p ∈ X. This is interesting since the extended moduli space is
already finite dimensional. Using this, Jeffrey and Kirwan were able to give a proof of the Verlinde
formula.

Notice in the formulas that the k’s always appear as k + r. One way to interpret this fact
is through what is called “metaplectic correction”: It turns out that, in many cases, the “naive”
geometric quantization, i.e. taking H0(M,Lk) doesn’t give the expected vector spaces from a
physical point of view. Recall that on an Kähler manifold M , giving a spin structure is the same
thing as giving a square root

√
K of the canonical bundle K, i.e. L2 = K (in particular, finding

a spin structure will only be possible, if the degree of K is even, which in particular is true for
Riemann surfaces). Metaplectic correction now says the following: Instead of H0(M,Lk), one
should use H0(M,Lk ⊗

√
K).

In general, the metaplectic correction would beH0(M,Lk⊗
√
K), and in our case,M =MSU(2),

we have KMSU(r)
∼= L−2r, and a candidate square root

√
K exists, namely L−r, and metaplectic

quantization will be H0(MSU(2),Lk−r), giving some explanation to the k + r’s in the Verlinde
formulas.

3.2 The parabolic case
Consider now the space Mα

SU(r) of S-equivalence classes of semi-stable parabolic vector bundles
with parabolic weights α fixed. Recall that in the space of possible weights we have a chamber
decomposition, and as long as we’re inside of a chamber, the topology and even the complex
geometry of the moduli space will not change when α changes; the Kähler structure changes
though, and there is a wall crossing phenomenon.

Recall also that the parameter α also referred to fixing the holonomy of connections around
marked points in the gauge theory viewpoint. Only for specific α the Kähler form will be integral
though, and only in these cases should we expect to be able to find our pre-quantum line bundle.
Recall that parabolic semi-stability for E means that

deg(F ) +
∑
αj

rk(F ) ≤
deg(E) +

∑
i αi

rk(E)

for subbundles F ⊆ E (and note that for SU(r), deg(F ) = deg(E) = 0). So morally, only if {kαi}
are all integers, there exists a pre-quantum line bundle at level k.
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3.3 Review of spin
As we might need it for the second part of the course, and since we already used it, we’ll give a review
of what spin means. The fact is that π1(SO(2)) = Z, and for n ≥ 3, π1(SO(n,R)) = Z2; recall
that SO(3) are all orientation preservering transformations of Euclidean 3-space, and topologically,
SO(3) ∼= RP3; a rotation is given by an oriented axis in 3-space and giving an angle of rotation,
and furthermore one can limit the angles to being between 0 and π, since adding 2π doesn’t mean
anything, and the angles between π and 2π can be obtained by rotating in the other direction.
That is, one can think of SO(3) as B3

π/ ∼, where p and −p in ∂B3
π = S2 are identified. This space

is homeomorphic to RP3 (which is probably easiest seen considering the 2-dimensional picture).
The homotopically non-trivial loop in SO(3) is going from the origin to the boundary, coming out
on the other side and going back to the origin; the magic thing is that squaring this loop gives
something trivial cf. the belt trick which is hard to live TeX.

Since π1(SO(n)) ∼= Z2, its universal cover will be a double cover 1→ Z2 → S̃O(n)→ SO(n)→
1, and we define Spin(n) = S̃O(3). For n = 3 it turns out that Spin(3) ∼= SU(2). Topologically,
SU(2) ∼= S3, and we have a map SU(2) → SO(3) having as its kernel the center of SU(2) which
is a copy of Z2.

Let M be an oriented Riemannian manifold. In general, the frame bundle of a Riemannian
manifold is an O(n)-bundle and in the oriented case, it will be an SO(n)-bundle. We can now
ask for a Spin(n) bundle such that this frame bundle arises from the Spin(n)-bundle by extension
of structure group; this will be called a spin structure on M . Topologically, M is orientable if
and only if ω1(TM) = 0, where ω1 is the first Stiefel–Whitney class, and moreover M has a spin
structure if and only if ω2(TM) = 0. As mentioned earlier, if M is complex, then M has a spin
structure if and only a square root of the canonical K exists.

9th lecture, February 21th 2011

4 The Hitchin connection revisited
Let (M,ω) be a symplectic manifold with a pre-quantum line-bundle (L, 〈, 〉,∇) → (M,ω). Let
I : T → C∞(M,End(TM)) be a smoothly varying family of Kähler structures on (M,ω). I.e.
Mσ = (M,ω, Iσ) is a Kähler manifold for all σ ∈ T .

Define H(k) = T ×C∞(M,Lk). Inside of this we have H(k)
σ = {s ∈ H(k)

σ | ∇0,1
σ s = 0}. We want

to find conditions for this space to be a bundle over T and for when it admits a projectively flat
connection. In the cases where H(k) ⊆ H(k) is a subbundle (which is actually true if and only if the
dimensions of the H(k) do not change), we have the L2-connection: Let π(k)

σ : C∞(M,Lk)→ H
(k)
σ

denote the orthogonal projection with respect to the L2-inner product and put ∇L2

V = π
(k)
σ ∇t

V .
Typically, this connection is not (projectively) flat.

Instead we want to consider the Hitchin connection. The idea is to write ∇H
V = ∇t

V − u(V ).
We want u(V )σ ∈ Diff(2)(M,Lk). Let us find conditions on u so that it preserves the subbundle
H(k). Take a vector field V and a section s of Lk. Recall that V (∇0,1

σ s) = V ( 1
2 (id + iI)∇s) =

i
2V [I]∇s +∇0,1

σ V [s] = 0. Assume that s is covariant constant; i.e. that V [s] = u(V )s. We then
obtain that i

2V [I]∇1,0
σ s +∇0,1

σ u(V )s = 0. Notice that u(V ) does not take a holomorphic section
to a holomorphic section. In order to solve this equation, we must have the following be true.

Exercise 35. Prove that ∇0,1
σ (V [I]∇1,0

σ s) = 0 for all s ∈ H(k)
σ .

Recall that we want T to be a complex manifold such that T ×M → T is holomorphic with
respect to the complex structure on T ×M induced by I (at a given point of T , we have an endo-
morphism in the tangent space, and we use the complex structure coming from I at that point in
the M part). If we write V = V ′ + V ′′ for a vector field, the condition of holomorphicity is equiv-
alent to V ′[I] = V [I]′ ∈ C∞(Mσ, T

∗
σ ⊗ Tσ) (recall that we introduced G(V )σ ∈ C∞(M,S2(Tσ))

defined by ω.G(V )σ = V ′[I]σ, where the . means contracting; we have ω ∈ T ∗σ ⊗ T
∗
σ). In our
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notation, ∇1,0s ∈ T ∗σ ⊗ Lk, and acting with V [I] is contracting in the first part. In particular, if
we use a vector field with V = V ′′, the first term of our equation vanishes, and we can require that
u(V ′′) = 0. Note altso that H(k) as a bundle has a ∂ operator induced from the trivial connection.
In other words, we have now defined our connection on the anti-holomorphic part; here it’s really
nothing but the trivial connection. In general, we have

u(V ) = 1
k + n/2o(V )− V ′[F ],

o(V ) = −1
4(∆G(V ) + 2∇G(V )dF − 2uV ′[F ]).

Here, we assume that c1(M,ω) = n[ ω2π ], n ∈ Z, where c1(M,ω) = c1(M,ω, Iσ) is the first Chern
class with respect to the Levi–Civita connection coming from any metric induced by one of the
Iσ, and we assume that k + n/2 6= 0. From previously, remember that ∆G(V ) : C∞(M,Lk) →
C∞(M,Lk). Let Ricσ ∈ Ω1,1(M) be the Ricci 1-1 form for (M,ω, Iσ) (defined below). Then
[Ricσ /2π] = c1(M,ω). Thus Ricσ −nω is exact, and any exact 1-1 form can be written 2i∂∂F for
some function F , well-defined up to some constant ambiguity, so let Fσ be the function arising
this way; assume here that M is compact. One way of normalizing Fσ then is by requiring that´
M
Fσ

ωn

n! = 0. We thus get a function F : T → C∞(M) (called the Ricci potential). Considering
types, we obtain that G(V )σdFσ ∈ C∞(M,Tσ). Note that in the expressions for u and o above,
∆G(V ) is a second order operator, ∇G(V )dF is first order, and the V ′[F ] operator will be zeroth
order.

Let us recall a bit about the Ricci form: Let (M,ω, Iσ) be a Kähler manifold with the metric
gσ(X,Y ) = ω(X, IσY ) and the induced Levi–Civita connections ∇. Then ∇Iσ = 0. The cur-
vature tensor is Rσ(X,Y )(Z) = ∇X∇Y Z − ∇Y∇XZ − ∇[X,Y ]Z. This endormorphism satisfies
Rσ(X,Y )(IσZ) = Iσ(R(X,Y )(Z)), and Rσ(IσX, IσY ) = Rσ(X,Y ). From this we can define the
Ricci curvature rσ(X,Y ) = Tr(Z 7→ R(Z,X)Y ). Define Ricσ(X,Y ) = r(IσX,Y ). This is the Ricci
1-1 form Ricσ ∈ Ω1,1(M).
Exercise 36. Prove that the curvature of the induced connection in the canonical bundle Kσ =
ΛtopTσ of M is Ricσ.

Recall the equation for u. On one side we had our first order operator ∆G(V ). This operator
has symbol G and has to satisfy ∂σ(G(V )σ) = 0. We write this as G(V )σ ∈ H0(Mσ, S

2(Tσ)). We
say that the family of complex structures is rigid.

Theorem 37. If we have that M is compact, that we have the above rigidity, that there exists n
such that n[ω/2π] = c1(M,ω), and that H1(M,R) = 0 (which might not be necessary), then u as
given before satisfies the equation i

2V [I]σ∇1,0
σ sσ + ∇0,1

σ u(V )σsσ = 0 for all vector fields V on T
for all σ ∈ T and all sσ ∈ H(k)

σ .

The proof of this theorem is the result of three lemmas.

Lemma 38. We have

∇0,1(∆G(V )(sσ) + 2∇G(V )dF (sσ)) = −i(2k + n)ωG(V )∇(sσ)− 2ik(G(V )dF )ωs− ikδσ(G)ωs,

where δσ : C∞(M,S2(T )) → C∞(M,Tσ) is given by δσ(G) = Tr(∇G), and the right hand side
above contains a bunch of contractions.

Note that we like the first term on the right hand side, since ω.G(V ) = V ′[I]. The pre-factor
here explains the corresponding one in the expression for u. Note also that we have an error term.

Lemma 39. We have

4i∂(V ′[F ]) = 2(G(V )dF )ω + δσ(G(V ))ω.

Lemma 40. We have

2(V ′[Ric])1,1 = ∂(δ(G(V )).ω)
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Proof of Lemma 39 (assuming Lemma 38 and 40). This proof is where we will use thatH1(M,R) =
0. On a general Kähler manifold, we have

Ricσ = nω + 2i∂∂Fσ = nω + 2id∂Fσ.

Then

V ′[Ric]σ = 2i 1
2 ( i2∂V

′[I]dFσ + ∂∂V ′[F ]σ).

Writing d = ∂+∂, and taking the (1,1) part of this, noting again that V ′[I] is a section of Tσ⊗Tσ,
we obtain

(V ′[Ric]σ)1,1 = −∂V ′[I]∂Fσ + 2i∂∂V ′[F ]σ.

Using Lemma 40, we see from this that

2i∂∂V ′[F ] = ∂V ′[I]∂Fσ + (V ′[Ric])1,1

= ∂V ′[I]∂Fσ + 1
2∂(δσ(G(V ))ω).

This expression is clearly ∂-closed, and it follows from Lemma 38 that it is also ∂-closed (since
the LHS and first term of the RHS is), so since H1(M,R) = 0, it equals df for some f , and since
df = ∂f + ∂f . Conjugating this expression, we obtain that ∂f = 0, and using compactness, f is
constant and thus df is 0, which gives us the expression of Lemma 39.

10th lecture, February 23rd 2011
We are considering H(k) = T × C∞(M,Lk) with H(k)

σ ⊆ H(k)
σ = C∞(M,Lk). We are looking for

the Hitchin connection ∇H
V = ∇t

V − u(V ). The equation on u was
i

2V [I]σ∇1,0sσ +∇0,1
σ u(V )σsσ = 0,

for all vector fields V vector fields on T , all σ ∈ T and all sσ ∈ H(k)
σ . Last time we were looking at

u(V ) = 1
k + n/2o(V )− V ′[F ],

o(V ) = −1
4(∇G(V ) + 2∇G(V )dF − 2uV ′[F ]),

where n is such that c1(M,ω) = n[ω/2π] ∈ H2(M,Z). We were requiring that ∂σ(G(V )σ) = 0.
Proving that u satisfies the above equation was broken into the three lemmas 38, 39, and 40.

Last time we saw how 39 followed from the two others.

Proof of Lemma 38. We have

∇0,1(Tr(∇1,0G(V )∇1,0s)) = Tr(∇0,1∇1,0G(V )∇1,0s)
=− ikTr(ωG(V )∇1,0s)− iTr(RicG(V )∇1,0(s))

+ Tr(∇1,0∇0,1G(V )∇1,0s).

Since the family G(V )σ was holomorphic, and since ω is parallel, the last term here becomes

Tr(∇1,0∇0,1G(V )∇1,0s) = −ikTr(∇1,0(G(V )ωs))
= −ikTr(∇1,0(G(V ))ω)s− ikTr(G(V )ω∇1,0s).

Recall that Ric = nω + 2i∂∂F . We then see that

∇0,1(Tr(∇1,0G(V )∇1,0s)) = −2ikTr(G(V )ω∇1,0s)− iTr(G(V ) Ric∇1,0s)− ikδ(G(V ))ωs
= −i(2k + n) Tr(G(V )ω∇1,0s)− ikδ(G(V ))ωs+ 2 Tr(G(V )∂∂F )∇1,0s.

Note that ∇0,1∇G(V )dF s = G(V )∂∂F∇1,0s− ikG(V )dFω. This implies the lemma.

21



Proof of Lemma 40. We prove that (V ′[Ric])1,1 = − 1
2∂(Tr∇1,0(G(V ))ω). The Kähler curvature

is an element R ∈ C∞(M,S2(T ∧ T )). Then Ric = R(ω) = R((Λ2ig)−1(ω)). We claim that
ig = −Iiω. We have Λ2ig = Λ2(Iiω), and so (Λ2ig)−1(ω) = (Λ2iω)−1(ω). It follows that V ′[Ric] =
V ′[R]((Λ2iω)−1(ω)). By Theorem 1.174(c) of [Bes87], the variation of the curvature is given by

V ′[R](X,Y, Z, U) =1
2(∇2

Y,Z(V ′[g])(X,U) +∇2
X,U (V ′[g])(Y,Z)

−∇2
X,Z(V ′[g])(Y,U)−∇2

Y,U (V ′[g])(X,Z)
+ V ′[g](R(X,Y )Z,U)− V ′[g](R(X,Y )U,Z)),

where

∇2
X,Y = ∇X∇Y −∇∇XY

is function linear in the two variables. If we define G̃(V ) = G(V ) + G(V ), we find that V [g] =
iω ⊗ iω(G̃(V )) for V a real vector field, and in particular V [g] has pure type. If V = V ′, G̃(V ′) =
G(V ′).(?) The Levi–Civita connection preserves types, and so does the curvature tensor. Plugging
in X,Y, Z, U from T, T , T, T respectively, the last two and first two terms of the above expression
for V ′[R] will vanish. Thus

(V ′[R]((Λ2iω)−1)(ω))1,1 =− 1
2(Tr∇1,0∇1,0(V ′[g])⊗ (Λ2iω)−1(ω)

+ Tr∇0,1∇0,1(V ′[g])⊗ (Λ2iω)−1(ω)).

From this the lemma follows.

Remark 41. Several remarks are in order.

1. The condition b1(M) = 0 would be nice to remove, but it hasn’t been done.

2. The Fano condition c1(M,ω) = m[ω/2π] can be removed: One goes to half-form quan-
tization/metaplectic quantization, where instead of using Lk, we use Lk ⊗ K−1/2, where
K = ΛtopT ∗M , and (K−1/2)⊗2 = K∗. A sqaure root of K does not necessarily exist, but it
does when the second Stiefel–Whitney class w2(M) vanishes. Note that in this case, one has
to come up with a reference connection in Lk ⊗K−1/2. The condition c1(M,ω) = m[ω/2π]
implies that K = Lm as complex line bundles (not necessarily of Hermitian line bundles,
although this can be obtained by multiplying the isomorphism by eF/2).

3. What can we do if ∂G(V ) 6= 0. For example, this is the case for the universal bundle over
Teichmüller space; here, however, the condition will be satisfied when going to the moduli
space picture.

4. The moduli space of irreducible SU(n) representations of π1(Σ), that is, the space M =
Hom′(π1(Σ), SU(n))/SU(n), is a smooth symplectic manifold, and the construction applies
(a fact that is due to Hitchin).

In both the non-metaplectic and metaplectic case, we have the following:

Theorem 42. The Hitchin connection ∇H is projectively flat. That is, there is a 2-form ω on T
such that ω ⊗ id = R∇H .

If Γ is a group which acts on (L,∇, 〈, 〉) and T , such that I is Γ-equivariant. Then Γ acts
projectively on the space PVk of global covariantly constant sections of (P(H(k)),∇H)→ T . That
is, we obtain representations ρk : Γ→ Aut(PVk). In the moduli space case, these are the quantum
representations of the mapping class groups Γg = Diff+(Σg)/Diff0(Σg).

Recall that ∇H
V = ∇t

V − u(V ). Consider now π(k) : H(k) → H(k). If s : T → H(k) is a section,
then ∇H

V s = π(k)∇H
V s = π(k)∇t

V s − π(k)u(V )s, so we conclude that ∇H
V − ∇L2

V = π(k)u(V ),
and so π(k)u ∈ Ω1(T ,End(H(k))). For a vector field V , u(V )σ ∈ Diff2(M,Lk), and π(k)u(V )σ :
C∞(M,Lk)→ H

(k)
σ .
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Definition 43. If D ∈ Diff(l)(M,Lk), then we define the associated Toeplitz operator is π(k)
σ ◦D :

C∞(M,Lk)→ H
(k)
σ .

In particular, we could consider operators Dσ parametrized by T , and we would obtain sections
of End(H(k)), and we could ask how these would relate to the Hitchin connection.

Definition 44. The Toeplitz operator T (k)
f associated to a function f ∈ C∞(M) (corresponding

to zero order differential operators) is the operator T (k)
f,σ = π

(k)
σ ◦Mf , where Mf (s) = f · s.

Recall that the operator norm on End(H(k)
σ ) is given by ‖A‖ = sup|sσ|=1|Asσ| for A ∈

End(H(k)
σ ).

Theorem 45 (BMS). The operator norms of the Toeplitz operators satisfy

lim
k→∞

‖T (k)
f,σ‖ = sup

x∈M
|F (x)|.

This also implies that the map f 7→ (T (k)
f,σ ) is faithful, since (f−g) 7→ (T (k)

(f−g),σ) = T
(k)
f,σ−T

(k)
g,σ = 0

implies that f = g.

5 Student seminars
5.1 Jens Kristian
Jens Kristian wrote his own notes on geometric quantization; prequantization, polarization, and
metaplectic correction:

5.1.1 Goal

Given a symplectic manifold (M,ω) we want to associate a Hilbert space H and and for (some)
f ∈ C∞(M,R) an operator f̂ on H such that:

1. The map f 7→ f̂ is linear over R.

2. If f is constant of value a, f̂ = aid.

3. i~f̂ = [f̂1, f̂2] for f = {f1, f2}.

Remark 46. Let M = T ∗R and ω = dq ∧ dp the standard symplectic form. This is the phase space
for the harmonic oscillator and the functions p, q : M → R corresponds to position and momentum.
The hamiltonien vector field associated to p is Xp = 2 ∂

∂q , so the poisson bracket of the position and
momentum observables is: {p, q} = −dq(Xp) = −2. By (2) and (3) from above, this tells us that
[p̂, q̂] = i~(−̂2) = −2i~id, ie. that position and momemtum doesn’t commute in the quantization.

5.1.2 Prequantization

A prequantization of a symplectic manifold (M,ω) is a complex line bundle B →M with hermitian
structure, and a connection ∇B with curvature F∇B = iω~ (this makes sense: The curvature of a
connection in a vector bundle is a two-form with coeffecients in the endomorphism bundle; but for
a line bundle the endomorphism bundle is just C, so the curvature is a complex-valued 2-form on
M). The cohomology class of the curvature is the first chern class of the line bundle, which is an
element of H2(M, 2πiZ). So we can hope to prequantize a symplectic manifold if ω~ ∈ H

2(M, 2πZ).
In fact, this is the only obstruction:

Theorem 47. For all closed two-forms ω such that [ω] ∈ H2(M, 2πiZ) there exist a hermitian
line bundle B →M and a connection ∇B in B compatible with the metric, such that ω = F∇B .
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Proof. Let {Uj} be an open cover of M consisting of open contractible sets with contractible
intersections. For each j, choose a 1-form θ ∈ Ω1(Uj), such that dθj = ω|Uj , which is possible since
H2(Uj ,R) = 0 and ω is closed. For each par (i, j) such that Uij = Ui ∩ Uj 6= ∅ let fij : Uij → R
be a smooth function such that dfij = Θi − Θj on Uij which is possible since Θi − Θj is closed.
Let δ denote the Chech differential. We see that d(δf)ijk = 0 and thus (δf)ijk is constant, and
therefore in the check cohomology group of locally constant functions. But since its closed, and
the cohomology group is 0, this implies that there exist gij locally constant, such that δg = δf .
Let uij = fij − gij . Then duij = Θi − Θj and δuij = 0. Let cij = euij , and we see that dcij =
d(uij)cij = (Θi−Θj)cij . The cij ’s define a Check 2-cocycle and therefore they are the transistions
functions for a line bundle B on M : cijcji = 1 and cjkc−1

ik cij = eujk−uik+uij = e(δu)ijk = 1. In this
line bundle we can define a connection as ∇Xsi = Θ(X)si where si is the constant section 1 in the
trivialization over Ui, and it follows that the curvature F∇ = dΘ = ω.

Assume now that B →M is a prequantum line bundle for (M,ω) with connection ∇. We can
define a inner product of the space of smooth sections of B by:

〈s, s′〉 =
ˆ
M

(s, s′)ε

where ε = ωn

n! is the volume form from from the symplectic form. The prequantization Hilbert
space L2(B, ε), the completion of the space of square integrable section of B wrt. ε. We define,
for f ∈ C∞(M):

f̂ · s = −i~∇Xf s+ fs.

symmetric:

〈f̂ s, s′〉 =
ˆ
M

(f̂ s, s′)ε

=
ˆ
M

(−i~∇Xf s, s′) + (fs, s′)ε

=
ˆ
M

−i~(∇Xf s, s′) + f(s, s′)ε

=
ˆ
M

−i~(−(s,∇Xf s′) +Xf (s, s′)) + (s, fs′)ε

=
ˆ
M

(s,−i~∇Xf s′ + fs′)− i~d((s, s′))(Xf )ε

=
ˆ
M

(s, f̂s′)− i~d((s, s′))(Xf )ε

=
ˆ
M

(s, f̂s′)ε− i~
ˆ
M

d((s, s′))(Xf )ε

= 〈s, f̂s′〉

The last equality follows since

ˆ
M

d((s, s′))(Xf )ω
n

n! =
ˆ
M

(
LXf (s, s′)

) ωn
n!

=
ˆ
M

LXf
(

(s, s′)ω
n

n!

)
−
ˆ
M

(s, s′)LXf
(
ωn

n!

)
= 0 + 0

Because the integral of the Lie derivative of a top form over a manifold without boundary is 0,
from Cartans formula, and because the vector field preserves the ω. If f is constant, Xf = 0, and
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thus f̂ becomes the appropiate multiplication operator.

f̂ ĝ = f̂(−i~∇Xgs+ gs)
= −~2∇Xf∇Xgs− fi~∇Xgs− i~∇Xf gs+ fgs

= −~2∇Xf∇Xgs− fi~∇Xgs− i~Xfgs− i~g∇Xf s+ fgs

= −~2∇Xf∇Xgs− fi~∇Xgs− i~ω(Xg, Xf )s− i~g∇Xf s+ fgs

We can calculate the commutator:

f̂ ĝ − ĝf̂ = i~
(
i~(∇Xf∇Xgs−∇Xf∇Xgs) + 2{f, g}s

)
= i~

(
i~∇[Xf ,Xg ]s+ i~F∇(Xf , Xg)s+ 2{f, g}s

)
= i~

(
i~∇[Xf ,Xg]s+ i~

i

~
{f, g}+ 2{f, g}

)
= i~(∇[Xf ,Xg ]s+ {f, g}s)
= i~(i~∇{f,g}s+ {f, g}s)

= i~{̂f, g}s

There is however a problem. When we try to quantize the simplest possible system, T ∗R, the
harmonic oscillator, we obtain p̂ = −~ ∂

∂q and q̂ = i~ ∂
∂p + q – an operator that does depend on

both position and momentum, which it shouldn’t because of physics. This leads us to consider
polarization, as it allows us to restrict the numbers of variables the observarbles can depend upon.

5.1.3 Polarization

The Hilbert space H we obtained from prequantization is too big. We do this by require that the
sections should be constant along some distribution in the tangent bundle of M . We will only
discuss complex polarizations:

Definition 48. A complex polarization P is a distribution in the complexified tangent bundle of
M satisfying:

1. For each p ∈M : Pp ⊂ (TpM)C is a Lagrangian subspace

2. The dimension of D = P ∩ P ∩ TM is constant

3. P is integrable

P is called a Kähler polarization if P ∩ P = 0.

Thus every Kähler polarization determines a Kähler structure on M , compatible with ω, and a
Kähler structure determines a Kähler polarization, by choosing P to be the i-eigenspace of TMC,
and we call this the holomorphic Kähler polarization, and its conjugate for the antiholomorphic
polarization. Given a polarization P and a prequantum line bundle B → M , we define HP ⊆ H
to be the completion of the space of square integrable sections s such that ∇Xs = 0 for all X ∈ P
– such sections are called polarized.

Two nonvanishing polarized sections s, s′ are related by a function ϕ : M → C by s = ϕs2.
Thus: 0 = ∇Xs = ∇Xϕs

′ = Xϕs+∇Xs = Xϕ for every X ∈ P . For the holomorphic polarization
of a Kähler manifold, this tells us that ϕ are holomorphic. We can define local trivilizations of B
that are polarized sections, and thus the transitions functions becomes holomorphic, and thus gives
a holomorphic structure on the prequantum line bundle B, and the polarized sections becomes the
holomorphic sections. It can be shown that the space of square integrable holomorphic sections is
closed, and thus we dont need to pass to the completion.
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We still define f̂ s = −i~∇Xf s+ fs, but there is a problem: for f̂ to act on HP , we must have
that ∇X f̂ s = 0 for all s ∈ HP and X ∈ P :

0 = ∇X f̂ s = ∇X
(
−i~∇Xf s+ fs

)
= −i~∇X∇Xf s+ df(X)s+ f∇Xs

= −i~
(
∇Xf∇X +∇[X,Xf ]s− Ω(Xf , X)

)
s+ df(X)s+ f∇Xs

= −i~
(
∇Xf∇X +∇[X,Xf ]s−

i

~
ω(Xf , X)

)
s+ ω(f,X)s+ f∇Xs

= f̂∇Xs− i~∇[X,Xf ]s

We can be sure this is true if [X,Xf ] ∈ P or, as Xf = Xf , that [X,Xf ] ∈ P for all X ∈ P – ie,
that the flow of f preserves P . This is a big restriction on the class of quantizable observables:
If z1, · · · , zn and z1, · · · , zn are local coordinates on a Kähler manifold with Kähler polarization
P = span{ ∂

∂z1 , · · · ∂
∂zn } we get:

LXf
(

∂

∂zj

)
=
[
Xf ,

∂

∂zj

]
= ∂

∂zj
Xf

= 2i
(

∂2f

∂zj∂zk

)
∂

∂zk
− 2i

(
∂2f

∂zj∂zk

)
∂

∂zk

This implies that ∂2f
∂zi∂zj = 0. Since f is real-valued, we also have that ∂2f

∂zi∂zj
= 0. So the only

real-valud functions on of the local coordinates whose flow preserves P are of the form

f = wiz
i − wizi +Wijz

izj + c

where wi, x are complex constants and Wij entries in a hermitian matrix.

Example 49 (The harmonic oscillator). The state space for the harmonic oscillator is just R
and the phase space is M = T ∗R with symplectic form ω = i

2dz ∧ dz where z = 1
2 (p + iq), and

the Hamiltonian is H = 1
2zz. This is a Kähler manifold with holomorphic Kähler polarization

P = C ∂
∂z . Since the phase space is contractible, H2(M,Z) = 0 so any line bundle can be used as

a prequantum line bundle, so lets use M ×C. We need to define a metric and a connection in this
line bundle. It is enough to make a choice for a singe nonvanishing section – ie. s(z, z) = 1, the
constant section. Define ∇Xs = i

~Θ(X)s where Θ = i
2 (zdz − zdz) is the symplectic potential –

this connection has curvature i
~dΘ = i

~ω. Let the hermitian product be given by (s, s) = 1. This
is compatible with the connection:

(∇Xs, s) + (s,∇Xs) = ( i
~

Θ(X)s, s) + (s, i
~

Θ(X)s)

= 1
~

(i− i)Θ(X)(s, s) = 0 = X1

= X(s, s)

Assume ϕs is a polarized, nonvanishing section:

0 = ∇ ∂
∂z
ϕs = dϕ( ∂

∂z
)s+ ϕ∇ ∂

∂z
s

=
(
∂

∂z
ϕ

)
s+ ϕ

−i
~

Θ( ∂
∂z

)s

=
(
∂

∂z
ϕ

)
s+ ϕ

−i
~
i

2zs
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So

− z

2~ =
∂
∂zϕ

ϕ

So we see that ϕs = e−
zz
2~ s is such a section. All sections f can be written as f = ψϕs. Assume f

is polarized and compute:

0 = ∇ ∂
∂z
ψϕs = ( ∂

∂z
ψ)ϕs+ ψ∇ ∂

∂z
ϕs = ( ∂

∂z
ψ)ϕs

Since ϕs is nonvanishing, this implies that ψ is a holomorphic function. On the other hand
its clear that ψϕs is polarized when ψ is holomorphic. Thus we have identified the space of
holomorphic sections with the space of holomorphic functions on M . Now we want to identify the
square integrable ones. (ψϕs, ψϕs) = |ψ|2ϕ2(s, s) = |ψ|2e−|z|2/~ so we can identify HP with the
space of holomorphic functions integrable with respect to the gaussion measure scaled by ~.

We want to quantize the functions z and z (for some reason we are suddely considering complex
functions –why?). We find that Xz = −i ∂∂z and Xz = i ∂∂z . Thus we optain the operators:

ẑs = −i~∇Xzs+ zs = −~∇ ∂
∂z
s+ zs

= zs

Since s is a polarized section, and if ψ is a holomorphic function:

ẑψϕs = −i~∇Xzψϕs+ zs = ~∇ ∂
∂z
ψϕs+ zψϕs

= ~
∂ψ

∂z
ϕs+ ψ~

(
∇ ∂

∂z
ϕs
)

+ zψϕs

= ~
∂ψ

∂z
ϕs+ ψ~

(
∂ϕ

∂z
s+ i

~
Θ( ∂
∂z

)ϕs
)

+ zψϕs

= ~
∂ψ

∂z
ϕs+ ψ~

(
− 1

2~ϕzs+ −1
2~ zϕs

)
+ zψϕs

= ~
∂ψ

∂ϕ
s

(I should get a factor of 2 more). Thus, under our identification of polarized sections with holo-
morphic functions, ẑf = zf and ẑf = ~∂f∂z

The Hamiltonian vector field for the Hamiltonian is XH = 1
2 (zXz + zXz) and the operator

corresponding to the Hamiltonian is:

Ĥψϕs = −i~∇XHψϕs+Hψϕs

= −iz ~2∇Xzψϕs+−i~2 z∇Xzψϕs+Hψϕs

= ~
2 z
∂ψ

∂z
ϕs− zz

2 ψϕs+Hψϕs

= ~z
2
∂ψ

∂z
ϕs

We see that the sections corresponding to zn is the eigenstates for the Hamiltonian. From a
physics point of view, Ĥ is not the right quantized Hamiltonian: it should be Ĥ + ~

2 . The solution
to this is metaplectic correction.

5.1.4 Metaplectic correction

Let δP be a square root of the canonical bundle of M with the complex structure from the holo-
morphic Kähler polarization P . We can now define the Hilbert space as HδPP = H⊗δp – half–forms
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with coeffecients in the Hilbert space of square integrable polarized sections of B. We now define
the quantization of observables as f̃(s ⊗ ν) = (f̂ s) ⊗ ν − i~s ⊗ LXf ν, where the Lie derivative of
a half-form is defined such that LXδ(ν ⊗ ν) = 2νLXν, where δ : δ⊗2

P → Kp is the isomorphism.
For an operator of the form (5.1.3) we can calculate f̃ . Let µ = dz1 ∧ dz2 ∧ · · · ∧ dzn – since this
is nonvanishing, all forms in the canonical bundle can be expressed as the product of this and a
holomorpic function. Let ν be a half form that is the square root of µ. We compute:

LXfµ0 = d(iXfµ) = 2id
(
∂f

∂zi
i ∂
∂z
µ

)
= wid

(
i ∂

∂zi
µ
)

+ id
(
Wijz

ji ∂

∂zi
µ
)

= i(Wijδ
ij)µ = i trWµ

So LXf ν = i
2 trWν, and

f̃(s⊗ ν) = (f̂ s)⊗ ν − i~s⊗ i

2 trWν = (f̂ s+ ~
2 trWs)⊗ v

For the hamiltonian of the harmonic oscillator, this is indeed what we want.

5.2 Jens-Jakob
This talk is on Edward Witten’s Supersymmetry and Morse theory, [Wit82].

We will show how to derive Morse inequalities.
We start with a quantum field theory: We have a Hilbert space H, which we decompose into

two parts H = H+ ⊕H− called the bosonic and fermionic states respectively.

Definition 50. Supersymmetry consists of the following. Consider operators Qi, Qi : H+⊕H− →
H− ⊕H+, i = 1, . . . , N . Define an operator (−1)F , which can detect whether ψ ∈ H is in H+ or
H−, i.e. (−1)F (ψ) = −ψ for ψ ∈ H−, and (−1)F (ψ) = ψ for ψ ∈ H+. We have a couple of basic
conditions for the Qi’s. Namely

1. Qi(−1)F + (−1)FQi = 0.

2. If H denotes the Hamiltonian, then QiH −HQi = 0.

3. We have the following algebraic structure: H = Q2
i for all i, and if i 6= j, we have QiQj +

QjQi = 0.

One example of the above would be letting H being the forms on a manifold splitting into those
with odd or even parity, and the Qi would be taking the wedge product with some 1-form and
H = 0.

We change now the algebraic structure, going to the relativistic world. We assume that we
have 1 time dimension, and so we have a momentum operator P . If N = 2, we require now
that Q2

1 = H + P , Q2
2 = H − P and Q1Q2 + Q2Q1 = 0. It follows that 2H = Q2

1 + Q2
2, and

2P = Q2
1 − Q2

2. We also have [Qi, H] = [Qi, P ] = 0: For example, 2HQi = (Q2
1 + Q2

2)Q1 =
Q3

1 +Q2
2Q1 = Q3

1 +Q1Q
2
2 = 2QiHH. The Hamiltonian is positive semi-definite, H = 1

2 (Q2
1 +Q2

2).
Also, [H, (−1)F ] = [P, (−1)F ] = 0. We conclude that the basic conditions of the definition of
supersymmetry are still satisfied by these Qi and H.

Witten now asks the following question: Does there exist a state |Ω〉 ∈ H such that Qi|Ω〉 = 0,
meaning that Ω is a zero-energy state. From a physical point of view, this would mean that we
have fermions and bosons of equal mass.

If Qi|Ω〉 = 0, then P |Ω〉 = 0. Consider the subspace H0 ⊆ Hof states annihilated by P . This
means that we are back to the setup of supersymmetry in the definition above. Thus, Q2

i = H
for all (i.e. both) i, and Q1Q2 + Q2Q1 = 0. For |Ω〉 ∈ H0 = H+

0 ⊕ H
−
0 annihilated by both Qi,

i.e. Qi|Ω〉 = 0, and we simply write Q = Qi for some i. We want to know if Q|H0 has any zero
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eigenvalue, and we write Q = Q+ + Q−. This will be the case if the index of Q+, which is the
trace of (−1)F on H+ is non-zero or something like that.

Morse theory gives a relation between the topology of a compact manifoldM and critical points
of a Morse function f : M → R. One way of describing these relations is by Morse inequalities.
Definition 51. Given a field F and a natural number k ∈ N, the k’th Betti number of M is the
rank of Hk(M,F ).

The weak Morse inequality is given as follows: If we let Ck denote the number of critical points
with index k, then Bk(M) ≤ Ck. Here, the index of a critical point is the number of negative
eigenvalues of the Hessian in the given point.

We will try to prove the weak Morse inequality using supersymmetry considerations.

Sketch of proof. Let M be a Riemannian manifold, dimR(M) = n. Let Ωp(M) denote the space
of p-forms on M , p = 1, . . . , n, and let d be the usual exterior derivative, d : Ωp(M)→ Ωp+1(M),
dd = 0. Let d∗ be the adjoint of d: The Riemannian metric γ ∈ T 2(M) induces an inner product
〈, 〉 on TpM , which gives an inner product 〈, 〉p on Ωp, and the adjoint satisfiesˆ

M

〈dα, β〉p+1dV =
ˆ
M

〈α, d∗β〉pdV.

This implies that d∗d∗ = 0. Now define Q1 = d+ d∗ and Q2 = i(d− d∗) with H = dd∗ + d∗d.
We obtain that Q2

1 = Q2
2 = H and Q1Q2 +Q2Q1 = 0.

Let h be a Morse function, h : M → R, and take t ∈ R. Define dt = e−htdeht and e∗t =
ehtd∗e−ht. These are still differentials. Define Qt1 = dt+d∗t , Qt2 = i(dt−d∗t ), and Ht = dtd

∗
t +d∗t dt.

Define the Betti number Bp(M, t) to be the number of linearly independent p-forms ψ such that
dtψ = 0 and ψ cannot be written as dtx, ψ ∈ Ωp, x ∈ ωp−1. It is now a fact that Bp(M, t) = Bp(M).
It follows that the number of zero eigenvalues of Ht acting on p-forms equals the Betti number Bp.

We want to find an upper bound on Bp(M). We do this by looking at the spectrum of Ht.
For a point p̃ ∈ M , we choose an orthornormal basis of tangent vectors ak(p̃). Consider these as
operators on the exterior algebra (by inner multiplication). The adjoint operators to these are the
1-forms ak(p̃)∗ acting by exterior multiplication. Direct computation gives that

Ht = dd∗ + d∗d+ t2(dh)2 +
∑
i,j

D2h

DϕiDϕj
[(ai)∗, aj ],

where the D denotes the covariant derivative, and (dh)2 = γi,j(∂h/∂ϕi)(∂h/dϕj) is the square of
∇h evaluated with respect to the Riemannian metric.

We want an asymptotic expansion of 1/t in terms of local data around the critical points. Since
h is Morse, (dh) is zero only at isolated points of M . Let Mp be the number of critical points of
index p. We then have an expansion

λ(n)
p (t) = t

(
A(n)
p + B

(n)
p

t
+ C

(n)
p

t2
+ · · ·

)
,

where λ(n)
p (t) is the n’th smallest eigenvalue of Ht. Now B

(n)
p is the number of λ(n)

p (t) that are
zero. For large t, the number of λ(n)

p that vanish is no larger than A
(n)
p . We need to show that

the number of A(n)
p that vanish is equal to Mp. For t large, the low-lying (whatever that means)

eigenvalues of Ht can be calculated about critical points x of h.
Around these critical points, we choose coordinates ϕi such that ϕi(x) = 0, h(ϕi) = h(0) +

1
2λiϕ

2
i +O(ϕ3) for some real numbers λi. Whether these are positive or not depends on the index

of the critical point. Near these points, we approximate Ht with

Ht =
∑
i

(
− ∂2

∂(ϕi)2 + t2λ2
iϕ

2
i + tλi[(ai)∗, aj ]

)
=
∑
i

Hi + tλiKi,
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where Hi = − ∂2

∂(ϕi)2 + t2λ2
iϕ

2
i and Ki = [(ai)∗, aj ]. Then Hi and Ki mutually compute, and they

can be diagonalized simultaneously. The Hi are just the Hamiltonians for the harmonic oscilator.
The eigenvalues of the Hi’s are t|λi|(1 + 2Ni), where Ni = 0, 1, 2, . . . . Eigenvalues of Ki are ±1,
so the eigenvalues for Ht will be t

∑
i|λi|(1 + 2Ni) +λini, Ni = 0, 1, 2, . . . , and ni = ±1. When Ht

acts on p-forms, we need at least p positive ni’s.
If this expression equals 0, we must choose Ni = 0, and ni is positive if and only if λi is

negative. Expanding around a critical point, we see that there is precisely one zero eigenvalue, and
the eigenvector is a p-form only if the critical point has index p. We can get the leading coefficients
of the A(n)

p ’s around a critical point. Consider the A coming from considering all critical points.
Now Ht has one eigenstate |a〉, which is a p-form if A has Morse index p, which means that
Mp ≥ Bp.

Another result is that ∑
Mpt

p −
∑

Bpt
p = (1 + t)

∑
Qpt

p,

where the Qp are nonnegative integers. At this point, we don’t have time to prove that.

5.3 Søren
The reference for the following will be [Tur94]. We will describe how to obtain operator invariants
from ribbon graphs. These will be used to create an invariant of closed 3-manifolds via the process
of surgery. In the second part (Jakob’s part) we will see how this ties together with the notion of
TQFT.

5.3.1 Ribbon categories and graphical calculus

In order to obtain our operator invariants, we first set up the relevant categorical framework. The
notion of a ribbon category will encompass the structures relevant for our constructions.

Definition 52. A ribbon category is a monoidal category V with a braiding c, a twist θ, and a
compatible duality (∗, b, d).

Let us discuss these concepts one at a time.

Definition 53. A monoidal category is a category V with a covariant functor ⊗ : V × V → V
associating to two objects V andW an object V ⊗W and to morphisms f : V → V ′ and g : W →W ′

a morphism f ⊗ g : V ⊗W → V ′ ⊗W ′, such that the following properties are satisfied:

1. There exists a unit object 1 satisfying V ⊗ 1 = V , and 1⊗ V = V for all objects V in V.

2. For triples U, V,W of objects, we have (U ⊗ V )⊗W = U ⊗ (V ⊗W ).

3. For morphisms f in V, f ⊗ id1 = id1 ⊗ f = f .

4. For triples f, g, h of morphisms, we have (f ⊗ g)⊗ h = f ⊗ (g ⊗ h).

Remark 54. The above definition is really that of a strict monoidal category. More generally
one could consider categories, where the above equalities are replaced by fixed isomorphisms. By
general abstract nonsense, nothing is lost by requiring equality, and we will avoid the more general
case completely.

The connection with ribbon graphs, as will be explained later, is best understood in terms
of graphical calculus, which will be introduced now and discussed in parallel with the axioms of
a ribbon category. A morphism f : W1 ⊗ · · · ⊗ Wm → V1 ⊗ · · · ⊗ Vn in V is represented by a
diagram with a box with several downward arrows as in Fig. 7. The cases where either m or
n is 0 (or both are) will be allowed as well; here, the corresponding tensor product will be 1 by
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Figure 7: A morphism represented by a diagram.

convention. Composing morphisms is represented by stacking diagrams on top of each other, and
tensoring is represented by placing them next to each other; an example is illustrated in Fig. 8
where g : U → W ′ and f : W ⊗W ′ → V are two morphisms, and the diagram represents the
morphism f ◦ (idW ⊗ g) : W ⊗ U → V .

Figure 8: Composition and tensor products of morphisms.

Figure 9: The braiding isomorphisms cV,W .

Definition 55. A braiding in V is a family c = {cV,W : V ⊗ W → W ⊗ V } of isomorphisms,
represented in graphical calculus by the diagram in Fig. 9, satisfying the following properties,
where U, V,W, V ′,W ′ are objects of V, and f : V → V ′, g : W →W ′ are morphisms:

1. cU,V⊗W = (idV ⊗ cU,W )(cU,V ⊗ idW ).

2. cU⊗V,W = (cU,V ⊗ idV )(idU ⊗ cV,W ).

3. (g ⊗ f)cV,W = cV ′,W ′(f ⊗ g).

Example 56. It follows from the definitions that

(idW ⊗ cU,V )(cU,W ⊗ idV )(idU ⊗ cV,W ) = (cV,W ⊗ idU )(idV ⊗ cU,W )(cU,V ⊗ idW ).

This isn’t obvious from the algebraic statements above but is a natural consequence of the existence
of graphical calculus.

Definition 57. A twist in (V, c) is a family θ = {θV : V → V } of isomorphisms, represented
diagrammatically as in Fig. 10, satisfying the relations θV⊗W = cW,V cV,W (θV ⊗ θW ) and θV f =
fθU for objects V,U,W and morphisms f : U → V in V.
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Figure 10: The twist isomorphisms θV .

Figure 11: The duality morphisms bV and dV respectively.

Definition 58. A duality in V associates to every object V of V an object V ∗ of V and two
morphisms bV : 1→ V ⊗ V ∗ and dV : V ∗ ⊗ V → 1 satisfying the following:

1. (idV ⊗ dV )(bV ⊗ idV ) = idV .

2. (dV ⊗ idV ∗)(idV ∗ ⊗ bV ) = idV ∗ .

A duality (∗, b, d) in a category with braiding and twist, (V, c, θ) is called compatible with the
braiding and twist (when defined) if furthermore (θV ⊗ idV ∗)bV = (idV ⊗ θV ∗)bV .

In graphical calculus, a downward arrow coloured by an object V ∗ will be used interchangeably
with upward arrows coloured by V , and we will represent bV and dV by the diagrams in Fig. 11.

5.3.2 The Reshetikhin–Turaev functor

The graphical calculus hints that we might be able to associate to an oriented graph in R2× [0, 1],
where strings are coloured by objects of V, and possibly containing a number of coupons, a pair of
objects in V, and a morphism between them. The existence of the Reshetikhin–Turaev functor tells
us that this is indeed more or less the case, and that the resulting morphism. In this subsection,
this is made somewhat more precise, but most details are omitted.

A band is a homeomorphic image in R2 × [0, 1] of [0, 1]× [0, 1], an annulus is a homeomorphic
image of S1 × [0, 1], and a coupon is a band with distinguished bases [0, 1]× {0} and [0, 1]× {1},
where k bands meet R2 × {0}, and l bands meet R2 × {1}.

Figure 12: An example of a ribbon graph and how to represent it by a 1-dimensional graph.

Definition 59. A ribbon (k, l)-graph (or a ribbon graph for short) is an oriented surface embedded
in R2 × [0, 1], decomposed into a union of bands, annuli, and coupons, such that something like
Fig. 12 occurs (see [Tur94] for a more precise statement). Here, k bands meet R2 × {0}, and l
bands meet R2 × {1}.

32



To simplify drawings in the following, we will always picture bands and annuli in ribbon graphs
as being strings rather than two-dimensional objects, see 12; here, the 1-dimensional graph repre-
sents the ribbon graph obtained by letting bands and annuli be parallel to the plane of the picture.
This is possible since ribbon graphs are always assumed to be orientable. Note that the theory of
ribbon graphs contains in particular the theory of banded oriented links in S3.

Figure 13: The colouring of a coupon.

Assume that V is a monoidal category with duality. A colouring2 of a ribbon graph is an
association of an object of V to every (non-coupon) band and every annulus, and association of a
morphism f : V ε11 ⊗ · · · ⊗ V εmm → W ν1

1 ⊗ · · · ⊗W νn
n to every coupon meeting bands with colours

Vi,Wj as in Fig. 13. Here, the εi, νj ∈ {−1, 1}, and V 1 = V , V −1 = V ∗ for objects V . For every
Vi,Wj , the appropriate sign is determined by the orientation of the bands in question, the sign being
positive, if the band is directed downwards, and negative otherwise. This turns the set of coloured
ribbon graphs into a monoidal category RibV . Objects are sequences ((V1, ε1), . . . , (Vm, εm)),
εi ∈ {−1, 1}, and morphisms η → η′ are isotopy types of coloured ribbon graphs meeting in R2×{0}
the sequence η, and similarly in R2 × {1} the sequence η′, where the numbers εi determine the
orientations of the bands. Here with composition being given by stacking and tensor product given
by placing graphs next to each other.

Theorem 60. Let V be a ribbon category. There is a covariant functor F = FV : RibV → V
preserving tensor product transforming (V, ε) to V ε, and transforming morphisms to what it should;
in other words, the diagrams of graphical calculus are sensible and can be treated as if they were
ribbon graphs. Furthermore, imposing a few conditions, it is unique.

Figure 14: The coloured ribbon graph Ωf corresponding under F to tr(f).

Example 61. For a morphism f : V → V in a ribbon category, define tr(f) : 1 → 1 by tr(f) =
dV cV,V ∗((θV f)⊗ idV ∗). Then F (Ωf ) = tr(f), where Ωf is the coloured ribbon graph shown in Fig.
14. It follows immediately that tr(fg) = tr(gf) and tr(f⊗g) = tr(g⊗f). Define dim(V ) = tr(idV ).
Then dim(V ⊗W ) = dim(V ) dim(W ).

2In the language of [Tur94], this is a v-colouring.
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5.3.3 Modular categories

As mentioned above, our quest is to find invariants of 3-manifolds. The invariants of coloured
ribbon graphs constructed above are too general to be useful for this purpose; rather, the ribbon
categories used in the construction should satisfy several other conditions, summed up in the notion
of a modular category.

Definition 62. An Ab-category is a monoidal category V such that the set Hom(V,W ) of mor-
phisms V →W has the structure of an additive abelian group and such that composition is bilinear.
In particular, this holds for End(1,1), and this group obtains the structure of a (commutative)
ring, with multiplication being given by composition; it is denoted K and called the ground ring
of V.

Definition 63. An object V of a ribbon Ab-category V is called simple, if for any k ∈ K, the map
k 7→ k ⊗ idV defines a bijection K → Hom(V, V ).

Definition 64. Let {Vi}i∈I be a family of objects in a ribbon Ab-category V. An object V of V
is dominated by {Vi}, if there exists a finite subfamily {Vi(r)}r and morphisms fr : Vi(r) → V, gr :
V → Vi(r) such that idV =

∑
r frgr.

Definition 65. A modular category is a ribbon Ab-category V with a finite set of simple objects
{Vi}i∈I satisfying the following axioms:

1. 1 ∈ {Vi}i∈I .

2. For any i ∈ I, there exists i∗ ∈ I such that Vi∗ is isomorphic to (Vi)∗.

3. All objects of V are dominated by {Vi}i∈I .

4. The matrix S with entries Si,j = tr(cVj ,VicVi,Vj ) ∈ K is invertible over K.

Let (V, {Vi}i∈I) be a modular category. We are now in a position to define the link invariant
that will give rise to our 3-manifold invariant. Let L be an oriented3 banded m-component link in
S3, viewed as a link in R2 × [0, 1]. Let col(L) be the finite set of all possible colourings of L with
elements of {Vi}i∈I . For λ ∈ col(L), let Γ(L, λ) be the coloured ribbon (0, 0)-graph obtained from
L by colouring it according to λ. Now F (Γ(L, λ)) is an element of K, and we define

{L} =
∑

λ∈col(L)

m∏
n=1

dim(λ(Ln))F (Γ(L, λ)) ∈ K.

5.3.4 Surgery and 3-manifold invariants

Let L be an m-component banded link in S3. Choose a regular closed neighbourhood U of L,
consisting of m disjoint solid tori U1, . . . , Um. Each of these are homeomorphic to S1 ×D2 with
boundary homeomorphic to S1 × S1. Choose homeomorphisms hi : S1 × S1 → S1 × S1 and form
the space ML = (S3 \ U) ∪hi (tmi=1D

2 × S1) which is the disjoint union of S3 \ U and m copies of
solid tori D2 × S1, these two spaces being identified along their common boundary tmi=1S

1 × S1

using the homeomorphisms hi. The resulting topological space ML is a closed orientable manifold,
and we say that ML is obtained by surgery on S3 along L.

Theorem 66 (Lickorish, Wallace). Any closed connected oriented 3-manifold can be obtained by
surgery on S3 along a banded link.

Remark 67. The space ML constructed above depends of course on the homeomorphisms involved
in the gluing. Using the banded structure of L, one obtains a special class of surgeries (i.e. special
choices of homeomorphisms) called integral surgeries, and the above theorem can be rephrased to
the stronger statement that integral surgery will suffice. This will not be needed below.

3One should note that the resulting invariant does not depend on the orientations of the components.
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Let L be an oriented m-component banded link. Let σ(L) be the signature of the matrix
Aij = lk(Li, Lj) consisting of linking numbers of the components. Here, the linking number of a
banded knot Li = K × [0, 1] with itself is the linking number of its boundary knots K × {0} and
K × {1}. Note that σ(L) is independent of the orientations of the components.

Let as before (V, {Vi}i∈I) be a modular category. Assume that there is an element D ∈ K
called a rank satisfying D2 =

∑
i∈I(dim(Vi))2. Since the Vi are simple, each twist θVi can be

identified with an element vi ∈ K, which is invertible, since θVi is an isomorphism. Now, set
∆ =

∑
i∈I v

−1
i (dim(Vi))2 ∈ K. The dimensions dim(Vi) are invertible because of axiom (4) above,

and it follows that both D and ∆ are invertible in K.
Now, we can define the invariant of 3-manifolds.

Theorem 68 (Reshetikhin–Turaev). Let M be a closed connected oriented 3-manifold obtained by
surgery on S3 along a banded link L. Then

τ(M) = ∆σ(L)D−σ(L)−m−1{L} ∈ K

is a topological invariant of M .

Finally, we extend the invariant to an invariant of 3-manifolds containing coloured ribbon (0, 0)-
graphs. Let M be a closed connected oriented 3-manifold containing a coloured ribbon graph Ω.
Assume that M is the result of surgery along an m-component oriented link L in S3, and assume
by applying isotopy that Ω does not meet the regular neighbourhood U of L used in the surgery,
so we can view Ω as a ribbon graph in S3 \ U . Now, let

{L,Ω} =
∑

λ∈col(L)

m∏
n=1

dim(λ(Ln))F (Γ(L, λ) ∪ Ω) ∈ K.

As before, this will not depend on the orientation of L or the numbering of the components.

Theorem 69. Let (M,Ω) be as above. Then

τ(M,Ω) = ∆σ(L)D−σ(L)−m−1{L,Ω} ∈ K

is a topological invariant of the pair (M,Ω).

The proof of this theorem uses the theorem by Kirby stating that closed oriented manifolds
obtained by (integral) surgery along banded links L and L′ are homeomorphic (by orientation
preserving homeomorphism) if and only if L and L′ are related by a special sequence of moves on
banded links called Kirby moves.

5.4 Jakob
The topic for today will be TQFT. Compact oriented n+ 1-dimensional oriented manifolds will be
denoted M , and X will be closed oriented n-dimensional manifolds. Homeomorphisms f : X → Y
between n-manifolds will always be orientation preserving.

We say that (M,X, Y ) is a cobordism, if ∂M = X t −Y .
Let K be a commutative ring with unit. A modular functor T with ground ring K assigns to an

n-manifold X a projective k-module T (X), and to a homeomorphism f : X → Y a k-isomorphism
f] : T (X)→ T (Y ) satisfying the following axioms.

1. If g : X → Y , f : Y → Z, then (fg)] = f]g].

2. For disjoint unions, T (X t Y ) = T (X)⊗K T (Y ) satisfying several properties; the splitting is
commutative, associative, and natural; see [Tur94].

A modular functor is called self-dual in the following sense: If X is a closed oriented n-manifold,
there exists a nondegenerate bilinear pairing dX : T (X) ⊗ T (−X) → K, natural with respect to
orientation preserving homeomorphism of X.
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Definition 70. A TQFT based on n + 1-cobordisms is a modular functor T with ground ring K
and a map τ assigning to a cobordism (M,X, Y ) a K-homomorphism τ(M,X, Y ) : T (X)→ T (Y )
satisfying the following:

1. If M1 and M2 are cobordisms and f : M1 → M2 an orientation preserving homeomorphism
preserving the bases, then the association τ is natural.

2. If M = M1 tM2, then τ(M) = τ(M1)⊗ τ(M2).

3. IfM is obtained from the disjoint union ofM1 andM2 by gluing along g : ∂+(M1)→ ∂−(M2),
then for some k ∈ K∗, τ(M) = kτ(M2) ◦ g] ◦ τ(M1). Here, k is called the anomaly.

4. For each X, τ(X × [0, 1], X × {0}, X × {1}) = idT (X).

Theorem 71. Let (T, τ) be a TQFT with ground ring K. Then T is self-dual. It follows that
Dim(T (X)) = Dim(T (−X)), where Dim is the dimension from the previous lecture.

Theorem 72. If M is obtained from a disjoint union of M1 and M2 by gluing along g : ∂M1 →
−∂M2. Let −g : −∂M1 → ∂M2. If (T, τ) is anomaly-free (i.e. all anomalies are 1), then

τ(M) = d∂M1(τ(M1)⊗ (−g)−1
] (τ(M2)))

= d∂M2(τ(M2)⊗ g](τ(M1))).

Theorem 73. If (T, τ) is anomaly-free, then for any closed oriented n-manifold X,

Dim(T (X)) = τ(X × S1) ∈ K.

An M with X-parametrized boundary is a pair (M,f) = (M,f : X → ∂M), where f is an
orientation-preserving homeomorphism. If (m, f) has X-parametrized boundary, and (N, g) has
−X-parametrized boundary, then M ∪X N is the closed n+ 1-manifold obtained by gluing along
(−g) ◦ f−1 : ∂M → −∂N . Let τX(M,f) = f−1

] (τ(M)) ∈ T (X). We say that (T, τ) is non-
degenerate, if for any X, the set {τX(M,f)}(M,f) ⊂ T (X) generates T (X) over K.

A homomorphism resp. isomorphism between TQFTs (T1, τ1), (T2, τ2) is something that assigns
to every closed oriented n-manifold X a homomorphism resp. isomorphism T1(X) → T2(X),
satisfying some natural axioms.

Theorem 74. Let (T1, τ1), (T2, τ2) be non-degenerate anomaly-free TQFTs. If τ1(M) = τ2(M) for
every cobordism M , then (T1, τ1) and (T2, τ2) are isomorphic.

Let τ0 be a function assigning to every closed n + 1-dimensional manifold considered up to
orientation preserving homeomorphism a value in K. Let X be an n-manifold and assume that we
have triples {(ks,Ms, Ns)}, ks ∈ K, Ms a compact oriented (n+ 1)-manifold with X-parametrized
boundary, and Ns compact oriented (n + 1)-manifold with −X-parametrized boundary. This is
called a splitting system for X with respect to τ0 if for any M,N , we have

τ0(M ∪X N) =
∑
s

ksτ0(M ∪X Ns)τ0(Ms ∪N).

For instance, (1, ∅, ∅) for X = ∅, if τ0 is multiplicative with respect to disjoint union.
A quantum invariant is a K-valued function τ0 defined on closed oriented n+ 1-manifold up to

orientation preserving homeomorphism satisfying the following:

1. It is normalized: τ0(∅) = 1.

2. It is multiplicative: τ0(M tN) = τ0(M)τ0(N).

3. Any X should have a splitting system with respect to τ0.
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Lemma 75. If (T, τ) is a non-degenerate anomaly-free TQFT, then M 7→ τ(M) is a quantum
invariant.

Lemma 76. Every quantum invariant τ extends to a non-degenerate anomaly-free TQFT, and we
have 1-1-correspondence between quantum invariants and non-degenerate anomaly-free TQFTs.

From now on, we consider the construction of a 3-dimensional TQFT. Fix a (strict) modular
category (V, {Vi}i∈I) with ground ring K and rank D ∈ K. A marked arc on a surface Σ is a
simple arc endowed with an object W in V together with a sign ±1. A surface Σ is decorated, if we
have a finite totally ordered set of marked arcs. The surface Σ is called a d-surface. The d-surface
−Σ is the surface Σ with reversed orientation and the signs of the marked arcs multiplied by −1.
The labelling and ordering is fixed. The type of a d-surface Σ is t(Σ) = (g; (W1, ν1), . . . (Wm, νm)),
where g ∈ N is the genus of Σ. A standard d-surface Σt of type t is given as the boundary of a
closed regular neighbourhood Ut of a partly coloured ribbon graph Rt in R2× [0, 1], I was too lazy
to draw but is gives a particular surface of type t – see [Tur94]. A parametrized d-surface is a
connected surface Σ of type t with a homeomorphism f : Σt → Σ.

The modular functor is now constructed as follows. It is defined on parametrized d-surfaces. For
every type t = (g; (W1, ν1), . . . (Wm, νm)), define a projective module ψt by for i = (i1, . . . , ig) ∈ Ig
letting

Φ(t; i) = W ν1
1 ⊗ · · · ⊗W νm

m ⊗
g⊗
r=1

(Vir ⊗ V ∗ir ),

where W 1
i = Wi, and W−1

i = W ∗i and putting

ψt =
⊕
i∈Ig

Hom(1,Φ(t; i)).

For example, if g = 1, m = 0, then ψt = Kcard(I). If Σ is a parametrized d-surface, let T (Σ) be
the unordered tensor product of ψt’s corresponding to connected components of Σ.

Lemma 77. This defines is a modular functor.

A decorated 3-manifold is a compact oriented 3-manifold containing a ribbon graph with bound-
ary parametrized d-surfaces and free ends of the ribbon graph being attached to the boundary.
Pick x ∈ Hom(1,Φ(t; i)) and colour the coupon of Rt by x. This gives a decorated 3-manifold Ut,
denoted H(Ut, Rt, i, x). We could reflect the ribbon graph Rt and obtain a decorated 3-manifold
H(U−t ,−Rt, u, x), and we let ψ∗t = (T (Σt))∗. Let (M,∂−M,∂+M) be a cobordism, where M is
decorated, and the boundaries are parametrized d-surfaces, we define τ(M) : T (∂−M)→ T (∂+M)
by gluing in Ut for each component of ∂−M , and gluing in U−t to components of ∂+M . This gives a
closed 3-manifold M̃ containing a ribbon graph Ω̃. Using the invariant τ from the previous lecture,
we get an element τ(M̃, Ω̃) ∈ K. This number depends on the colouring y of the ribbon graph
chosen, so really obtain a map T (∂−M)⊗ T (∂+M)∗ → K. This defines a TQFT.

11th lecture, April 6th 2011

6 Conformal field theory
As we have seen previously, the use of geometric quantization to obtain a topological quantum field
theory is somewhat incompletely; we can associate vector spaces to boundaries of n+ 1-manifolds,
but associating morphisms to cobordisms requires use of the heuristic path integral.

The next few weeks will be a brief introduction to conformal field theory. The reference is
[Koh02].
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6.1 Loop groups and their representations
A reference for this section is [Pre88]. Throughout this section, G is a connected compact Lie
group, e.g. U(n), SU(n), . . . , and GC denotes its complexification, U(n)C = GL(n,C), SU(n)C =
SL(n,C). Here, if G is a compact Lie group with Lie algebra g with negative semi-definite Killing
form obtained by letting g acting on itself by the adjoint representation. That is, we think of any
element of g as an operator on the finite dimensional vector space g, and the Killing form is

〈x, y〉 := Tr(ad(x) · ad(y)).

In the case whereG is semi-simple, the form is negative definite. The Lie algebra, we can complexify
to gC = g⊗R C. This is a complex Lie algebra with bracket

[x⊗ λ, y ⊗ µ] = [x, y]⊗ λµ.

This Lie algebra comes from a unique connected complex Lie group GC such that G is a subgroup
of GC. If G is compact, then GC is reductive. Conversely, every complex reductive Lie group GC
is the complexification of a unique compact one G – here, G is a maximal compact subgroup of
GC which is the fixpoint set of some involution on GC.

We could also start with a non-compact Lie group and obtain a reductive one by complexifying;
for example, GL(n,R)C = GL(n,C). In the compact case, the importance of complexification
stems from the fact that a compact Lie group and its complexification virtually have the same
representation theory. That is, there is a 1-1 relation between complex representations of a compact
G and complex representations of GC.

Definition 78. The loop group LG of G is the set of (smooth) maps S1 → G.

This is an infinite-dimensional Lie group itself. Let Lg = Lie(LG).

Proposition 79. We have (Lg)C = LgC = gC ⊗ C((t)), where C((t)) is the set of Laurent series
in t. In particular,

[x⊗ f, y ⊗ g] = [x, y]⊗ fg.

For various reasons, we really need a slight variation on this theme; namely, we need to consider
central extensions of the loop groups. That is, we want to consider a sequence of Lie algebras

0→ C→ L̃gC → LgC → 0,

where C is a Lie algebra with the trivial bracket, and we want all maps to be morphisms. Equiv-
alently, we consider

1→ U(1)→ L̃G→ LG→ 1.

For the Lie algebra, the simplest way to do this would be to simply let L̃gC = LgC⊕Cc and simply
extend the bracket. Here the c denotes a generator of the kernel in the exact sequence, commuting
with everything. As vector spaces, this is exactly what we want, but we will define another bracket
on the direct sum by

[α+ µc, β + µc] = [α, β] + ω(α, β)c.

For this to be a Lie bracket, we must have ω is bilinear, and satisfies ω(α, β) = −ω(β, α) and
ω([α, β], γ) + (cyclic) = 0. Every ω satisfying these conditions defines a bracket on LgC ⊗ Cc.

Proposition 80. There is a correspondence between bilinear forms (up to isomorphism) as above,
called cocycles, and elements of H2(LgC,C), the second Lie algebra cohomology group.

Proposition 81. There is a 1-1 correspondence between central extensions of LgC up to isomor-
phism and H2(LgC,C). The isomorphism of central extensions is given by identifying cocycles
ω(x, y) ≡ ω′(x, y), if ω(x, y) = ω′(x, y) + µ([x, y]) for some function µ : LgC → C.
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Thus, we have classified all central extensions of the loop algebra. There is another classification
which is more relevant for us.

Proposition 82. If G (or gC) is semi-simple with Killing form 〈·, ·〉, then H2(LgC,C) ∼= C
generated by

ω(X ⊗ f, Y ⊗ g) = 〈X,Y 〉 · Rest=0(df g).

In particular, if we use this ω, we have

[X ⊗ tm, Y ⊗ tn] = [X,Y ]tmn + 〈X,Y 〉mδm+n,0c

Definition 83. The corresponding central extension ĝC of the loop algebra is called the affine Lie
algebra.

Consider the group Diff(+)(S1) of (orientation preserving) diffeomorphisms of S1. Let A =
Lie(Diff(S1))C be its complexified Lie algebra. Then A = {f(z) ddz | f(z) Laurent series}. The
bracket is defined as

[f(z) d
dz
, g(z) d

dz
] = (f(z)g′(z)− g(z)f ′(z)) d

dz
.

Typically, the basis chosen for this Lie algebra is Ln = −zn+1 d
dz . On S1, we think of Ln as

Ln = ieinθ ∂∂z , z = eiθ, and [Lm, Ln] = (m− n)Lm+n.
We consider as before central extensions of A.

Proposition 84. As before, H2(A,C) = 〈α〉, where α is given by the cocycle

ω(f d
dz
, g

d

dz
) = 1

12 Rest=0(f ′′′gdz).

The reason for choosing this particular scaling is that we want it to lift to a U(1)-extension of
the Lie group.

Definition 85. Let V be the central extension of A corresponding to α. This is referred to as the
Virasoro algebra.

So, we have obtained extensions of the Lie algebra and want to consider now extensions of the
groups. We consider the case of loop groups of simply-connected semi-simple Lie groups. Recall
that if g is a semi-simple complex (thus reductive) Lie algebra, then there is a unique simply-
connected complex semi-simple Lie group G such that Lie(G) = g. As before, there is a 1-1
correspondence between finite-dimensional complex representations of g and G. The centre ZG of
G is a finite abelian group, and if H ⊆ ZG is a subgroup, then G/H is a semi-simple complex
Lie group with the same Lie algebra as G, but it is no longer simply-connected if H is non-trivial.
For example, if SL(n,C) is simply connected, and PGL(n,C) = SL(n,Z)/Zn is not. Similarly,
Spin(n,C) is simply-connected, but SO(n,C) = Spin(n,C)/Z2 is not.

Theorem 86. Now, assume that G is simply-connected. Let

0→ C→ L̃gC → LgC → 0

be a central extension of LgC. Then there exists a central extension

1→ U(1)→ L̃G→ LG→ 1

if and only if ω
2π ∈ H

2(G,C) represents an integral class. If so, L̃G is completely determined by
the Lie algebra.
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Theorem 87. If 〈hα, hα〉 is even for all co-roots hα, then the condition of the previous theorem
is satisfied. In particular, this holds for

ω(X ⊗ f, Y ⊗ g) = 〈X,Y 〉Rest=0(df · g).

We turn now to the representation theory for compact/reductive Lie algebras. Recall that when
discussing the representation theory of a Lie algebra g, we choose a Cartan algebra c; that is, a
maximal abelian subalgebra of g. For example, for g = gl(n,C), c is the set of diagonal matrices.

Proposition 88. If g is compact (in the Lie group sense; i.e. the Killing form is negative definite)
or reductive, then all maximal abelian subalgebras are conjugate. The rank of the Lie algebra is the
dimension of the subalgebra.

The representation theory of c is the representation of an abelian Lie algebra which is in some
sense trivial, as such split into a direct sum one-dimensional Lie algebras, and representations of
these are determined by weights. Here, the weight is a map from c to R or C. For a representation
of g, we restrict it to a representation of c and obtain a finite number of weights. By studying
these, we are able to say everything about the original representation.

12th lecture, April 11th 2011
We continue our discussion of loop groups.

• Last time we considered the affine Lie algebra, corresponding to any given semi-simple Lie
algebra or Lie group. They are (special examples of) Kac–Moody algebras, obtained by
relaxing some of the conditions on the Cartan matrix in the classification of semi-simple Lie
algebras.

• We discussed the Virasoro algebra V , which is a central extension of the complexified Lie
algebra A of Diff+(S1). Recall that there exist real Lie groups that have no complexification;
for example a double cover of SL(n,R), but we can always complexify the Lie algebra.

• We considered central extensions of loop groups

1→ U(1)→ L̃G→ LG→ 1,

for G simple and simply-connected. Such extensions are classified by elements of H2(g,Z) ∼=
Z. Choosing a generator of Z, one stands out (the minimal non-trivial one). All others are
referred to as “central extensions at level l”.

6.1.1 Digression on representation theory

We recall the representation theory for compact (or complex reductive) Lie algebras. Let G be a
compact connected Lie group. Suppose we choose a maximal torus TG for this Lie group, i.e. a
connected compact abelian subgroup.

Recall that all finite-dimensional complex representations of G are completely reducible. That
is, any representation V can be written as a direct sum V = V1 ⊕ · · · ⊕ Vn of reducible ones. The
reason is that G is compact; we choose an inner product 〈·, ·〉 on V and average over G to get
another inner product 〈·, ·〉 that is invariant under the G-action. Thus, for any subrepresentation
of V , its orthogonal complement is again a subrepresentation.

For TG, all irreducible representations are 1-dimensional, so a representation is given by a
morphism TG → U(1). Such a morphism is called a character or a weight (of TG).

The characters of TG form a lattice in (Lie(TG))∗ known as the character lattice or the weight
lattice.
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Consider the adjoint representation Ad : G � (LieG)C. Restricting Ad to TG gives the Cartan
decomposition of (LieG)C as irreducible representations of the TG,

(LieG)C ∼= (tG)C
⊕
α 6=0

gα,

where the α denote the weights of the action of TG through Ad, and (tG)C is the weight 0 part,
tG = Lie(TG). The non-zero α occuring is a finite subset of the character lattice called the roots
of G (or g). Different groups with the same Lie algebra give rise to the same decomposition. Note
that all gα are 1-dimensional.

The set {α} ⊆ (LieTG)∗ is a reduced root system.
If G is semi-simple, then the root system determines the Lie algebra, as the roots span (LieTG)∗.
We also have the Weyl group WG = N(TG)/TG which is a finite group acting on TG, thus on

LieTG and (LieTG)∗, and it preserves the set of roots. If α is a root, so is −α. Given an α, pick
a non-zero element eα in gα. One checks that e−α := eα ∈ g−α, and that hα := −i[eα, e−α] ∈
Lie(TG). We can normalize eα so that [hα, e−α] = 2ieα, [hα, e−α] = −2ieα, and [eα, e−α] = ihα.
These are the same commutation relations as for the matrices(

0 1
0 0

)
,

(
i 0
0 −i

)
,

(
0 0
1 0

)
.

These generate (2,C) ∼= su(2)C. We call hα the coroot (also sometimes written as α∨). We can
think of them as morphisms U(1)→ TG. Moreover, we can cohose them collectively such that

[eα, eβ ] =

 ηαβeα if α+ β is also a root
ihα if α+ β = 0
0 if α+ β is not a root

where here ηαβ ∈ Z.
For every root α, we get a transformation sα : LieTG → LieTG mapping ξ 7→ ξ − α(ξ)hα (one

thinks of this as reflecting along the hyperplane in the dual perpendicular to α). The Weyl group
WG is generated by 〈sα〉. We have a finite number of hyperplanes going through the origin. A
Weyl chamber is a connected component of the hyperplanes.

Similarly, we have sα∨ : t∗G → t∗G, given by ν 7→ ν − hα(α)α. The Weyl group WG acts
transitively on the Weyl chambers. Choose a Weyl chamber called the positive one. We get a
partial order on the character lattice, letting ρ ≥ 0, if and only if ρ(positive chamber) > 0. The
roots α are divided into positive and negative ones. A positive root is called simple if it cannot be
written as a sum of two other positive roots. The positive simple roots form a basis {α1, . . . , αr}
of t∗G, where r is the rank of the group, r = rkG = dimTG.

Example 89. For SU(2), TG is one-dimensional, and the root lattice 〈α〉 is a proper subset of the
weight lattice. Here WSU(2) = Z/2Z is reflection about 0.

For SU(3), we have two positive simple roots α1, α2, and six roots −α1, α2, α1 + α2,−α1 −
α2,−α2, α1. Here WG = S3.

So far, we have considered the structure theory of the Lie algebras and now consider the general
representation theory. Let V be a finite-dimensional irreducible complex representation of G. As
before, we can restrict the representation to a maximal torus TG and find that V = ⊕βVβ , where
TG acts with weight β, but the dimensions of Vβ might be greater than 1. The {β} are called the
weights and form a finite subset of the character lattice. The set {β} is always invariant under
WG, and any difference βi − βj is in the root lattice.

There exists a weight ρ called the highest weight such that ρ+αi is not a weight for any positive
simple αi. The highest weight always occurs with multiplicity 1 and always is in the positive Weyl
chamber. Conversely, a character is called dominant, if it is in the closure of the positive Weyl
chamber, and we have the following.
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Theorem 90. Every dominant character is the highest weight for an irreducible representation,
unique up to isomorphism.

The existence part of the theorem is given by constructing the representations. There are a
number of ways of doing this.

• We can classify all simple Lie algebras, getting the families Ar,Br,Cr,Dr and the exceptional
ones E6, E7, E8, G2, F4, and we can study the representations in each case.

• There is a purely algebraic construction of the representations as Verma modules.

• There is a geometric construction given by the Borel–Weil theorem, stated below.

Theorem 91 (Borel–Weil theorem). We can construct all highest weight representations of G as
vector spaces of holomorphic sections of some holomorphic line bundle over a flag manifold.

13th lecture, April 13th 2011
We begin with a brief sketch of Borel–Weil theory. Let G be compact. Given λ a dominant weight,
there is a unique Vλ irreducible representation of G such that λ is the highest weight, and it is
unique up to isomorphism. The Borel–Weil theorem gives a way to construct these in a geometric
fashion.

Proposition 92. There is an isomorphism G/T ∼= GC/B
+, where T is a maximal torus of G,

and B+ is the positive Borel subgroup containing TC.

We refer to G/T as the (full) flag variety. One way of classifying B+ is that Lie(B+) = 〈hC, eα |
α positive〉 where hC comes from the Cartan decomposition

gC = hC ⊕
⊕
α root

gα,

where gα = 〈eα〉. For example, if G = U(n), then GC = GL(n,C), then T consists of diagonal
unitary matrices, and B+ consists of upper triangular matrices. Notice that B+ is not itself
reductive and not a complexification.

Corollary 93. G/T is a compact complex manifold and a projective variety.

Suppose that λ : T → U(1) is a dominant weight, giving a map TC → C∗, uniquely extending
to a map B+ → C∗ (but not to GC → C∗ or G→ U(1)). Put Lλ = GC×C/B+, where B+ acts on
GC by multiplication and on C through λ. Then Lλ → GC/B

+ is a holomorphic line bundle, and
we put Vλ = H0(GC/B

+, Lλ). This is an irreducible representation of G of GC, which is irreducible
and has highest weight λ. We can think of this space as a quantization of the flag variety or as the
quantization of a co-adjoint orbit.

6.1.2 Back to loop groups

we want to study the representation theory of L̃G, g̃, and so on. We restrict our attention to
“positive energy representations”. From now on G is simple and simply connected (e.g. SU(n)).
Consider the group of rotations of U(1), Rot(U(1)) ∼= U(1), which acts on LG through (Rθ(ρ))(t) =
ρ(t+ θ), for Rθ ∈ Rot(U(1)). Consider Rot(U(1)) n LG.

Definition 94. A positive energy representation of LG is a projective unitary representation of
Rot(U(1))nLG on a Hilbert space H such that the projective representation of Rot(U(1)) lifts to a
linear representation with positive spectrum (choose 0 as the lowest eigenvalue), and H = ⊕H(n),
where the H(n) are finite-dimensional corresponding to the representations of U(1); that is, every
integer, corresponding to representations of U(1), has finite multiplicity.

42



Now, we have

1→ U(1)→ U(H)→ PU(H)→ 1,

and a map LG → PU(H). We pull back to get a linear representation of some central extension
of LG at level l. We have G ⊆ LG (as the constant loops), and [Rot(U(1)), G] = 1, and since G is
simply connected G acts linearly on H(0) (a priori only some covering of G does this).

Proposition 95. If a representation of Rot(U(1)) n LG is irreducible, then the representation of
G on H(0) is also irreducible given by a highest weight λ.

Proposition 96. We have 〈, αmax〉 ≤ l, where αmax is the highest weight for the adjoint represen-
tation; that is, it is the unique α such that α + αi is not a root for any positive root αi, and 〈·, ·〉
is the Killing form, i.e. an invariant pairing normalized such that 〈αmax, αmax〉 = 2.

We thus think of the level l as “capping off” a part of the positive Weyl chamber. At level
l = 1, we get Weyl alcove.

Proposition 97. The irreducible positive energy representations are classified (up to isomorphism)
by the level l ≥ 0 and a dominant weight ρ with 〈ρ, αmax ≤ l.

For G compact, the closure of the positive Weyl chamber is a fundamental domain for the
action of the Weyl group. There is a corresponding picture for L̃G and g̃. We have an affine Weyl
group (at level 1) Waff = W n weight lattice, and the Weyl alcove is a fundamental domain of
the action of the affine Weyl group. Thus we can still think of the representation theory as being
classified by elements in the weight lattice up to the action of (the now affine) Weyl group.

6.1.3 Segal–Sugawara construction

Given a positive energy representaiton of L̃G, we always get a representation of V, the Virasoro
algebra. Recall that V was spanned by 〈Ln, c〉. The representation of V on H is defined as
follows: Let Xi be a basis for gC, and Xi a “dual” basis with repsect to 〈·, ·〉. Identify elements in
LgC ∼= gC ⊗ C((t)) with their operators on H. Then define

L0 = 1
2(l + cox)

(∑
i

(Xi ⊗ t0)(Xi ⊗ t0) + 2
∑
n>0

∑
i

(Xi ⊗ t−n)(Xi ⊗ tn)
)
, Ln = 1

2(l + cox)
∑
m∈Z

∑
i

(Xi ⊗ t−m)(Xi ⊗ tm+n)

Here, cox is the dual Coxeter number of g,

cox = 1 + 〈αmax,
1
2

∑
i

αi〉.

Exercise 98. We have

[Lm, Ln] = (m− n)Lm+n + l dim g

l + cox
1
12(m3 −m)δm+n,0idH,

which defines the action of c ∈ V.

6.1.4 Borel–Weil for loop groups

The rôle of the flag manifold in the affine version is played by

LGC/B
+GC,

where LGC = GC ⊗ C((t)), where

B+GC = {ϕHol(D,GC) | ϕ(0) ∈ B+} ⊆ LGC
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Here D is the disk of radius 1. Recall that the central extensions of LGC correspond to integral
second cohomology classes which themselves corresponded to line bundles on LGC. We think of
L̂GC at level l as the line bundle without the zero locus. We have maps

B+GC → B+ λ→ C∗,

where the first map is evaluation at 0. We put Llλ = L̂GC × C∗/B+GC, and

V lλ = H0(LGC/B
+GC, L

l
λ).

14th lecture, April 18th 2011
6.2 Algebraic approach to conformal field theory
We begin our discussion of conformal theory and begin with a formal algebraic approach. The
reference for this is Ueno’s Conformal field theory with gauge symmetries, [Uen]. Later we give an
approach that is closer related to physics and gauge theory using the Wess–Zumino–Witten model.

We first consider so-called stable pointed curves with formal neighbourhoods

Definition 99. A nodal singularity in a curve is locally analytically of the form x2 = y.

Definition 100. Let X be a stable pointed curve, i.e. a curve with at worst nodal singularities
(double points) and a set of N smooth marked points, and every component of genus 0 or 1 has
at least 3 or 1 “special points” that are either nodal or marked.

We will actually assume that every component has at least one marked point. A formal neigh-
bourhood around a marked point Qi is an isomorphism lim←−mOQi/m

n+1
Qi
∼= C[[ξi]], where mQi is the

maximal ideal in OQi of functions vanishing at Qi.

Definition 101. Let

ĝN =
N⊕
j=1

(g⊗ C((ξj)))⊕ Cc,

where g is a complex simple Lie algebra.

This becomes a Lie algebra with brakcet

[
∑
i

(xi ⊗ fi),
∑
j

(yj ⊗ gj)] =
∑
i

[xi, yi]⊗ figi +
∑
i

(xi, yi) Resξi=0(gidfi)c,

where (·, ·) is a basic inner product on g, which we have since g is simple. Inside of this Lie algebra,
we have a certain subalgebra. Put

Oc(∗
∑

Qi) = lim−→
n

O(n
∑

Qi),

where O(n
∑
Qi) consists of those functions having poles of order at most n only at Qi. In other

words, if D is a divisor determining a line bundle on X, O(D) consists of holomorphic sections of
this line bundle, or equivalently as meromorphic functions on X with poles only along components
of D. Put

ĝ(X) = g⊗H0(O(∗
∑
i

Qi)),

and there is an obvious inclusion ĝ(X) ↪→ ĝN .
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Choose a level l. For each 1 ≤ 1 ≤ N , choose a highest weight λi in the Weyl alcove, i.e.
〈λi, αmax〉 ≤ l. Put

H~λ = Hλ1 ⊗ · · · ⊗ HλN ,

which is a representation of ĝN as we have seen, and we get a dual representation

H†~λ = H†λ1
⊗ · · · ⊗ H†λN .

Definition 102. Let

Vλ(X) = H~λ/ĝ(X)H~λ,

be the space of covacua of X, and let

V†λ(X) = HomC(V~λ(X),C)

be the space of vacua or conformal block.
Theorem 103. These spaces are finite-dimensional.

If X ′ and X ′ are the same stable pointed curve with 2 different systems of formal pointed
neighbourhoods whose first order neighbourhoods O(Qi)/m2

Qi
are isomorphic, then we obtain iso-

morphisms
O(Qi)/m2

Qi

∼= //

∼=

''NNNNNNNNNNN
C[[ξi]]/(ξ2

i )

∼=
��

C[[ξ′i]]/(ξ′2i )
and a canonical isomorphism V†~λ(X) ∼= V†~λ(X ′).
We list the basic properties and fusion rules of conformal blocks.
We first talk about desingularization of nodal curves. In dimCX = 1, the notions of normality

and non-singularity are equivalent, and there always exists a canonical procedure of normalization.
That is, there is always a normal variety Xnorm and a birational morphism Xnorm → X. Recall
that X is called normal if all local rings are integrally closed. For nodal curves, the normalization
looks something like Figure ??. In particular, the map is 2− 1 on the singularity.
Theorem 104. Suppose X = (X,Q1, . . . , Qn, ξ1, . . . , ξN ) and X̃ = (X,Q1, . . . , QN+1, ξ1, . . . , ξN+1).
Then canonically

V†~λ,0(X̃) ∼= V†~λ(X).

In the picture of moduli spaces of curves with parabolic structure, this corresponds to the fact
that a trivial parabolic weight at a points gives no extra parabolic structure.

Now assume that we have a nodal singularity P with pre-image P ′, P ′′ in the normalization X̃
as in Figure ??. Recall that the Weyl groupW was generated by reflectionsW = 〈sα〉, andW acts
transitively on the Weyl chambers. For a choice of positive Weyl chamber, taking the negative of
it will again be a Weyl chamber. In particular there is a w ∈W , referred to as the longest element
of the Weyl group, such that w(pos. Weyl chamber) = −pos. Weyl chamber, but, in general, w
does not act by multiplication by −1 (even if this is the case for (2,C)). Consider the map (·)† on
the positive Weyl chamber mapping λ 7→ λ† = −w(λ). Note that this preserves the Weyl alcoves.
Let Pl be the Weyl alcove for the level l. For the double point P , we have a canonical isomorphism

V†~λ(X)→
⊕
µ∈Pl

V†
µ,µ†,~λ

(X̃).

Here P ′ and P ′′ are marked points in X̃ with new formal neighbourhoods and weights µ, µ†.
Proposition 105. The dimensions dimV†~λ(X) is invariant under deformations.

Here, a deformation corresponds to deforming a closed curve in X to a double point. For a
curve X, using the fusion rules, by repeatedly deforming and normalizing, we end up with a copy
of P1 with a number of marked points.
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15th lecture, May 2nd 2011
6.3 Space of conformal blocks vs geometric quantization
Today, we will sketch why, given a Riemann surface, there is a canonical isomorphism between the
space of conformal block and the geometric quantization of the moduli space.

Recall that the space of conformal blocks is constructed as follows: Let C be a Riemann surface
with marked points Q1, . . . , Qn and associated formal coordinates ζi at each marked point. Let X
be the curve together with the marked points. Let

ĝN =
N⊕
i=1

(g⊗ C((ζi)))⊕ Cc

be the vector space with the Lie bracket defined previously. This itself does not depend on the
Riemann surface, but it has a subalgebra that does; let

ĝ(X) = g⊗H0(C,OC(∗
∑

Qi)).

The space of conformal blocks is defined as follows. Given ~λ = (λ1, . . . , λN ), a sequence of lattice
points in the Weyl alcove at level l, we get a representation H~λ of ĝN .

Definition 106. The space of covacua is

V~λ(X) = H~λ/ĝ(X)H~λ,

and the space of vacua is the dual space V†~λ.

The space V†~λ corresponds to geometric quantization of the moduli space of parabolic bundles
with parabolic weights λi at Qi. If there are no marked points, we pick an arbitrary point and use
λ = 0.
Remark 107. We obtain from V†~λ(X) a bundle of conformal blocks over Teichmüller space or the
moduli space of (pointed) Riemann surfaces. This bundle comes with a natural projectively flat
connection. This is referred to as the “KZ connection” or the “KZ equation”, after Knizhnik
and Zamolodchikov. It’s also called the KZB connection or the WZW connection. The B is for
Bertrand.

The moduli space can be thought of in terms of conformal blocks, as we will see in the following.

Proposition 108. A holomorphic bundle on a Riemann surface can be trivialized over the com-
plement of any point in the Riemann surface.

The references here are [BL94] and [Fal94].
The first step is an alternative description of the moduli stack of bundles. Using the Proposition

above, we can describe a given bundle using a single transition function, as the surface can be
covered with two charts over which the bundle trivializes. This transition function of course
depends on the choice of charts. We fix the determinant of all bundles. Let Ap be the meromorphic
functions on C with a pole of arbitrary order at P . Formally, given an “open disk”, the transition
functions are elements of SLr(C((z))), where z is a formal parameter around p. Here, C((z)) are
formal Laurent series in z, and r is the rank of the bundle. Morally, SLr(C((z))) determines the
bundle, but not uniquely: It depends on the choice of trivialization. Instead, we consider the
double coset

SLr(Ap)\SLr(C((z)))/SLr(C[[z]]).

This idea goes back to Weil.

46



Theorem 109. This double coset is canonically isomorphic to the moduli stack of fixed determinant
rank r bundles.

Note that the quotient Q := SLr(C((z)))/SLr(C[[z]]) is independent of the Riemann surface;
this space is (essentially) referred to as the “affine Grassmannian”.

The left quotient defines a bundle π : Q → M0(C) over the moduli stack. The moduli stack
has a determinant line bundle L →M0(C). We can pull back this line bundle to obtain π∗L → Q.

Now, SLr(C((z))) (which is the loop group of SLr) acts on Q. The action of SLr(C((z))) does
not lift to π∗L, the action of the central extension ̂SLr(C((z))) does act on π∗L.

Theorem 110 (Kumar,Mathieu). The space of global sections H0(Q, π∗L) of π∗L → Q though of
as a representation of ̂SLr(C((z))) corresponds exactly to the positive energy representation (called
the basic representation) of highest weight λ = 0.

Now, SLr(Ap)-invariant sections of π∗L → Q correspond to sections of L → M0(C) =
SLr(Ap)\Q through pull-back. Remark that if G is a Lie group, Lie(G) = g, and V is a G-
representation, ~v ∈ V , then G · ~v = ~v, if and only if g~v = 0. Recall that

V†λ(X) = (Hλ/ĝ(X)Hλ)†

= ker(ĝ(X) y H∗λ).

Theorem 111.

V†λ=0(X) ∼= H0(Q, π∗L)SLr(Ap) ∼= H0(M0(C),L).

Theorem 112.

H0(M0(C),L) ∼= H0(M0,stable(C),L).

15th lecture, May 4th 2011
6.4 The Wess–Zumino–Witten model
The reference for this is [Oht02].

The WZWmodel is a particular example of a non-linear Σ-model, where the source is a Riemann
surface, and the target is a Lie group.

Assume that X be a closed Riemann surface, and let G be a connected simply-connected
complex (or occasionally compact) Lie group. A field is a smooth map f : X → G. The action of
the theory consists of two terms; an energy term and the WZW term. The energy term is

EX(f) = i

4π

ˆ
X

tr(f−1 ∂f ∧ f−1 ∂f).

The WZW term is

i

12π

ˆ
M

tr(f̃−1df̃ ∧ f̃−1df̃ ∧ f̃−1df̃),

where M is a 3-manifold bounded by X, and f̃ : M → G is an extension of f . The last term is
independent of M and f̃ up to 2πiZ. Let SX(f) denote the sum of the two terms. The partition
function for the WZW model is given by the path integral

ZWZW
k (X) =

 
f∈Map(X,G)

exp(kSX(f))Df

where k is some integer. Though ill-defined, this is an invariant of the Riemann surface but not a
topological one.
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Note that Map(X,G) is a group under pointwise multiplication. The Polyakov–Wiegmann
formula says that

SX(fg) = SX(f) + SX(g) + i

2π

ˆ
X

tr(f−1 ∂f ∧ ∂g g−1)

In the case where X has boundary, we want to associate a vector space to the boundary, as we did
in Chern–Simons theory. The vector spaces will arise as spaces of sections of a line bundle over
the loop group.

For simplicity assume that ∂X ∼= S1. We will think of LG as Map(S1, G). We want to define
a line bundle L → LG explicitly as follows. Look atC×

⋃
X,∂X∼=S1

Map(X,G)

 / ∼,

where (α, f) ∈ C ∼ (α′, f ′), if f |∂X = f ′|∂X′ , and

α = α′ exp(
ˆ
M

g−1 dg ∧ g−1 dg ∧ g−1 dg)

where M is a 3-manifold such that ∂M = X ∪S1 −X ′, the gluing being with respect to f and
reversing the orientation of X ′, and g is an extension of f ∪ f ′ to M .

Claim 113. This defines a complex line bundle π : L → LG with π(α, f) = f |∂X .

Now, if ∂X ∼= S1, define

ZWZW
k (X)(γ) :=

 
f∈Map(X,G)γ

exp(kSX(f))Df

where γ ∈ LG, and

Map(X,G)γ = {f : X → G, f |∂X = γ}.

Claim 114. This defines a section ZWZW
k (X) : LG→ Lk.

We now want to see that there is a product structure on the total space of L (and all Lk), such
that throwing away the zero section, we get a new group π : L \ (LG× 0)→ LG, which is nothing
but the central extension of LG.

Let (αi, fi) ∈ Lγi , i = 1, 2 be two elements of L, and assume without loss of generality that
they are represented by maps fi of the same Riemann surface X. Define

(α1, f1) · (α2, f2) = (α1α2 exp(δ(f1f2)), f1f2) ∈ Lγ1γ2 ,

where

δ(f1f2) = −EX(f1)− EX(f2) + Ex(f1f2)− i

2π

ˆ
X

tr(f−1
1 ∂f1 ∧ ∂f2 f

−1
2 ).

Claim 115. Using the Polyakov–Wiegmann formula, one sees that this is well-defined. In partic-
ular, it is well-behaved with respect to ∼.

Claim 116. The space L̂G := L \ (LG× 0) is a group for ·. The identity is given by (1, X → G :
x 7→ 1G), and it is not hard to cook up inverses. We have a central extension

1→ C∗ → L̂G→ LG→ 1.

Claim 117. L̂G acts on Γ(L → LG). This is the basic representation at level 1 of L̂G.
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16th lecture, May 9th 2011

7 Donaldson theory
In the last two lectures, we will see a brief introduction to Donaldson–Witten theory and its relation
to topological quantum field theory.

We begin by giving some general remarks on 4-manifolds. Let M be a simply connected 4-
manifold. Then Hi(M,Z) is Z, 0, Zb2 , 0, Z for i = 0, 1, 2, 3, 4 respectively. On H2(M), we have
the intersection pairing

H2(M,Z)×H2(M,Z)→ Z

given by (α, β) 7→ (α ∪ β)[M ]. This is a symmetric bilinear form with signature σ = b+2 − b
−
2 , and

b2 = b+2 + b−2 .

Theorem 118 (Freedman, ’82). Any signature can occur as the intersection pairing of a closed,
simply connected topological 4-manifold.

Theorem 119 (Donaldson, ’83). Restrictions apply in the smooth world. In particular, not all
topological 4-manifolds are smoothable.

The proof uses instantons which we will now review. Suppose we have a smooth principal
G-bundle P → M . For the Donaldson invariants, it suffices to look at G = SU(2) or G = SO(3).
Let A be the affine space of connections on P , and let A ∈ A be generic. Then

ˆ
M

cs(P ) = − 1
8π2 Tr(FA ∧ FA) ∈ Z.

Now, assume we have a Riemannian metric g on M . We then have a Hodge star operator ∗ :
H2(M)→ H2(M). We have the Yang–Mills functional

SYM(A) =
ˆ
M

(FA ∧ ∗FA) = ‖FA‖2.

The Hodge star ∗ : H2(M)→ H2(M) or Ω2(M)→ Ω2(M) satisfies ∗2 = 1, and we can decompose
it into its +1 and −1 eigenspaces, Ω2(M) = Ω2

+(M)⊕ Ω2
−(M), and we for the curvature F = FA

we write F = F+ + F−. Taking this into account,

SYM(A) =
ˆ
M

Tr(F+ ∧ ∗F+ + F− ∧ ∗F−),
ˆ
M

c2(P ) = 1
8π2

ˆ
M

Tr(F+ ∧ ∗F+ − F− ∧ ∗F−).

Therefore, SYM(A) ≥ 8π2|
´
M
c2(P )|. The absolute minimum of SYM(A) is reached when F = ∗F ,

i.e. F = F+, if
´
M
c2(P ) > 0 or when F = − ∗ F , i.e. F = F− if

´
M
c2(P ) < 0. The equation

F = ∗F is called the self-duality equation, and F = − ∗ F is the anti-self duality (ASD) equation.
From now on, assume

´
M
c2(P ) < 0 so that we are interested in the ASD case.

Definition 120. A Yang–Mills instanton is a connection satisfying the anti-self duality equation.

We are interested in the moduli space of instantons. Let A∗ be the irreducible connections on
P . The moduli space of instantons is

MP = {A ∈ A | ∗F = −F}/GP ,

where GP is the group of (unitary) gauge transformations. If we restrict to A∗ ∈ A, we get an
open subspace of the moduli space of instantons which is a smooth manifold. In general, the
moduli space of instantons is neither smooth nor compact, in contrast with the moduli space of
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flat connections on a Riemann surface. However, there exists a canonical compactification called
the Uhlenbeck compactification, given by adding so-called “ideal instantons” that have curvature
at isolated points (referred to as “bubbling”).

By using the index formula, one finds that

dim(MP ) = 8|
ˆ
M

c2(P )| − 3
2(χM + σM )

A priori,MP depends on the choice of the metric g. But Donaldson showed that if b+2 > 1, for
a generic 1-parameter family of metrics, none have reducible instantons. That is, if g is generic,
and b+2 > 1, thenMP is smooth and independent of g.

7.1 Donaldson invariants
Let B = A/G. This space is infinite dimensional and depends only on the topology of M . Then
MP ⊆ B. We consider Donaldson’s µ: On A ×M , we have a “canonical” G-principal bundle
obtained by pulling back the bundle over M . We take the adjoint bundle and quotient out by G
to obtain a bundle P̃ → B ×M . Then µ : Hi(M)→ H4−i(B) is given by

µ : α 7→ p1(P̃ )/α,

where / denotes the slant product defined for α ∈ Hi(N), β ∈ Hj(M × N) gives an element
β/α ∈ Hj−i(M) using the Künneth formula to write β ∈ H∗(M)⊗H∗(N) and capping with α.

Theorem 121. We have µ(z) = 1 if z ∈ H4(M). Elements of the form µ(x) for x ∈ H0(M), H2(M)
generate H∗(B) freely.

Choose generators H(M,Q) = 〈x〉, H2(M,Q) = 〈γ1, . . . , γb2〉. Then the Donaldson invariants

Q[x, γ1, . . . , γb2 ]→ Q

are formal polynomials

p(x1, γ1, . . . , γb2) 7→
ˆ
MP

p(µ(x), µ(γ1), . . . , µ(γb2)) ∈ H∗(B),

where the integral is defined using the compactification mentioned earlier. If b+2 > 1, this depends
only on the smooth structure. If b+2 = 1 it depends on the metric.

17th lecture, May 11th 2011
We end the main part of the course, giving a very sketchy overview of Donaldson–Witten theory.

Suppose we have a (4-dimensional) field theory on a Riemannian (4-)manifold, determined by
an action S(ϕ) =

´
M
L(ϕ(x))dx. If we have observables Oi(ϕ), then the “vacuum expectation

value” is determined, formally, by the path integral

〈O1 · · · Or〉 =
ˆ
DϕO1(ϕ) · · · Or(ϕ)eiS(ϕ),

with partition function Z = 〈1〉. Witten now argues that if we have a symmetry generated by Q,
with Q2 = 0, {Q,S} = 0, such that the energy-momentum tensor satisfies

Tµν = {Q,Λµν}

for some symmetric tensor Λµν , then the partition function is topological, and moreover, if {Q,Oi},
the vacuum expectation value 〈Oi〉 is topological.
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Witten furthermore argues, that if we take N = 2 supersymmetric Yang–Mills theory in 4
dimensions and apply what is known as “topological twist”, we still have a field theory in four
dimensions with fields having a specific nature: 1 gauge field (i.e. a connection), 1 one-form, 1
self-dual two-form, 1 “fermionic” zero-form, and 2 “bosonic” zero forms. There is a specific action
for these behaving in such a way, that the fields don’t satisfy the spin-statistics theorem. This
topologically twisted theorem then satisfies the previous condition, so Z is topological, and in
particular it is independent of the value of the coupling constant. We can take the limit where
the coupling constant becomes very small, and in this limit, the path integral “localizes” onto the
anti-self dual connections, and there exist observables Oi such that {Q,Oi} = 0, whose vacuum
expectation values 〈O1 . . .Or〉 are exactly the Donaldson invariants.

8 More student seminars
8.1 Shehryar
We begin discussing some pre-requisites of complex tori. Let V be a C-vector space, dimC V = g,
let Λ ⊆ V be a (maximal) lattice:

Definition 122. Λ ⊆ V is a lattice if Λ is a discrete subgroup and co-compact.

Associated to a lattice Λ, we have a complex torus X = V/Λ of dimension g. If (e1, . . . , eg)
span V , and λ1, . . . , λ2g span Λ, then λj =

∑
i,j λijei. Let π ∈ Matg×2g(C) be the matrix

(π)ij = λij . If h : X → X ′ is a holomorphic map between complex tori, then there exists a
unique group homomorphism f : X → X ′ such that h(x) = f(x) + h(0), and there exists a
unique Z-linear map F : V → V ′ such that F |Λ ⊆ Λ′. This means that we have injective maps

Hom(X,X ′) //

''PPPPPPPPPPPP
HomC(V, V ′)

HomZ(Λ,Λ′)
If the image of f ∈ Hom(X,X ′) under these two mappings are A,B respectively, then Aπ = π′B.

As a real manifold,

X ∼= ×2g
i=1S

1 ∼= ×2g
i=1λiR/λiZ

with fundamental group π1(X) = Λ = H1(X,Z). Also, by the universal coefficient theorem,
H1(X,Z) ∼= Hom(Λ,Z). The cup product map defines an isomorphism Hn(X,Z) ∼= ∧nH1(X,Z).

Define Altn(Λ,Z) = ∧nHom(Λ,Z).
We will be interested in line bundles V → X. We note that H1(X,O∗X) = Pic(X) =

{FOAs = Factors of automorphy}, where f : Λ × V → C∗ is a FOA, if f(λ + µ, v) = f(λ, µ +
v)f(µ, v), µ, λ ∈ Λ, v ∈ V . Consider also (λ, v) 7→ h(λ + v)(h(v))−1, where h ∈ H0(O∗X). We
obtain line bundles by V × C/Λ→ X, where Λ acts by λ ◦ (v, t) = (λ+ v, f(λ, v)t).

We have a short exact sequence

1→ Z→ OX → O∗X → 1,

which induces a long exact sequence

H1(X,Z)→ H1(X,OX)→ H1(X,O∗X) c1→ H2(X,Z) ∼= Alt2(Λ,Z),

where c1 is the first Chern class. Let L ∈ H1(X,O∗X), with c1(L) = E. Extend to Ẽ : V ×V → Z,
such that Im Ẽ|Λ ⊆ Z. Conversely, if E : V ×V → R is an alternating form such that ImE|Λ ⊆ Z,
and E(iv, iw) = E(v, w), then there exists L ∈ Pic(X) such that E = c̃1(L). Moreover, there is a
1-1 correspondence between E satisfying these two conditions, and Hermitian forms H : V ×V → C
such that ImH|Λ ⊆ Z given by taking the imaginary part of the Hermitian form.
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Definition 123. Let NS(X) = Im(c1 : Pic(X)→ H2(X,Z)).
To every FOA, we associated a line bundle, but we want to figure out what a FOA is for a

given line bundle. Let H ∈ NS(X), and define a semi-character χ : Λ → C1 := {z ∈ C | |z| = 1}
to be something satisfying

χ(λ+ µ) = χ(λ)χ(µ)eπi ImH(λ,µ).

Let P (Λ) = {(H,X) | H ∈ NS(X), χ semi-character}. We have mappings
Hom(Λ,C1)

∼=
��

// P (Λ)

∼=
��

// NS(X)

∼=
��

Pic0(X) // Pic(X) // NS(X)

Here, we let aL(λ, v) = χ(λ)eπH(v,λ)+π
2H(λ,λ). We obtain an isomorphism Hom(Λ,C) ∼=

Pic0(X), where to a line bundle L we associate the FOA L = L(H,χ)aL. If x ∈ Λ, then

t∗xL = L(H,χe(2πi ImH(V, ·))),

where tx denotes translation by x. The last thing we need is ϕL : X → Pic0(X) given by

ϕL(x) = t∗xL⊗ L−1 = L(0, e2πi ImH(v,·)).

Let Λ(L) = {v ∈ V | ImH(v,Λ) ⊆ Z} and k(L) = Λ(L)/Λ.
A character of a line bundle is defined as follows. Fix (X,H), X a complex torus, H a positive

Hermitian form on X (X is called a polarized abelian variety if this H exists, and H a choice of
polarization), ImH = E. Then there is a basis λ1, . . . , λg, µ1, . . . , µg of Λ such that

E =
(

0 D
−D 0

)
,

where D = diag(d1, . . . , dg), di > 0, di ∈ Z. Moreover Λ1 = span(λ1, . . . , λg) and Λ2 =
span(µ1, . . . , µg), are maximal isotropic subgroups, Λ = Λ1 ⊕ Λ2 and extend it to V = V1 ⊕ V2.

Given a polarizationH, we want to pick out a special line bundle as follows: DefineX0 : V → C1
by

X0(v) = eπiE(v1,v2)

, where v1 + v2 = v. Then X0|Λ is a semi-character, L0 = L(H,X0) ∈ PicH(X).
Proposition 124. We have X0|Λ1,2 = 0, and for all L ∈ PicH(X), there is a c ∈ Λ unique up to
Λ(L), such that

L = t∗cL0

and

L = L(H,X0e
2πiE(c,·)).

Definition 125. c is the character of L ∈ PicH(X).
We will define the theta-function for a line bundle using the character. A theta-function asso-

ciated to L (with FOA f) is a map θ : V → C such that

θ(v + λ) = f(λ, v)θ(v).

When H > 0, writing V = V2 ⊕ iV2, then H|V2 is symmetric, since ImH|V2 = 0. Let B be the
induced symmetric form. If c is the character of L, put

θc(v) = exp(πH(v, c)− π/2H(c, c) + π/2B((v + c), (v + c))) ·
∑
l∈Zg

exp(π(H −B)(v + c, λ)− π
2 (H −B)(λ, λ)).

For all ω ∈ k(L), put θcw = aL(ω, )̇
−1
θc(·+ w).
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Theorem 126. Suppose L is a positive definite line bundle, with a choice of decomposition V =
V1 ⊕ V2 and c a character L. Then the set of theta-functions {θcw | w ∈ k(L)1} form a basis for
H0(L), and #k(L)1 = PF(E) = Det(E). Here, k(L)1 = Λ1(L)/Λ1.

We now turn to moduli of polarized abelian varieties. Fix (X,H), H > 0, V = V1 ⊕ V2, a
basis λ1, . . . , λg, µ1, . . . , µg, let ev = 1

dv
µv be a complex basis for V . Then the period matrix is

π = (Z,D), where

Z ∈ hg = {Z ∈Mg×g(C) |t Z = Z, ImZ > 0}

Conversely, for fixed D, and a Z ∈ hg, we define a variety (XZ , HZ), where XZ = Cg/ΛZ , where
ΛZ = ZZg ⊕DZg, and Hz = (ImZ)−1).

Suppose Z,Z ′ ∈ hg, and (Xz, Hz) ∼= (XZ′ , HZ′), then there is a matrix M ∈ Sp2g(Q) such that
M(Z) = M(Z ′), and tMΛD ⊆ ΛD, where

ΛD =
(

1 0
0 D

)
Z2g.

Let GD be the set of matrices M ∈ Sp2g(Q) satisfying these two conditions. Then hg/GD is the
moduli space of polarized abelian varieties. Let (X,H) be a principal polarized abelian variety
(meaning that di = 1 for all i), and let Λ1 = ZZg, Λ2 = Zg. Then for c ∈ V , write c = Zc1 + c2,
ci ∈ Vi. With respect to a character c, the classical theta function is

θ

(
c1
c2

)
(v, Z) =

∑
l∈Zg

exp(πit(l + c1)Z(l + c1) + 2πit(v + c2)(l + c1)).

The connection between this theta function and the canonical one we defined is

θZc1+c2
Z = eπ/2B(·,·)−πitc1c2θ

(
c1
c2

)
(·, Z).

Theorem 127. The classical theta function

θ

(
c1
c2

)
(v, Z)

is holomorphic on Cg × hg and satisfies the second order heat equation

∂2θ

(
c1
c2

)
∂zi∂zj

1
4πi =

∂θ

(
c1
c2

)
∂zij

.

For σ ∈ hg, consider the line bundle Lσ = L(Hσ, X0) → (X,Hσ). We obtain then a bundle
over hg with fiber H0(X,Lσ) at σ. The theorem determines a connection in this bundle.

For a Riemann surface X, consider the moduli spaceM of flat unitary connections in L→ X
is equivalent to the moduli space of line bundles on X, which is the Jacobian J(X) of X, which on
the other hand is the space of principal polarized abelian varieties. Varying the complex structure
on X defines a map J(·) ↪→ hg (called the Torelli map); determining the image of this map is an
open problem.

8.2 Amit
Today we will be discussing Chern–Simons theory with finite gauge group Γ. The reference is
Freed and Quinn [FQ93].

Fix an integer d ∈ Z, d > 0. As always, spacetimes are (d+1)-dimensional, with d the dimension
of space. Let X be a compact oriented spacetime. To X we associate a category CX called the
space of fields. That is, CX is the space of principal Γ-bundles. Since Γ is finite, connections in
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Γ-bundles are canonical and we will not consider them. Let BΓ = EΓ/Γ be the classifying space
of Γ, so BΓ = K(Γ, 1).

We consider now the action of the theory. Let α ∈ Hd+1(BΓ;R/Z), and consider a singular
cocycle α̂ ∈ Cd+1(BΓ,R/Z) such that α̂ and α represent the same coset of Bd+1(BΓ,R/Z). The
simplest case is when α̂ = α = 0.

Now let X be a closed oriented (d+1)-dimensional manifold, and fix a principal bundle P ∈ CX .
We have canonical maps F : P → EΓ, F : X → BΓ. We define the action by

SX(P ) = α(Fα[X]) ∈ R/Z,

where [X] ∈ Hd+1(X) is the fundamental class.

Proposition/Definition 128 (Metrized “integration line”). Let Y be a closed oriented d-manifold.
The metrized integration line (MIL) is defined, and if X is a compact oriented (d + 1)-manifold
with boundary i : ∂X ↪→ X and α ∈ Cd+1(X,R/Z), put

I = exp(2πi
ˆ
X

α) ∈ I∂X,i∗α.

Then I has unit norm and satisfies a bunch of properties such as functoriality and a gluing property.
Let α̂ ∈ Cd+1(BΓ,R/Z). Let Q → Y be a principal Γ-bundle. Now we defined the metrized

line LQ. Define a category CQ whose objects are classifying maps f : Q→ EΓ, and morphisms are
f

h→ f ′ is a homototopy class h relative to the boundary. For an object f in CQ, we put

FQ(f) = IY f∗α̂,

FQ(f h→ f ′) = exp(2πi
ˆ

[0,1]×Y

ˆ
h
∗
α̂) : IY,f ′∗α → IY,f∗α.

Consider as before a principal Γ-bundle P → X. For all classifying maps F : P → EΓ, put

e2πiSX(P,F ) = exp(2πi
ˆ
F
∗
α̂) ∈ L∂X,FF∗α̂.

Theorem 129. Let Y be a closed oriented d-manifold, X a compact oriented (d + 1)-manifold.
Consider the associations

Q 7→ LQ, Q ∈ CY
P 7→ e2πiSX(P ), P ∈ CX .

This satisfies the following properties

(a) Functoriality: For a bundle map ψ : Q′ → Q covering an orientation preserving diffeomor-
phism ψ : Y ′ → Y , then ψ∗LQ′ → LQ is an isometry. Similarly, if ϕ : P ′ → P , ϕ : X ′ → X,
then

(∂ϕ)∗(e2πiSX′ (P
′)) = e2πiSX(P ).

(b) Orientation: LQ,−Y ∼= LQ,Y and

e2πiS−X(P ) = e2πiSX(P ).

(c) Additivity: If Y = Y1 t Y2, and X = X1 tX2, with bundles Qi → Yi, Pi → Xi, then

LQ1tQ2
∼= LQ1 ⊗ LQ2 ,

e2πiSX(P1tP2) = e2πiSX1 (P1) ⊗ e2πiSX2 (P2)
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(d) Gluing: Assume Y ↪→ X is a submanifold, and let Xcut be the manifold obtained by cutting
X along Y with a principal bundle P cut over Xcut, and let Q = P |Y . Then

e2πiSX(P ) = TrQ(e2πiXcut(P cut)),

where the trace is given by contraction,

TrQ : L∂P cut ∼= L∂P ⊗ LQ ⊗ LQ → L∂P .

Given a manifold M , we have the space CM of Γ-bundles as before. We define a measure

µP = 1
#AutP ,

where AutP is the group of automorphisms of P . If P ′ ∼= P , then µP = µP ′ . If M is a manifold
with boundary, Q ∈ C∂M , we define

CM (Q) = {〈P, θ〉, P ∈ CM , ∂P → Q an isomorphism}.

A morphisms is a ϕ : 〈P ′, θ′〉 → 〈P, θ〉, ϕ : P ′
∼=→ P , θ′ = θ ◦ ∂ϕ. We write 〈P ′, θ′〉 ∼= 〈P, θ〉 if

there exists a morphism. We write CM (Q) for the space of equivalence classes. If N ↪→ M is a
codimension 1 submanifold, and M cut is M cut along N with boundary ∂M cut = ∂M tN t −N .
Fix a bundle Q → N . Consider the category CMcut(Q t Q) which is nothing but the category of
triples 〈P cut, θ1, θ2〉, where θi : P cut|N → Q are isomorphisms. We have the gluing map

gQ : CM (Q tQ)→ CM ,
〈P cut, θ1, θ2〉 → P cut/(θ1 = θ2).

Lemma 130. The gluing map gQ satisfies the following.

(a) gQ maps onto the set of bundles of M whose restriction to N is isomorphic to Q.

(b) Let ϕ ∈ Aut(Q) act on 〈P cut, θ1, θ2〉 by

ϕ〈P cut, θ1, θ2〉 = 〈P cut, ϕ ◦ θ1, ϕ ◦ θ2〉.

Then Aut(Q) acts transitively on g−1
Q ([P ]) for [P ] ∈ CM

(c) We have

µ[P ] = vol(g−1
Q [P ])µQ,

where

vol(g−1
Q [P ]) =

#g−1
Q ([P ])

#Aut〈P cut, θ1, θ2〉
.

To a closed d-manifold Y , we associate the inner product space E(Y ) = L2(CY , and to a
compact oriented manifold X an element X ∈ E(∂X). If X is closed, then ZX is a complex
number. If α = α̂ = 0 and X closed, we have

ZX =
ˆ
CX

dµ([P ]) = vol(CX)

Here, the integral is just a finite sum. When X has boundary,

ZX(Q) =
ˆ
CX(Q)

dµ([P ]) = vol(CX , Q), Q ∈ CX .
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Theorem 131. Let Γ be a finite group, α̂ ∈ Cd+1(BΓ,R/Z), with assocations Y 7→ E(Y ), X 7→
ZX , then

(a) Functoriality: If f : Y ′ → Y is an orientation preserving diffeomorphism, we have an induced
isometry f∗ : E(Y ′)→ E(Y ). If F : X ′ → X, (∂F )∗(ZX′) = ZX , where ∂F = F |∂X .

(b) Orientation: E(−Y ) ∼= E(Y ), Z−X = ZX .

(c) If Y = Y1 t Y2, E(Y ) = E(Y1)⊗ E(Y2), and if X = X1 tX2, Z(X) = Z(X1)⊗ Z(X2).

(d) Gluing: If Y ↪→ X and Xcut as before, then ZX = TrY (ZXcut), where TrY is a contraction
as before.

We specialize now to the case d = 2. Let Y be a compact 2-manifold. Let ∂Yi be the components
of ∂Y . Fix diffeomorphisms ϕi : S1 → ∂Yi., called “+” if ϕi preserves orientation and “−”, if it
reverses it.

Theorem 132. If Y is a compact oriented 2-manifold with a parametrized boundary, we have a
functor

Q→ LQ, Q ∈ C′Y .

Here, C′Y means bundles with fixed basepoint in ∂Y . This functor satisfies the gluing property: If
S ↪→ Y has codimension 1, ∂Y cut = ∂Y t S t−S, and if Q ∈ C′Y , Qcut ∈ C′Y cut , then LQ ∼= LQcut .

Theorem 133. The assignment Y → E(Y ) satisfies

(a) An orientation preserving diffeomorphism f : Y ′ → Y preserving the boundary parametriza-
tions gives an induced isometry f∗ : E(Y ′) ∼= E(Y ).

(b) E(−Y ) ∼= E(Y ).

(c) If Y = Y1 t Y2, then E(Y ) = E(Y1)⊗ E(Y2).

(d’) Coalgebra: If S is a parametrized closed 1-manifold, then As = E([0, 1] × S) is a unitary
coalgebra, and AS1tS2

∼= AS1 ×AS2 .

(e) Comodule: E(Y ) is a unitary A∂Y -comodule.

(d) If S ↪→ Y is a closed embedded circle, ∂Y cut = ∂Y tSt−S, then E(Y cut) is an AS-comodule,
E(Y ) ∼= 1

#Γ InvAS E(Y cut), where Inv is an involution on AS.
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